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A new type of neutron diffraction instrument has been developed to minimize the disadvantage of the 
broad energy spectrum of available slow neutron sources. It has been used to study the neutron diffraction 
patterns of the elements sulfur, lead, and bismuth in the liquid state. The patterns have been interpreted in 
terms of the distribution in separation distance of neighboring pairs of atoms. The results are in reasonable 
agreement with x-ray diffraction of others. In liquid sulfur each atom has two nearest neighbors at 2.1A. 
In liquid lead there are 12 nearest neighbors at 3.4A. In liquid bismuth an atom has on the average eight 
neighbors within 4A, but the nearest neighbors are not well separated from those at greater distance. 





INTRODUCTION 


ITH the aid of the relatively large slow neutron 

flux densities available from piles, it has become 
possible to use neutron diffraction in the study of the 
structure of liquids. Presented here are neutron dif- 
fraction studies of liquid sulfur, lead, and bismuth, 
along with a new type of diffraction instrument de- 
veloped especially to facilitate such studies. 

Diffraction studies of liquids with x-rays have been 
extensive. Following the early work of Hewlett! and 
Keesom and de Smedt,? the theoretical analysis of 
Zernike and Prins’ gave the detailed connection between 
the diffraction pattern and the arrangement of mole- 
cules within the liquid. The application to liquid 
mercury by Debye and Menke‘ has been followed by 
many others. A comprehensive review of x-ray diffrac- 
tion studies of liquid elements has been given by 
Gingrich.® / 

The phase and amplitude of slow neutron scattering 
by various atomic species have been investigated by 
Fermi and Marshall,® using interference effects in solids 
and gases. Neutron diffraction in polycrystalline 
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materials has been studied by Wollan and Shull’ (who 
give a convenient list of references to earlier papers). 
Results of these and similar investigations have now 
been used in the determination of structures of solid 
matter.® 

At the present time neutron diffraction studies are 
more difficult than x-ray diffraction studies for two 
principal reasons. First, the flux density of slow neutrons 
available from piles is still much smaller than the 
effective flux density of x-rays from, existing x-ray 
tubes. By effective flux density of x-rays, we mean the 
actual flux density of photons times the efficiency for 
counting with a Geiger counter. It is hoped that higher 
flux piles may rather soon make neutron diffraction 
more attractive in this respect. Second, the slow neu- 
trons have a broad energy spectrum (being essentially 
in thermal equilibrium), whereas much of the intensity 
from an x-ray tube is concentrated in the characteristic 
line spectrum of the target material. The design of the 
instrument used here represents a long step toward the 
removal of this disadvantage for neutron diffraction. 

Neutron diffraction becomes an especially attractive 
tool in certain special cases in which x-ray diffraction is 


-difficult. Hydrogen, though very difficult to observe in 


x-ray diffraction, is not much easier to observe in neu- 
tron diffraction because a small coherent scattering is 
masked by a large incoherent scattering. However, 


7 E. O. Wollan and C. G. Shull, Phys. Rev. 73, 830 (1948). 
8 Shull, Wollan, Morton, and Davidson, Phys. Rev. 73, 842 
(1948). 
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deuterium gives neutron scattering, mostly coherent, 
quite comparable to other elements, and offers promise 
of much information from deuterated hydrogenous sub- 
staces. Also, some heavy elements have reasonably 
small neutron capture cross sections, while their x-ray 
absorption coefficients are uniformly high. Elements of 
low absorption have been chosen in the present experi- 
ments. 

Another advantage of the use of neutrons is that the 
incoherent scattering, which is a perturbing effect and 
must be subtracted, is under some circumstances large 
for x-rays and only approximately calculable; it is 
usually small for neutrons and very nearly spherically 
symmetric. 

The design of the instrument used here is based on 
the fact (long known in the theory of x-ray diffraction) 
that the differential scattering cross section of an 
assembly of atoms is dependent primarily on the mag- 
nitude of the change of momentum of the scattered 
particle or photon. Except for a constant factor, the 
magnitude of the change of momentum is the same as 
the scattering parameter sin@/A commonly used in x-ray 
diffraction. (Here @ is half the angle of deflection of the 
scattered particle and \ the wave-length.) The present 
instrument achieves increased intensity over conven- 
tional diffraction apparatus by using a fairly wide range 
of wave-lengths from the incident beam. The angle of 
deflection 26 is a function of the wave-length, such that 
good resolution in the scattering parameter sin@/) is 
obtained. 
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The results of the present experiments are to some 
extent summarized in Figs. 4-6 and 8-11. In liquid 
sulfur each sulfur atom has two nearest neighbors. In 
liquid lead each atom has 12 nearest neighbors. In 
liquid bismuth there is no well-defined group of atoms 
which can be called nearest neighbors to one atom, but 
there are eight atoms within a distance of 4.0A from 
one atom. 


EXPERIMENTAL ARRANGEMENT 


The new diffraction apparatus employed has some 
similarity to conventional diffraction apparatus, in that 
Bragg reflection from planes of a single crystal is used 
to select the proper neutrons from a polychromatic 
beam. It differs from the conventional apparatus in that 
the thermal neutron beam incident on the selecting 
crystal is not a parallel beam but a divergent beam 
collimated mostly by a single slit. The scattering sample 
is thin, but of large lateral dimensions. Neither @ nor \ 
separately, but only the quantity sin@/) is well defined. 

It has long been recognized that the factor by which 
the cross section of a single atom must be multiplied to 
obtain the cross section for a liquid is a function of 
sin@/ only. This fact holds both for x-rays and neu- 
trons; and in the latter case the scattering by a single 
nucleus is spherically symmetric. 

Figure 1 shows a special case in which the angle of 
deflection at the crystal is equal to the angle of deflec- 
tion at the scattering sample, so 0=6. Due to the 
symmetry around the central slit, this is true for an 
arbitrary ray through the instrument, ie., 0) =0. 
Applying the condition for first-order Bragg reflection 
\= 2d sind, sin@/A=sin6’/d’ = 1/2d. We describe this fact 
by saying that for all paths sin@/d is the same. In a 
conventional type diffraction apparatus, all usable 
neutron paths would be very close to the central ray 
(path A). In this instrument we gain intensity by using 
other paths as well, such as the path B. 

In the limit of a perfect crystal in the form of a thin 
slab, all neutrons which pass through the first (col- 
limating) slit and are Bragg-reflected will pass through 
the central slit. There is thus a focusing of the Bragg 
reflected neutrons here. The existence of this focus point 
is important to the success of the instrument, for a 
rather good shield can be placed here to eliminate nearly 
all but the Bragg reflected neutrons. 

Figure 2 shows the apparatus as used for scattering 
at another (larger) value of sin@/A. The collimating 
slit, the selecting crystal, and the first focus slit are 
unchanged in position, though they are drawn to a 
more realistic scale. The scattering sample is moved 
farther from the central slit and its orientation is 
changed. For neutrons which pass along the central ray 
of the instrument, we have the Bragg condition for 
first-order reflection, A=2d sin@, so 


sin@/A= (sin6/sinOo)(1/2d). (1) 


Neutrons which pass through the instrument along 
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TABLE I. Spectrometer settings (when Bragg angle at 
crystal= 15°). 








20 





(counter angle) sind ¢ 
in degrees » Y in degrees 

10 0.062 0 (—0.33) 0 (---) 
123 0.077 0 (-—0.17) 0 (---) 
15 0.093 0 undetermined 
173 0.108 0.18 

20 0.124 0.35 74 

234 0.144 0.55 103 

26% 0.164 0.80 13 

30 0.184 1.00 15 

334 0.204 1.22 163 

363 0.223 1.45 18 

40 0.243 1.67 20 

43% 0.262 1.89 223 

463 0.281 2.10 26 

50 0.300 2.23 303 

53% 0.318 2.33 Jo 

563 0.336 2.37 40 

60 0.355 2.38 46 

634 0.373 2.39 51 

663 0.390 2.39 55 

70 0.407 2.38 584 

734 0.424 23a 62 

95 0.522 2.33 (+++) 62 (---) 
117 0.605 2.33 (---) 62 (---) 








other rays may be made to have very accurately the 
same value of sin@/X because there are two parameters 
of the instrument which may still be adjusted, ¢ and y, 
defined in Fig. 2. These parameters are adjusted to the 
two conditions 

(dx/da)a—0=0 (2a) 
and 


(d*x/da).—0= 0, (2b) 


where x=sin@/X. 

Since the analytic forms of the expressions in Eggs. 
(2) are quite cumbersome, these equations are not 
solved analytically. Instead, a ray-tracing technique is 
used. The geometry is so adjusted that the central ray 
and the extreme ray on each side have the same value 
of the scattering parameter. Through most of the 
range of the instrument x is then determined to one 
percent—thus better than the spread due to the slit 
widths. The values used in setting the apparatus are 
shown in Table I. Where the calculated values are dif- 
ferent from the values used, they are shown in paren- 
theses. 

When 7 is small, the scattering sample is close to the 
central slit and ¢ is essentially undetermined, though 
the resolution remains good in these cases. When solu- 
tion of Eqs. (2) gives y negative, the sample should be 
on the other side of the central slit—i.e., should have a 
convergent beam incident upon it. Attempts to realize 
this situation with cadmium vanes gave poor results 
due to large backgrounds from scattering off the vanes 
and incoherent scattering by the selecting crystal. Best 
practice was found to be to accept slightly poorer reso- 
lution by using y=0. 

The new apparatus described here is useful only 
when the source has a spectrum wide compared to the 


_ typical setting of the 
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desired resolution, as the nearly Maxwellian distribution 
of slow neutrons from a graphite moderator. The ap- 
paratus would be useful for x-ray diffraction only in 
cases where such high resolution was sought that the 
characteristic x-ray line source appeared broad by 
comparison. 

Figure 3 is a scale drawing of the apparatus. The 
collimating slit, 2 in. high, } in. wide, is placed within 
the shield of the heavy-water pile of the Argonne 
National Laboratory, at the graphite thermal column. 
The selecting crystal, placed just outside the shield, is 
actually four natural crystals of calcium fluoride 
arranged on a supporting stand for individual adjust- 
ment. The single crystals are } in. thick. The usable 
crystal area is 6 by 6 in. in all. The crystals are cut 
along the natural cube faces and arranged for reflection 
from the 200 planes. Lower intensity was given by 
other crystals tried, including natural calcite, arti- 
ficially crystallized NaCl, PbS, mica (variety unknown), 
and another natural calcium fluoride crystal. 

For the central ray the Bragg angle at the crystal is 
15°, this being essentially the largest angle for which 
second-order reflection is negligible. (Measurement at 
21° showed prohibitive (30 percent) second-order 
content.) 

The central slit is 2 in. high, ? in. wide, surrounded on 
all sides by an extensive cadmium shield 0.030 in. 


instrument. 


SCATTERING SAMPLE 
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thick. The scattering sample and neutron counter are 
mounted on a rolling table which can be moved to 
adjust the distance D, the motion being parallel to the 
central ray incident on the scattering sample. The 
scattering sample can be rotated about a vertical axis 
and set at will to any desired value of gy. The neutron 
counter is mounted on an arm for rotation around the 
same vertical axis on the rolling table, the sample to 
counter distance D’ being constant. 

The usable part of the scattering sample is 6 in. 
high, 10 in. wide, thickness depending on the scattering 
material and adjusted for approximately 10 percent 
scattering in the sample for neutron beam incident 
normally. Liquid scattering materials are contained in 
“cells” with thin metal walls. Of several varieties of 
cell used, only the best will be described. The two sides 
of large area, through which the beam must pass, are of 
0.040-in. aluminum (24S) sheet, welded to an aluminum 
frame on the side and bottom edges. Supports against 
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Fic. 3. Plan drawing of the apparatus. 


bulging consist of 0.19-inch diameter aluminum rods 
which penetrate the liquid and are riveted at each end 
to the 0.040-in. sheet. These rods are placed through 
the sample on a 2-in. square lattice. Electric heaters are 
attached at side and bottom edges. Thermal insulation 
consists of asbestos around the heaters and 0.001-in. 
aluminum foil over the large sides. The aluminum foil 
acts as a radiation shield and to enclose a 3-in. layer of 
air around the sample. The greatest temperature dif- 
ference between two parts of the liquid sample is 10°C. 

The scattering by the cell is small (0.015) compared 
to the scattering by the material within the cell (0.10). 
Unfortunately, liquid bismuth dissolves some aluminum, 
approximately one percent by weight (seven percent by 
number of atoms). 

The neutron detector is a pulse ionization chamber 
with pulse amplifier and scaling circuit. The chamber is 
of cylindrical construction, outside diameter 2 in., 
central electrode diameter 0.25 in., active length 8 in., 
filled with 1 atmos. boron trifluoride enriched in B". 
Neutrons are incident along the axis of symmetry. The 
operating voltage is 2000 v and the effective deadtime 
is 30 usec. As is to be expected, no true plateau of 
counting rate versus amplifier gain is observed. How- 
ever, the counting rate is quite insensitive to gain 
change in the operating region. 

Shielding consists mainly of 0.03-in. cadmium sheet 
or 1-g/cm? boron carbide. Boron carbide is used around 
all sides of the pulse ion chamber except the front, 
where a cadmium defining slit is used. The central slit 
is of cadmium, surrounded by an extensive cadmium 
shield. Except for the scattering sample, the pulse ion 
chamber looks only at this cadmium shield. This con- 
dition is quite necessary to reduce the background from 
stray neutrons in the pile room. 

For two reasons, the instrument must be calibrated 
before relative cross sections can be determined. First, 
the effective counting solid angle of the counter is not 
strictly a constant because different-sized areas of the 
scatterer are used at different settings of the instrument. 
Second, at some settings an additional cadmium dia- 
phragm with fairly large aperture is placed in front of 
the scattering sample to make absolutely certain that 
no slow neutrons are scattered by the edges of the 
sample where there are heaters, supporting frame, etc. 
Both of these contingencies influence the counting rate 
in ways not easily calculable. 

Calibration is effected by measuring the counting 
rates of one sample in both a wide beam instrument and 
a narrow beam instrument. Here the primary apparatus 
already described is referred to as the “wide beam in- 
strument” whereas “narrow beam instrument” applies 
to the same apparatus when additional diaphragms with 
small apertures are added to restrict the beam to a 
narrow pencil surrounding the central ray. The narrow 
beam instrument, then, is a conventional diffraction 
apparatus in which the crystal reflection forms a 
narrow beam of well-defined wave-length \ and only 
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those neutrons count which are deflected through a 
well-defined angle 20 at the scattering sample. Because 
the narrow beam instrument utilizes only a small area 
of the scattering sample, results obtained with it are 
easily interpretable. 

In the comparison between narrow and wide beam 
instruments, a rather thick sample of Plexiglas has been 
used as scatterer. Its important properties are: (a) It 
is thick enough (transmission 0.5) to give large scattered 
intensity and (b) most of the scattering is due to 
hydrogen, so incoherent scattering predominates and 
one may be sure the scattering cross section is a slowly 
varying function of sin@/A. By using this sample one 
obtains a counting rate even in the narrow beam instru- 
ment sufficient to get good statistical accuracy. 

The present instrument is thought to give about six 
times the intensity of the comparable narrow beam 
instrument. In instruments of higher resolution, the 
advantage of the new type instrument should become 
even greater. 

For the determination of the scattered intensity at 
one angle, counting rates are measured when the sample 
position is occupied by (a) nothing (except air), (b) an 
empty cell, (c) an identical cell containing the scattering 
material (such as liquid sulfur), or (d) a piece of Plexi- 
glas of standard thickness. For each case the counting 
rate is measured both with and without a cadmium 
shutter across the central slit. The inclusion of the 
standard thickness Plexiglas in each run affords some 
freedom from errors due to slight changes in total 
neutron flux, changes of the selecting crystal, long term 
changes in counter efficiency. 

The counting rates for a typical sample and average 
pile level are as follows. Cadmium shutter open: no 
scatterer, 85 counts/min.; empty cell, 150 counts/min.; 
full cell (liquid lead), 720 counts/min.; Plexiglas, 2600 
counts/min. Cadmium shutter closed; all counting 
rates between 60 and 120 counts/min. The full cell with 
shutter open is counted for 8 min., others 4 min. each, 
which gives the value of the lead scattering relative to 
the Plexiglass scattering to three percent. 


RESULTS 


The direct outcome of the measurements is a deter- 
mination of the differential scattering cross sections of 
the materials studied as functions of sin@/X. More cor- 
rectly, the differential scattering cross sections relative 
to the total cross sections are determined. The method 
of handling the data is outlined in this section. 

Fast neutrons, which penetrate cadmium, are elimi- 
nated by using only the difference in counting rate, 
cadmium shutter open and closed. The correction for 
scattering from air surrounding the sample is accom- 
plished by simple subtraction of the count obtained with 
nothing in the sample position. (This is adequate since 
the correction is small.) Correction for the variable 
solid angle of the counter is accomplished by multi- 
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plying the counts by the ratio of Plexiglas counts in 
narrow and wide beam instruments. 

Since multiply scattered neutrons contribute a con- 
siderable fraction of the counting rate of the full cell, 
the counting rate is not a strictly linear function of the 
sample thickness. A correction for multiply scattered 
neutrons is therefore applied. It is applied separately to 
full cell and empty cell counting rates. 

The counting rate of any sample is considered as 


S=S'+5S", (3) 


where S’ is the counting rate due to singly scattered 
neutrons and S” is that due to multiply scattered 
neutrons. .S’ contains essentially the scattering in which 
we are interested. S”’ is approximately calculable and 
is a smoothly varying function of 6. S”’ averages about 
20 percent of S’. 

For the purpose of calculating S”’, the samples are 
treated as homogeneous—with the material of the cell 
wall evenly distributed through the sample, and the 
atoms scattering isotropically. Furthermore, the ap- 
proximation is used in which the scattered neutrons are 
considered as originating from the central plane of the 
sample. We omit details of the calculation. 

The properties of the scattering material can con- 
veniently be summarized in the quantity 


s =[or]"'(do/dw). (4) 


Here do/dw is the cross section (per atom) for scattering 
into unit solid angle in a particular direction (the dif- 
ferential scattering cross section) and gr is the total 
cross section (per atom, absorption plus scattering). 
The relation between s and the counting rate due to 
singly scattered neutrons (S’) may be given in the form 


ns=(S’ cosg/#Q) {n secl20— ¢ ]— 7 secy}/ 
{exp(n secgy)—exp(n secl26—¢])}, (5) 


where 7 is the negative logarithm of the transmission of 
the sample, ® is the flux of neutrons through the central 
slit, and © is the effective counting solid angle of the 
neutron counter. From this we calculate the quantity 
(ns) for full cell and empty cell. 

Denoting the full cell by F, the empty cell by Z, and 
the material of interest within the full cell by M, the 
scattering properties of M are obtained from 


(ns) w= (ns)r—(nS)z (6) 


(do/dw) u=(ns)m/N a, (7) 


in which Vy is the number of atoms per cm? in the 
sample of scattering material and (do/dw) y is the dif- 
ferential scattering cross section per atom for the 
material of interest. : 

The differential scattering cross sections for (liquid) 
sulfur, lead, and bismuth are shown in Figs. 4-6. The 
observed differential scattering cross section of powdered 
graphite is shown in Fig. 7, as an indication that the 
resolution of the instrument is adequate for the present 
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Fic. 4. Differential scattering cross section in barns per steradian 
as a function of the scattering parameter. The solid curve and the 
dashed curve show the results of two runs. Experimental points 
are shown for the solid curve only. 


purpose. The observed resolution is in good agreement 
with that calculated from the geometry of the instru- 
ment. 

Since the differential scattering cross section is a 
function only of sin@/d the (total) scattering cross sec- 
tions may be calculated. The two runs made with each 
substance give very closely the same total scattering 
cross sections. These results are shown in Fig. 8. 


INTERPRETATION 


Attempts to calculate the effects of thermal motion 
in the liquid on the scattering process have failed. We 
believe there should occur scattering from aggregates 
smaller than the typical aggregate involved in the 
elastic scattering. These scattering events should have a 
pattern with broader maxima than those of the elastic 
scattering pattern. In the limit in which one atom 
scatters independently a completely diffuse pattern will 
result. Presumably all except the independent scattering 
from single atoms will be hard to distinguish experi- 
mentally from the elastic scattering which already 
shows broad maxima due to the smallness of the 
distance over which there is coherence of positions of 
atoms. We believe these considerations to be in quali- 
tative accord with the scattering phenomena in solids® 
and with a liquid model without potential energy (a 
closely packed gas of hard spheres). 

The average atomic density p at distance R from any 


® See W. H. Zachariasen, Phys. Rev. 57, 597 (1940). 
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Fic. 5. Differential scattering cross section vs. scattering parameter. 
Each curve is the result of one run. 


atom is calculated by the standard method of Zernike 
and Prins.* This is essentially the Born approximation 
in which the incident wave at any nucleus is taken as a 
plane wave to which neighboring nuclei contribute 
nothing. It may be remarked that coherence of position 
of atoms in the liquid extends only for a few atomic 
diameters and the amplitude of the wave scattered by 
one atom is, at a neighboring nucleus, smaller than the 
incident wave amplitude by a factor of 10‘. This 
guarantees the validity of the approximation. 

The relation similar to that worked out by Zernike 
and Prins for x-rays between the distribution function 
(giving the average atomic density at various distances 
from one atom) and the differential scattering cross 
section may easily be derived for the case of neutron 
diffraction. The differential scattering cross section of an 
atom for neutrons is a constant independent of angle 
and nearly'independent of wave-length (which is not 
the case for x-ray scattering). The scattered waves 
from a group of atoms may be added at great distance 
from the group. The absolute square of the resultant 
amplitude gives the scattering cross section for the 
group which contains a term for each pair of atoms in 
the group. Since the structure of the liquid is assumed 
to be repeated many times with random orientation, 
this is averaged over all orientations of the arrange- 
ment. This result depends only on the distance between 
pairs of atoms in the group. With the introduction of 
the distribution function, the sum over pairs of atoms 
may be transformed to an integral. (For details of this 
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method as applied to x-ray scattering, see Gingrich, 
reference 5.) 
The final result may be written 


4r do o 
‘4 ~—-1)= f dRR(p—po) sin(4xxR), (8) 


oa; dw 


where x =sin@/X. po is the over-all average density of 
atoms in the liquid, p is the average density of atoms 
at a distance R from one atom, and g, is the scattering 
cross section of a (bound) atom. Notice this says that 
x[(42/o.)(do/dw)—1], which is a function of x only, 
is essentially the Fourier transform of R(p(R)— po) 
which is a function of R. The conjugate relation is then 


ad 4x do 
Roo~s)=8f dx — <1) sin(4nxR), (0) 


Os GW 


These relations are derived on the assumption that 
all atoms of the liquid are identical, and that the spin 
of the neutron is unaffected in the scattering process. 
A somewhat more general derivation may take account 
of isotope and spin effects. The resulting relations are 
the same as those above, with the coherent scattering 
cross sections in place of total scattering cross sections. 

Coherent differential scattering cross sections are 
obtained here by subtraction of the observed incoherent 
scattering from the total scattering. The incoherent 
cross section is taken to be that observed at very small 
angles, since the incoherent scattering is (very nearly) 


i i 4 1 1 
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Fic. 6. Differential scattering cross section vs. scattering parameter. 
Each curve is the result of one run. 
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isotropic. In the present experiment slightly more inco- 
herent scattering is observed in liquid lead and liquid 
bismuth than that reported by Fermi and Marshall in 
solid samples, presumably due to a small second-order 
content of the Bragg reflected beam used in the present 
experiment. Second-order reflection in the crystal gives 
scattered intensity at half the proper value of sin@/X. 
The difference in incoherent scattering observed here 
and that reported by Fermi and Marshall is considered 
negligible, both from the standpoint of experimental 
result and from the standpoint of the effect on the 
calculated distribution in R. In liquid sulfur the 
incoherent scattering could not be determined because 
measurements could not be made at sufficiently small 
values of sin@/d. No correction for incoherent scattering 
was made in this case. 

Before proceeding with the Fourier analysis for the 
distribution in R, it is important to be sure of the 
normalization of the results for (do/dw)/o,. This quan- 
tity, if calculated directly, depends upon the factor 
or/on®Q, in which neither 7 nor ®Q are known as 
accurately as the counting rates. An alternative pro- 
cedure is used to establish proper normalization of 
do/dw, similar to the method common in x-ray dif- 
fraction. It is assumed that the density of atoms at 
distance R from one atom approaches zero as R ap- 
proaches zero. The relations of Zernike and Prins then 
guarantee that 




















“ 4 do Po 
[doe =< -1)=-=, (10) 
0 o; dw 32 
1 1 1 i 1 l 1 

7) 
2 20- a 
a POWDERED GRAPHITE 
| 
2 
9 
5 1.54 q 
Ww 
7) 
7) 
rt) 
oO 
aw 
Oo 
© 1.0- e 
Zz 
ra 
Ww 
res 
t= 
a 
3) 
7) 
_,05 5 3 
<= 
- 
2 
Ww 
ac 
WwW 
re 
re 
a O T T T T tT T T 

0 Ol 02 03 O04 O5 O6 O7 O8 

SIN & 
r 


Fic. 7. Apparent differential scattering cross section of powdered 
graphite, used to indicate the resolution of the instrument. 
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where po is the average numerical atomic density. Use 
of this relation establishes the normalization. It may 
be remarked that the less accurate but more straight- 
forward normalization using 7 and @Q gives the same 
results to within a few percent. 

Evaluation of the Fourier transform and hence of 
p(R) is accomplished by the method of trigonometric 
interpolation, described in detail by Danielson and 
Lanczos.!° Curves are drawn of the coherent differential 
scattering cross section vs. x from which 32 values 
equally spaced (in x) are taken. From these 32 points 
an equal number of values of the Fourier transform 
are obtained. Since it is difficult to specify the probable 
error of the values of the Fourier transform, the data 
for each material are divided into two groups cor- 
responding to two runs and p(R) separately evaluated. 
Only those features which both determinations have in 
common may be considered significant. 

Results are shown in Figs. 9-11. The ordinate is 
4iR’p; the abscissa is R, the distance from one atom. 
Also shown for comparison is 47R?pp. 

Figure 9 for liquid sulfur requires special comment in 
that in one run the differential scattering cross section 
was not extended as far to large values of x as the 
other. As a result, this run (shown with crosses in Fig. 9) 
gives poorer resolution in R, and less definite deviations 
from the curve representing the average density. The 
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Fic. 8. Total scattering cross sections as functions of the 
inverse wave-length. 


10G. C. Danielson and C. Lanczos, J. Franklin Inst. 233, 365 
(1942) ; 233, 435 (1942). 


other curve (shown with circles) should be given 
greater weight, and agrees well with results of Gingrich." 
Each atom has two nearest neighbors at about 2.1A 
with few or no other atoms at 2.6A. The density is 
greater than average from 4A to 5A and slightly less 
than average at 6A from one atom. This distribution 
function is consistent with, but does not prove, the 
existence of closed chains of eight atoms. 

Figure 10 is a similar plot for liquid lead. The first 
maximum at 3.4A represents 12(+1) nearest neighbors, 
not completely separated from other lead atoms. The 
curve shows a deficiency of atoms at 4.7A and 8A and 
an excess at 6.4A. Glocker and Hendus,” who have 
studied the x-ray diffraction of liquid lead, find eight 
neighbors with four more only slightly farther away. 
Only if the data were extended to much larger values 
of x, could the present work be expected to resolve the 
two groups. Otherwise, the agreement with Glocker and 
Hendus is very close. Although the distribution function 
does not fit easily any picture of a loosely packed but 
solid-like structure, the hexagonal close-packed struc- 
ture comes closest of any to fitting the observed dis- 
tribution for lead. 

Figure 11 shows the same data for liquid bismuth. In 
bismuth it is hard to count the nearest neighbors 
because they are not readily distinguishable from the 
atoms at greater distance. To 4A there are eight atoms. 
Significant excesses are found at 3.2A and 6.7A, and 
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Fic. 9. The number of atoms per unit distance from one atom as 


a function of the distance. Results from two runs are shown. 


11 N. S. Gingrich, J. Chem. Phys. 8, 29 (1940). 
2 R, Glocker and H. Hendus, Ann. d. Physik 43, 513 (1943). 
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Fic. 10. The number of atoms per unit distance from one atom as 
a function of the distance. Results from two runs are shown. . 


deficiencies at 5.3A and 7.7A.f The liquid bismuth 
structure shows little similarity to simple solid 
structures. 

The variation with energy of the total cross section 
of liquid lead given here may be compared with that 
given by Havens, Rabi, and Rainwater.!* The results 
given here show less decrease in cross section with 
increasing wave-length, however, the error in the 


t Note added in proof: The data of Fig. 11 are in close agreement 
with those of Hendus who has studied liquid bismuth using x-ray 
diffraction; H. Hendus, Zeits. f. Naturforschung 2A, 505 (1947). 

13 Havens, Rabi, and Rainwater, Phys. Rev. 72, 634 (1947). 
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Fic. 11. The number of atoms per unit distance from one atom as 
a function of the distance. Results from two runs are shown. 


present result does not preclude the energy dependence 
given by Havens, Rabi, and Rainwater. One can only 
say that the two results are consistent. 

The author wishes to express his gratitude to Pro- 
fessor E. Fermi for suggesting this subject for study and 
for advice during the investigation. Dr. A. Wattenberg 
of the Argonne National Laboratory has been of great 
assistance in making suggestions, in making available 
to him much of the equipment used, and in taking some 
of the data. The very essential aluminum fabrication 
and much of the construction of the instrument has 
been done by Mr. J. Dalman of the Argonne National 
Laboratory Staff. 
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A study has been made of neutron deficient radioactive isotopes of rhenium. Using the 60-inch Crocker 
Laboratory cyclotron, bombardments have been made of tantalum with 38, 30, and 19 Mev a-particles, of 
wolfram with 10-Mev protons, and of rhenium with fast neutrons. 

The radiation characteristics of four new radioactive isotopes and of the previously known 50-day Re!* 


isotope have been studied. 





I. EXPERIMENTAL 


ANTALUM was bombarded on the 60-inch 
Crocker Laboratory cyclotron as the spectro- 
scopically pure metal foil. After bombardment, the foil 
was dissolved in hydrofluoric acid, with the addition of 
the minimum of strong nitric acid. Rhenium carrier 
was then added, and hydrogen sulfide passed into the 
boiling solution for fifteen minutes. The rhenium 
sulfide was dissolved in a solution of hydrogen 
peroxide and sodium hydroxide, which was then 
“scavenged” by ferric hydroxide precipitations. The 
rhenium was then reprecipitated from strong hydro- 
chloric acid solution as the sulfide. While this pro- 
cedure has been found to give radiochemically pure 
rhenium, the following additional chemistry was 
performed in early bombardments: Rhenium was dis- 
tilled as the volatile chloride or oxide and recovered 
from the distillate by precipitation as sulfide. The 
latter was dissolved in a solution of hydrogen peroxide 
and sodium hydroxide and the rhenium then pre- 
cipitated from the solution as nitron perrhenate by the 
well-known procedure. Similar chemical methods were 
used for neutron bombarded rhenium metal and for 
proton bombarded wolfram. 
The radiation characteristics of radioactive isotopes 
have been obtained from aluminum and lead absorp- 
tions. The general procedure has been to measure the 


absorption of the gross radiations from a small thin 
source of active material mounted on thin mica in 
aluminum absorbers placed directly below the counter 
window; beryllium foil sufficient to remove electrons 
completely was then placed above the source and the 
aluminum absorption of soft electromagnetic radiation 
measured. A correction for reduction in intensity of the 
latter by the beryllium was made and a composite 


.curve of total electromagnetic radiation constructed; 


subtraction of this curve from the measured absorption 
allowed resolution of electron radiations. 

The ratios of the various components of the complex 
radiations usually observed in orbital electron capturing 
isotopes were obtained from lead and aluminum ab- 
sorption data after correction for counting efficiencies, 
absorption in counter window and other absorbers, etc. 
The techniques and various assumptions made in 
interpreting results have been discussed in detail 
previously.!? 


II. RHENIUM ISOTOPES 


Four new rhenium activities of half-lives 12.7 hours, 
64.0 hours, ~240 days, and 2.2 days have been produced 
by a-particle bombardment of tantalum and have been 
allocated respectively to masses 182, 182, 183, and 184. 
The allocation of a previously reported 50-day rhenium 


TABLE I. Production and properties of rhenium isotopes. 








“Energy of radiation in Mev 
Produced by 





Isotope Type of radiation Half-life Particles y-rays 
Re!® Kor Lf. ¢, 7 64.0+0.5 hours 0.11, 0,24(abs) L, K x-rays Ta-c-3n 
0.22, 1.5(abs) W-p-n 
Re!® K or ET... ¢ 7 12.7+0.2 hours 0.16, ~1(abs) L, K x-rays Ta-a-3n 
0.4, 1.6(abs) W-p-n 
Re! K,¢,7 ~240 days 0.16(abs) L, K x-rays Ta-a-2n 
1.0 (abs) W-p-n 
Re! K,e¢,7 50+2 days 0.2, ~0.7(abs) L, K x-rays Ta-a-n 
0.17, 1.0(abs) W-p-n 
Re-n-2n 
Re!* K or L.T., &, y 2.2+0.1 days 0.2, ~1(abs) L, K x-rays Ta-a-n 
W-p-n 








* Present address: Chemical Research Section, General Electric Company, Hanford Engineer Works, Richland, Washington. 


1G. Wilkinson, Phys. Rev. 75, 1019 (1949). 
2G. Wilkinson and H. G. Hicks, Phys. Rev. 75, 1370 (1949). 
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RADIOACTIVE ISOTOPES OF RHENIUM 


activity to mass 184 has also been confirmed. The 
present data is summarized in Table I. 


A. 64.0-hour Re'**?; 12.7-hour Re'*? 


In the bombardment of tantalum with 38-Mev 
a-particles, two activities of half-lives 12.7 hours and 
64.0 hours were observed, in addition to the longer- 
lived isotopes. The two short-lived isotopes were ob- 
served in the same ratio, but with greatly lowered inten- 
sities at 30 Mev, and not at all at 20-Mev bombarding 
energy. This observation is consistent with production 
by a,3n reaction. That the 12.7-hour activity cannot be 
Re!®! produced by a,4n reaction is shown by the con- 
stancy of the 12.7-hour to 64-hour intensity ratio 
(Table II), and particularly by the production of the 
12.7-hour activity by 9-Mev proton bombardment of 
tungsten where the ,2n reaction does not occur. 
Further, the yield of the 140-day W'*!,? which would be 
produced as the daughter of any Re!*! formed in an 
a,4n reaction of tantalum, agrees with that to be 
expected from the known deuteron contamination of the 
a-particle beam (<1 percent) and the measured cross 
section (5 10- barn) for the Ta-d-2n reaction. 


64.0+40.5-hour Re!®. 


The gross decay of this activity, which comprises the 
bulk of the radioactivity in the 38-Mev a-particle 
bombardments of tantalum, has been followed through 
twelve half-lives to give a value of 64.0+0.5 hours for 
the half-life. The radiations consist of electrons, x-ray 
and hard y-radiation, all of which have been separately 
followed and the same half-life obtained. The aluminum 
absorption of the radiations is shown in Fig. 1. The 
electromagnetic radiation contribution was obtained 
from aluminum absorption measurements after removal 
of the electrons by beryllium absorbers. Two electron 
components have been resolved, of ranges 16 mg/cm? 
(~110 kev), and 60 mg/cm? (0.24 Mev). The lead ab- 
sorption curve shows complex hard electromagnetic 
radiation of half-thicknesses 137-++5 mg/cm? (62 kev), 
550 mg/cm? (220 kev) and 13.5 g/cm? lead (1.5 Mev) in 
addition to the soft radiation half-thickness 211 
mg/cm? aluminum measured in the aluminum absorp- 
tion; the two soft components agree well with the 
expected ZL and K x-radiation of wolfram or rhenium. 
No positrons were detected in a very active sample 
studied on a crude beta-ray spectrometer. 

From the aluminum absorption of the radiations 
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Fic. 1. Aluminum absorption of radiations of 64.0-hour Re!® 
activity (A). The contribution (B) of electromagnetic radiations 
was obtained from the aluminum absorption curve of this radi- 
ation measured after removal of electrons with a 100 mg/cm? 
beryllium foil; a correction was made for the absorption of the L 
x-rays in the beryllium and the curve B was constructed by addi- 
tion of the intensity corrected L X-ray absorption curve to the 
K x-ray and y-ray background. The electron lines C and D 
were resolved after subtraction of the electromagnetic con- 
tribution from the curve A. 


from a “carrierless’’ rhenium sample mounted on very 
thin mica backing, the ratios of the two electrons and L 
x-radiations to the harder electromagnetic radiations 
were determined; corrections were made for absorption 
of the soft radiations in the air gap and counter window 
were made. The ratios of the hard electromagnetic 
radiations were obtained from the lead absorption. 
Counting efficiencies assumed were 2.5 percent for L 
x-radiation, 0.5 percent for K x-radiation and 220 kev 
y-rays, and 1.5 percent for the 1.5 Mev y-ray. Fluo- 
rescence yields of 0.8 and 0.5 were assumed for K and L 
x-rays, respectively, The following ratios were obtained: 


110 kev e~:270 kev e~:L x-rays: K x-rays: 220 kev y:1.5 Mevy 


= 14 0.2 ~2 
In view of the complex nature of the radiations it 
was thought that a shorter-lived lower isomer of the 


64-hour activity might be present—possibly the 12.7- 


3G. Wilkinson, Nature 160, 864 (1947). 





:. b> 0.45 





hour activity observed in the bombardments along 
with the 64-hour rhenium. An attempt was made to 
separate the nuclear isomers. A carrierless solution of 
rhenium was prepared by removal of tantalum from a 
bombarded target after solution in nitric and hydro- 
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Fic. 2. Aluminum absorption (A) of 12.7-hour Re!® activity; 
electromagnetic contribution (D), ~1 Mev electrons (B), 0.16 
Mev electron (C). 


fluoric acids, by addition of boric acid followed by 
ammonia. The filtrate was evaporated with strong 
nitric acid and the solution, which should contain the 
radioactive rhenium as perrhenate, was diluted and 
neutralized with ammonia. If the 64-hour activity 
produced a lower isomeric daughter, part of the activity 
of the latter would be expected to remain in the III or 





IV oxidation states after decay of the parent. Any 
activity in the III or IV oxidation state could then be 
removed by scavenging the solution with ferric hy- 
droxide. No evidence for such an isomer was observed, 
and it may be presumed that the very soft electrons of 
the 64-hour activity arise from conversion in y-ray 
transitions from metastable levels in the daughter 
nucleus following orbital electron capture. It is some- 
what difficult to decide what radiations constitute one 
disintegration, since x-rays can arise from conversion 
as well as from L or K orbital electron capture. 

The relative yields for production of the 64-hour 
activity at the various energies of bombarding a-par- 
ticles (Table II), can, however, be compared by taking 
the K x-rays as a reference. 


12.7-hour Re!® 


In bombardments of tantalum with a-particles, an 
activity of 12.7-hour half-life was found to accompany 
the 64-hour Re!*. The activity was found also in the 
bombardment of wolfram with 10-Mev protons. The 
decay of the gross and electromagnetic radiations from 
both Ta+a and W+ bombardments were followed 
through four and eight half-lives respectively to give a 
value of 12.70.2 hours for the half-life. The radiation 
characteristics were obtained by resolution of aluminum, 
beryllium and lead absorption curves, after the con- 
tribution of the longer-lived activities at the time of 
measurement had been subtracted. The aluminum 
(Fig. 2) and lead absorption curves for the 12.7-hour 
activity show the radiations to consist of electrons of 
ranges 35 mg/cm? (160 kev) and ~400 mg/cm? 
(~1 Mev), and electromagnetic radiations of half- 
thicknesses 20 mg/cm? aluminum (9.3 kev), 140 mg/cm? 
lead (62 kev), 3.0 g/cm? lead (400 kev) and 15 g/cm? 
(1.8 Mev). The two soft electromagnetic radiations 
correspond well with wolfram or rhenium LZ and K 
x-radiation. From the measurements, the following 
ratios were obtained: 


160 kev e~:~1 Mev e:L x-rays: K x-rays:0.4 Mev 7:1.8 Mev y 


= 0.04 : 0003 : 0.5 


The isotope thus appears to decay by orbital electron 
capture, although partial decay by isomeric transition 
to the 64-hour activity is not excluded. 


B. 50-day Re'**: ~240-day Re!** 


After decay of the shorter lived periods in Ta+a and 
W+ ) bombardments, a complex long-lived activity 
remains in the rhenium fractions. This activity has been 
resolved into two components of half-lives 502-2 days 
and ~240 days, the measurements being carried 
through several half-lives. The 50-day activity has also 
been produced by fast neutron bombardment of 
rhenium. The radiation characteristics obtained by 
resolution of absorption (Fig. 3) and decay curves are 


1 0.25 : 0.15 





the same in all bombardments, and agree well with 
those reported by other workers.‘ The approximate 
ratios of the various radiations of the 50-day activity 
are: 


0.2 Mev e~:0.7 Mev e~: L x-rays: K x-rays: ~1 Mev y 
O35 : GOM :@8 ::1 =: :- @a ‘ 


In the rhenium fraction from Ta+a and W+ 
bombardments, an activity of ~240 days half-life has 
been observed after decay of the 50-day period. A pure 
intense source of this isotope was obtained from aged 
wolfram exit strips which had received deuterons, 


4See G. T. Seaborg and I. Perlman, Rev. Mod. Phys. 20, 585 
(1948). 
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protons and a-particles from the 60-inch Crocker 
Laboratory cyclotron. 

The aluminum absorption of an “infinitely thin” 
sample of the ~240-day activity mounted on thin mica 
and the lead absorption on a more active sample is 
shown in Fig. 4. The radiations consists of electrons, 
total range 35 mg/cm? (0.16 Mev) and electromagnetic 
radiations of half-thicknesses ~21 mg/cm? aluminum 
(9.4 kev), 140 mg/cm? lead (62 kev) and 10 g/cm? lead 
(1.0 Mev). On the crude beta-ray spectrograph only a 
single peak of very soft electrons of ~0.15 Mev energy 
were observed; no positrons were detected in a very 
active sample. The following ratios were obtained by 
the usual procedure. 

0.16 Mev e~:L x-rays: K x-rays:1 Mev y 
= ~04 wii: 4 : @ 


The isotope thus appears to decay by orbital electron 
capture, with electrons arising from subsequent y-ray 
transitions. The isotope has been allocated to mass 183 
on the basis of yields in the a-particle bombardments. 


C. 2.2-day Re!*! 


In the 19-Mev a-particle bombardment of tantalum, 
an activity of 2.2 days half-life has been observed in 
addition to the longer periods. The activity which was 
not observed in the higher energy bombardments 
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Fic. 3. Aluminum absorption (A) of 50-day Re! activity; 
K electromagnetic radiation contribution (D), 0.7 Mev electron 
(B), and 0.2 Mev electron (C). 
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Fic. 4. Aluminum absorption curve (A) of ~240-day Re!® 
activity; curve C shows soft electromagnetic radiation contribu- 
tion obtained after removal of electrons by beryllium. B is the 
electron contribution. The lead absorption curve shows K x-rays 
and 1.0 Mev 7-rays. 


because of the low yields and masking by other ac- 
tivities, is allocated to Re! on the basis of its produc- 
tion by a,m reaction on tantalum. That the activity 
was not detected by other workers who studied the 
n,2n reactions in rhenium and p,m reactions in wolfram 
is not surprising in view of the similarity in half-life to 
the 98.2-hour Re!** which would effectively mask the 
shorter half-life. 

The half-life of the activity from Ta+a bombardment 
is 2.2+-0.1 days measured through seven periods. The 
radiation characteristics were obtained by resolution of 
aluminum absorption (Fig. 5) and decay curves. The 
radiations consist of electrons of ranges 50 mg/cm? (0.2 
Mev) and ~450 mg/cm? aluminum (1.1 Mev), soft 
electromagnetic radiation of half-thickness 21 mg/cm? 
(9.4 kev) and hard electromagnetic radiation. Lead 
absorptions were not taken because of insufficient 
activity. The following approximate ratios were cal- 
culated from the aluminum absorption: 


0.2 Mev e~:1.1 Mev e~:L x-rays: K+y-rays 
0.02 0.003 0.09 : 1 ‘ 


Ill. DISCUSSION 


In order to clarify the status of the five rhenium 
activities, very active samples ‘vere prepared for study 
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Fic. 5. Aluminum absorption curve (A) of 2.2-day Re!* 
activity; curve D gives the electromagnetic radiation contribu- 
tion due to Z and K x-rays and 7-rays; B and C are the electron 
contributions. 


on a magnetic deflection beta-ray spectrometer, by 
Professor A. C. Helmholz and Mr. R. W. Hayward. The 
64.0-hour and 12.7-hour activities appear to have 
identical radiations and since the isotopes have been 
allocated to Re!®, it is very probable that they are 
independent isomers decaying by orbital-electron 
capture to excited or metastable states of W'®. No 
evidence of beta-particle emission was found in any 
isotope and the suggestion of W. H. Sullivan‘ that the 
50-day Re!* decays at least partially by beta-emission 
is not confirmed. The gamma-ray lines observed in the 
various isotopes are as follows: 


64.0 hours, 12.7 hours: 0.110, 0.127, 0.250 (spec. conv.), 
0.222, 0.346 (spec. and spec. conv.). 


G. WILKINSON AND H. G. HICKS 


TaBLE II. Relative yields of rhenium isotopes from a-particle 
bombardment of tantalum. 








Energy of a-particles in Mev 





Probable Mass 
Activity 38 30 19 reaction assignment 
12.7 hours 50 i — a,3n 182 
64.0 hours 100 14 — a,3n 182 
~240 days 2 7 0.7 a,2n 183 
50 days 1 1 1 an 184 
2.2 days masked masked 24 a,n 184 








50 days: 0.043, 0.205, 0.285 (spec. conv.), 0.159 (spec. 
and spec. conv.). 

~240 days: 0.081, 0.252 (spec. conv.). 

2.2 days: 0.043 (spec. conv.), 0.159 (spec. and spec. 
conv.). 


The mass assignments have been made according to 
measurements on cross sections for production of the 
isotopes by Ta-a,n reactions at various bombarding 
energies. In view of the complex radiations in each case, 
it is impossible to determine even a rough disintegration 
scheme by the techniques used, and consequently, the 
measured K x-radiation is taken as a measure of one 
disintegration by orbital electron capture. In Table II, 
the various yields are given relative to those of the 
50-day isotope which is unequivocally allocated to mass 
184 on the basis of its production by Ta-a,n and Re-n,2n 
reactions. The variations in yields of the isotopes at 
a-particle bombarding energies of 38, 30, and 19 Mev, 
then allow fairly certain mass allocations; the observed 
yield trends agree with those observed in bombard- 
ments of other elements.’ 

The present allocations are in agreement with the 
formation of the rhenium activities by proton bombard- 
ment of wolfram. 


V. ACKNOWLEDGMENTS 


We wish to thank Professor J. G. Hamilton, Messrs. 
T. Putnam and B. Rossi, and the crew of the 60-inch 
Crocker Laboratory cyclotron for their cooperation and 
assistance in making bombardments. We are grateful 
to Professor A. C. Helmholtz and Mr. R. W. Hayward 


for their helpful interest in making measurements on — 


their beta-ray spectrometer. We are indebted to Pro- 
fessors G. T. Seaborg and I. Perlman for their ‘con- 
tinued encouragement and advice. 

This work was performed under the auspices of the 
AEC. 








PI 





SP Se mm we UR @D O 


ii we \y 


EE 





PHYSICAL REVIEW 


VOLUME 77, 


NUMBER 3 FEBRUARY 1, 1950 


On the Theory of Slow Neutron Scattering by Liquid Helium* 
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Using the extreme Bose-Einstein (B.E.) and Fermi-Dirac (F.D.) 
models of liquid He, and Hes, respectively, the theory of inelastic 
or incoherent slow neutron scattering by these liquids has been 
studied in this paper. It is, of course, fully realized that these 
liquids are not ideal symmetric or antisymmetric collections of 
atoms. Nevertheless, they might exhibit, in their behavior with 
respect to slow neutron scattering, such trends which could be 
interpreted as resulting from their respective statistical properties. 

In liquid Hex, for neutrons of kinetic energy considerably larger 
than kT, k being Boltzmann’s constant and T the liquid tempera- 
ture, the incoherent differential cross section per atom is always 
larger, or at least equal to the free atom cross section exhibited 
by these atoms in the classical limit of vanishing degeneracy. At 
constant liquid temperatures, larger than the lambda-point 
temperature, i.e., in the He,I region, the scattering has a maxi- 
mum finite limit at vanishing scattering angles. This limit depends, 
at these small angles, on the liquid temperature only. The liquid 
cross section decreases with increasing scattering angle and tends 
asymptotically toward its free atom value. The latter is ap- 
proached faster the larger the kinetic energy of the incident 
neutrons. At liquid temperatures near the lambda-point temper- 
ature, the vanishing small angle scattering cross section becomes 
very large and becomes some N? times the free atom value at the 
lambda-point. 

In the liquid He,II region the very small angle scattering cross 
section increases as @~*, @ denoting the scattering angle. 

At constant scattering angles the scattering cross section varies 
as a function of the liquid temperature, in the following way. 
In the limit of high temperatures, or small degeneracy, the 
scattering cross section tends toward its asymptotic free atom 
value. As the liquid temperature decreases, or the degeneracy 


increases, the cross section increases. At the limit of the absolute 
zero temperature, perfect degeneracy, the distribution of the 
atoms being narrowed down to practically a single state, the 
scattering cross section is also classical, the fundamental sym- 
metrical correlation having vanished because of the emptiness of 
the higher energy levels. The constant angle cross section curves 
thus exhibit a maximum as a function of the temperature. 

In liquid He;, treated here as a limiting ideal antisymmetric 
fluid, the differential cross section is always smaller, at small 
scattering angles, than the free atom cross section. The latter is 
reached asymptotically at large scattering angles from below, in 
contrast with the symmetric fluid. At sufficiently large scattering 
angles, the constant angle cross sections vary with temperature 
by exhibiting a minimum between the temperature of absolute 
zero and the limit of high temperatures or vanishing degeneracy. 
Again, in contrast with the symmetric fluid, the fluid cross section 
remains always finite and has no anomalies. 

The preceding results correspond to those collision processes 
in which the incident neutron loses momentum and energy. Since 
however, in all practical cases, even the total loss of neutron 
kinetic energy to the target liquid Hes, over reasonable radiation 
times, cannot perturb the thermal equilibrium of the liquid, the 
inverse scattering processes have also been studied by using the 
principle of detailed balance. The resulting, direct plus inverse, 
liquid cross sections have also been evaluated both in He, and 
He;. In the latter, however, the thermal equilibrium is far from 
being as well preserved as in liquid Hey, because of the large 
thermal neutron reaction cross section, ~(He;, »)H;. This reaction 
appears to present serious difficulties for the eventual experimental 
investigation of the incoherent slow neutron scattering. 





1. INTRODUCTION 


N view of the present status of the physics of liquid 
He,, it appeared of interest to investigate some 
properties of this fluid which could be ascribed to it on 
the basis of either of the currently studied incomplete 
working models. One of these! is derived from the 
symmetrical character of liquid Hes, while the other 
results from an attempt to interpret quantum-mechan- 
ically the hydrodynamical picture of a liquid.? Among 
the fluid properties predicted: by these models those 
which are experimentally accessible and which are 
different enough are the most interesting. One may add 
here that the interesting differentiating phenomena 
resulting from the theoretical liquid models are those 
which need the least amount of supplementary or 
intermediate assumptions regarding the interpretation 
of the experimental data representing the presumed 
behavior of the liquid. 
It seems that as far as the Bose-Einstein (B.E.) fluid 


* This document is based on work performed at Los Alamos 
Scientific Laboratory of the University of California under 
Government Contract W-7405-Eng-36. 

1 F, London, Phys. Rev. 54, 047 (1938) ; L. iy de phys. 
et rad. 1, 165, "350 (1940) and Phys. Rev. 72, 838 (19 

2L. Landau, J. Phys. USSR 5, 71 (1941). 


model is concerned, such a presumed behavior of liquid 
He, is present in the laws which govern the incoherent 
or inelastic slow neutron scattering phenomena ex- 
hibited by this fluid. By slow neutrons we mean those 
with kinetic energy substantially larger or much larger 
than the kinetic energy of thermal motion of the liquid. 
On the basis of this limitation of the neutron kinetic 
energy, the collision process of a neutron against a He 
atom will be described as if the atom were stationary. 
This approximation is, of course, better the higher the 
neutron kinetic energy is in comparison with k7, k 
being Boltzmann’s constant and T the absolute temper- 
ature of the liquid. 

It is interesting that the experimental investigation 
of the incoherent slow neutron scattering by liquid Hes 
might equally yield information on the importance of 
the antisymmetrical character of this liquid. However, 
as it will be seen below, the technical difficulties in the 
neutron scattering experiments by liquid He; appear to 
be increased considerably over and above those present 
already in the case of liquid He. 

We should like then, in what follows, to describe the 
theory of slow neutron inelastic scattering by liquid 
He,I, He,II and He; by assuming the rather extreme 
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ideal B.E. or F.D. fluid models as approximating the 
limiting behavior of these liquids. In doing so, however, 
we wish to emphasize that it is by no means our 
contention to consider these working models as de- 
scribing satisfactorily these liquids. Evidently, none of 
these liquids are ideal, i.e., their atoms do exert forces 
upon each other in the ordinary sense. One may only 
expect that the present studies indicate clearly those 
possible trends in the inelastic slow neutron scattering 
by these liquids which could be recognized, if present, 
as due to their respective symmetries resulting from 
general statistical principles. 

An inducement of a more academic type which could 
justify these investigations lies in the fact that the ideal 
B.E. or F.D. fluids form such systems of interacting 
particles whose formalism is complete and where the 
effect of the peculiar statistical interactions on the 
phenomenon of neutron scattering can be rigorously 
investigated. 

It should be noted here that the coherent scattering 
of slow neutrons by these liquids would also be affected, 
possibly, by their respective statistical symmetry. The 
statistical correlation refers here essentially to its 
spatial residuum, in contrast with the incoherent 
neutron scattering which is directly affected by the 
fundamental correlation in phase space. Since the 
coordinate space correlations are obtained by averaging 
over the direct phase space interactions, one might, 
perhaps, expect a somewhat less pronounced statistical 
effect on the coherent neutron scattering than on the 
incoherent process. ; 


2. THE INELASTIC SCATTERING OF SLOW NEU- 
TRONS BY A COLLECTION OF ATOMS WITH 
SYMMETRICAL OR ANTISYMMETRICAL 
STATISTICS 


Let us consider a neutron beam of intensity /, i.e., in 
which J neutrons cross per unit time a unit area 
perpendicular to the direction of motion of the neutrons. 
This beam falls on a scattering target containing V 
atoms so arranged that they are all exposed to the 
neutrons of the incident beam. The latter will be 
assumed monochromatic or monoenergetic. Assume 
further that the probability for a single neutron to 
undergo multiple collisions in the target is negligible. 
The collection of V atoms will now be assumed to be 
distributed, at some definite temperature 7, according 
to statistical laws resulting from the application of 
general principles to this collection of atoms of known 
elementary characteristics. The absolute neutron kinetic 
energy will be taken to be large in comparison to kT, 
as mentioned above. Since the latter energy of thermal 
motion is of the same order of magnitude, in general, 
as the binding energy per atom in condensed systems, 
the energy condition is practically equivalent to that 
of the neutron kinetic energy being larger than the 
binding energy. 

Let E, denote the absolute kinetic energy of the 


neutrons. The condition E,>T justifies our consider- 
ing the target atoms as being practically stationary 
with respect to the much faster neutrons. Simultane- 
ously, however, the distribution of the atoms in phase 
space, the target being at some fixed temperature 7, 
will be fully taken into account. Let n(e, T)de be the 
number of atoms within the kinetic energy band 
(e, e+de), so that 


f ‘ie T)de=N(T). (1) 
0 


We should like to consider first the limiting situation 
where the statistical symmetry or antisymmetry may 
be neglected in the description of the target atoms. It 
is to be remembered that the extremely low neutron 
density in the beam causes the latter to behave as a 
non-degenerate collection of particles. In this limit of 
vanishing quantum-statistical degeneracy, in a coordi- 
nate system in which the center of gravity of the 
incident neutron and the target atoms is at rest, the 
number of neutrons scattered per unit time and solid 
angle, in a direction @ to the direction of incidence, by 
atoms in the energy band (e, e+de), is given by 


dv(E, €, 0, T)=Io(E, 0)n(e, T)de. (2) 


Here, Jon(e, T) is the number of collisions between the 
“e’’ atoms and the neutrons, in unit time, according to 
our assumption of target atom arrangement mentioned 
above, while the proportionality constant o(£, 6) deter- 
mining the successful ccllisions is the differential cross 
section per unit solid angle, in the direction 6, for 
scattering processes associated with a single atom and 
the kinetic energy of relative motion E. The total 
number of neutrons appearing, per unit time, and per 
unit solid angle, in the direction @, is, using the definition 
of n(e, T), Eq. (1), 

v(E, 6, T)=IN(T)o(E, 8). (3) 


The preceding relations are merely the empirical 
definitions of the differential cross section per unit solid 
angle of a solitary free atom.- They are based on the 


assumption that, within the target, there is no direct _ 


correlation between atoms in the band around e and 
say those around e’>e, into which the first atoms are 
thrown as,a result of the scattering process. An indirect 
correlation between the atoms is of course contained in 
the definition (1) of the distribution function n/(e, T). 

In quantum statistics the definitions (1) and (2) have 
to be modified. This modification originates in the 
quantum-statistical collision numbers as obtained, for 
symmetrical statistics, from the fundamental researches 
on the statistical equilibrium between black-body 
radiation and matter or particles obeying the exclusion 
principle and matter. Formally, one has instead of 

3See A. Einstein, Physik. Zeits. 18, 121 (1917), and W. Pauli, 
Zeits. f. Physik 18, 272 (1923), for symmetrical statistics, and 
L. Brillouin, Ann. de physique 7, 315 (1927) for anti-symmetrical 
statistics. 
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(2), £ denoting the kinetic energy of relative motion, 


dvp.u.(E, €, 8, T) 
= Io(E, 6)nz.x.(e, T)(1+7iz.z.(e’, T))de, (4) 


dvr.p. (EZ, €, 6, T) 
=Io(E, 0)ny.p.(e, T)(1—“ir.v.(e’, T))de, (5) 


where, p.z, and my.p, are the total number of atoms 
per unit energy range, around e, at temperature T in a 
symmetrical (B.E.) or antisymmetrical (F.D.) collection 
of free atoms, while the 7’s are the average number of 
atoms, in the two systems, per state, in the band 
(e’, e+de’). Here 

é =e+A(E,, 8), 


is the energy of the scattering atom after a collision 
resulting in the appearance of a particle in the direction 
6, wherein the atom gained the energy A(E,, 0) from 
the scattered neutron, of incident energy Ey. 

The fundamental formulas used in the present work 
are (4) and (5); they are based on the quantum sta- 
tistical collision numbers included therein.* These num- 
bers express in a striking way the remarkable attraction 
and repulsion, in phase space, between atoms of an 
ideal Bose-Einstein or Fermi-Dirac gas, respectively. 
It is seen also in formulas (4) and (5), remembering the 
form of the B.E. or F.D. distribution functions p.r., 
ny.p., or the average number of particles per state “ip. x. 
and fiy.p., that the right-hand sides of (4) and (5) tend 
asymptotically, for large angle collisions or large energy 
exchanges A, and high temperatures, toward the 
classical expression (2). : 

It is also seen in (4) or (5), rewriting them in the 
following form: 


vp.z.=/Nop.rz., (6) 
v¥.p.=INor.p., (7) 

with ° 

op.z.(E, 8, T) 

1 . 
a Ne of np.x.(€, T)(1+ip.z.(e’, T))de, (8) 
0 
and 


or.v.(E, 6, T) 
1 ie 4] 
=—s(E, 6) f nyp.(e, T)A—a(e, T))de (9) 
N 0 


that the B.E. and F.D. cross sections, associated with 
the direct scattering process in which the neutron loses 


‘The generalization of the theory of transport processes to 
include the exclusion principle contained in the antisymmetrical 
collision number has been made first in the quantum theory of 
metals; see, for instance, L. Brillouin, Les Statistiques quantiques 
(Les Presses Universitaire, Paris, 1930). The general theory 
including both statistics is due to G. E. Uhlenbeck and E. A. 
Uehling, Phys. Rev. 43, 552 (1933) and E. A. Uehling, Phys. Rev. 
46, 917 (1934). 


energy and momentum, are always larger and smaller, 
respectively, than the free atom cross section o(E, @). 

A formalism based on the theory of quantized 
symmetrical or antisymmetrical assemblies could be 
built up here, which, assuming the right interaction 
form between the neutrons and the heavy photons, 
i.e., Symmetric and antisymmetric atoms, should yield 
the general formulas (4) and (5), or (8) and (9). Since, 
however, the physical content of this more complete 
formalism is already included in the statements of the 
general statistical principles expressing the fundamental 
collision numbers as depending on both the initial and 
final states of the heavy scattering particles, this 
formalism will not be developed here. The interaction 
form between the neutrons and the heavy atoms should 
include also the specific nuclear interaction between 
these, and this could only be a schematic one. 

We will limit ourselves to mention here that the 
solitary free atom, slow neutron, center of gravity, 
scattering cross section o(£, @) should actually be inde- 
pendent of the energy of relative motion £, or kinetic 
energy of the incident neutron, and the scattering angle 
6, in the neutron energy range investigated in this paper. 
The independence of energy is related to the assumption 
that in the slow neutron energy range it is not expected 
that the scattering due to the rather large nucleus- 
neutron interaction be affected by their slow relative 
motion. The independence of angle results essentially 
from the fact that the de Broglie wave-length in the 
relative or absolute motion being very large in com- 
parison with nuclear dimensions only zero angular 
momentum, or s wave scattering, can be of importance, 
assuring thus spherical symmetry of the scattering 
process in the relative motion. 

We should like to turn now to the study of the 
scattering processes as described by the fundamental 
formulas (8) and (9). 


3. THE SCATTERING OF SLOW NEUTRONS BY 
LIQUID He,I ACCORDING TO THE 
IDEAL B.E. FLUID MODEL 


In the scattering process lifting a target atom from 
the energy band (e, e+de) into that of 


é=e+A, (A>0), (10) 
the energy gained by the atom, or lost by the neutron, is 
A=¢°/2M, (11) 

where 
q=Pi— Py, (12) 


is the change in linear momentum, in the relative 
motion, and M is the mass of the scattering atom. 
Since, in the relative motion the scattering process is 
equivalent geometrically to a rotation of the vector p; 
through the scattering angle 0, one obtains, with 


[pi|=|pel=p, 9?=4p? sin’(6/2). (13) 
The relative linear momentum |p| is (2uZ), u denoting 
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the reduced mass of the neutron-scattering atom system 
or (mM /(m+M)), m being the neutron mass, and E 
the kinetic energy of relative motion. Then one obtains, 
at once, 

A= (4u?/mM)E,, sin?(6/2). (14) 
The distribution function in an ideal B.E. fluid of NV 
atoms of mass M, of zero spin angular momentum, 
occupying a volume V at temperature T will be written 
as: 

n(e, T)de=7i(e, T)p(e)de, (15) 


ni(e, T)=[LexpLat+e/kT ]—1}", (16) 


where 


and 
p(e)de= (V/h*)(2mMkT)'[1/T (3/2) (/RT)d/kT), (17) 


is the total number of free particle levels in the energy 
band (e, e+de) and I'(3/2) is (x)'/2. The statistical 
parameter a, the ratio of the negative free energy per 
atom (—~) to &7, is determined by the total number 
of atoms, according to 


4) 


v= f n(e, T)de=(V/h')(2nMkT)iF(a), (18) 


with 
F(a)= a/r(s/2) f (expLa+-x]—1)—x!dx 


=> e/n}, F(0)=2.612. (19) 


From (18), according to Einstein,’ the atomic concen- 
tration (V/V) or m at which condensation sets in, at 
temperature 7, is 


no= (2eMkT/h?)*F(0), (20) 


while the temperature 7») at which condensation starts 
at a concentration 1 is 
n= (2rMkT,/h*)iF(0) 

= (2nMkT/h*)iF (a). (21) 
Hence, 

F(a) =(To/T)*F(0) 

= (n/m) F(0). (22) 

In the condensation region, T<7o, a finite fraction of 
the NV atoms is in the lowest state,' these are, possibly, 
the superfluid atoms 


N,/N=1—(T/T»)!, (23) 


while the rest of the atoms are in the excited states, 
distributed according to 


n(e, T)de=7(e, T)p(e)de 
= p(e)deLexp(e/kT)—1}", (24) 


since the parameter a is extremely small (of the order 
of N-). 
5 A. Einstein, Ber. d. Ber. Akad. p. 261 (1924) and p. 3 (1925). 


SWEENEY, AND GOLDSTEIN 


With the scattering angle 6, defined by (13), associ- 
ated with a process in which the scattering atom has 
been lifted from the energy band around e into the one 
around (e+A(@)), the corresponding B.E. cross section 
per unit solid angle is, according to (8), 


op.E.(En, 6, T) 
ia f (1+ Lexp(at(e+4(6)/AT))-1}4} 


X p(e)d(e)Lexp(at+(e/kT))—1}', (25) 


where o stands, from now on, for the free atom differ- 
ential cross section per unit solid angle. An elementary 
calculation yields, then, 

1—F(a+8)/F(a) 


r=0p.n./o= . (26) 
1—e# 





where 
B=A(E,, 0)/kT 
= (E,/kT)(To/T)(4u?/mM) sin*(6/2) 
=E,’ rf (0), 


is the ratio of the energy exchange in the collision to 
the thermal energy kT. We shall henceforth measure 
the absolute neutron kinetic energy in units of kT); To 
denotes the condensation temperature, E,’ is (E,/kT»), 
while 7 is (Jo/T), with f(@) standing for the last factor 
(4u2/mM) sin?(@/2) in (27). It is seen that the direct 
process cross section op.x.(En, 6, T) is a universal func- 
tion of the statistical parameter a and the energy 
exchange in the collision A(E,, 6)/kT measured in units 
of kT. We should like to discuss now the B.E. fluid 
cross-section formula (26). 

It is of course, visible in the fundamental formulas 
(4) or (8) that the preferred collisions are those in which 
the scattering atom is lifted into well populated states. 
In such cases the statistical ‘“‘attraction” term is the 
largest leading to a fluid cross section larger than the free 
atom cross section. It is evident that in those collisions 
which lead to a practically empty state, i.e., large angle 


scattering processes, the B.E. cross section differs but 


very little from that of the free atom. 

Let us consider now the fluid kept at a constant 
temperature and study the scattering as a function of 
the scattering angle or the neutron kinetic energy. In 
a collision where the scattering atom gains energy 
according to Eqs. (10) and (14) or (27), the Einstein- 
Pauli induced scattering is larger the smaller A, the 
energy exchange. The maximum value of the induced 
scattering corresponds to the limit of vanishing A. 
Hence, at a constant liquid temperature and incident 
neutron kinetic energy, the scattering cross section 
should show a maximum in the forward direction and 
decrease toward larger angles. This behavior of 
on.x.(En, 0,7) is described rigorously by the general 
formula (26), at T>T7o. 
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Here, a~1, and one sees that 


limr=limesg.z./o 
BK1 BX 


=—F'(a)/F(a), F’(x)=dF/dx; (28) 


indicating that in the limit of very small scattering 
angles, the B.E. cross section becomes independent of 
the very small energy exchange and depends only on 
the liquid temperature and concentration through the 
parameter a. For increasing f, or @, the cross section 
decreases monotonically and in the opposite limit of 
large 8, essentially at large angles, since E,>kT, 


limr= limos.xz./o 
B>1 B>I 


=1—e-®)/F(a)~1. (29) 


In this limit F(a+ 8) reduces to its first term e~‘*+® 
which is very small. A more complete numerical 
analysis of the cross-section formula (26) will be given 
below. 


4. THE SLOW NEUTRON SCATTERING BY AN IDEAL 
B.E. FLUID IN THE CONDENSATION 
REGION (He II MODEL) 


Below the transition temperature, the fluid may be 
said to be in the mixed phase region as mentioned 
briefly above in connection with Eqs. (23) and (24). 
The incoherent scattering will now be a superposition 
of the effects due to the condensed and excited phases. 
One finds after a simple calculation, using formulas (4) 
and (18), 

o(En, 6, T)=0/(1—e~*) (30) 


for, the cross section of the céndensed or superfluid 
atoms, and 





1—[F(6)/F(0) J 


1—e-8 


on(En, 0, T)=0 (31) 


for the normal atom cross section. The resulting cross 
section becomes, 


op.E.(En, 0, TST.) =(Nsost+Nnon)/N 


1—(T/T»)*F(6)/F(0) 
1—e? 





32) 


Use has been made here of Eq. (23) giving (V./N) 
and its complement (NV,/N) or (7/To)!. It will be 
observed, at once, that the preceding cross section 
reduces to the one obtained in the high temperature or 
single phase region, Eq. (26), as T—>To, i.e., at the 
condensation temperature. In other words, the liquid 
cross section is continuous at the transition point. 
This was to be expected on the basis of the smooth 
condensation process exhibited by the ideal B.E. fluid.® 


6 See L. Goldstein, J. Chem. Phys. 14, 276 (1946). 


Let us consider again the scattering at a constant 
liquid temperature. In the limits of very small 8 or very 
small scattering angles, one obtains 


limos.z.(E,, 6, T< To) 
B<K1 


1-(T/T)' (T/T) 
P _ FO limF (8)}. (33) 





~o 


Using the explicit expression of 8 and the asymptotic 
value of F’(8), B<1, ie., 


—F'()=1(3)/8); 


one finds, 


limog.r.(En, 6, T< T») 
6-0 





o (N.(mM \kT NT (3)(mM kT)! 


NI wk uE,10 


(34) 


In the condensation region, in contrast with what 
occurs far above the transition temperature, the 
liquid cross section increases essentially as @-*, for 
very small scattering angles. It is seen that this very 
small angle scattering is due primarily to the condensed 
atoms NV,. It should be remembered, however, that 
these very small angle scattering processes may be more 
of an academic than practical interest. Indeed, it is 
questionable whether these processes could be observed 
with practical resolutions. In the opposite limit of 
B>>1, one obtains from (32) asymptotically the free 
atom cross section. 

We are prepared now to discuss the neutron scattering 
process over the whole temperature range at constant 
scattering angles and constant incident neutron kinetic 
energies. Qualitatively, considering some finite scatter- 
ing angle, the general behavior of symmetrical fluids 
makes one expect the following situation. The degen- 
eracy vanishing at high temperatures, the B.E. cross 
section should become equal asymptotically to the free 
atom cross section. As the temperature decreases and 
the degeneracy increases, the fluid cross section has to 
increase above the free atom value because of the 
increasingly strong intervention of the induced scatter- 
ing processes. In the limit of very low temperatures, 
the atoms have essentially collected in the condensed 
phase. With the very small population of the excited 
levels, the induced scattering process becomes less 
important and the whole scattering again becomes 
classical. Hence, for finite scattering angles, and con- 
stant incident neutron kinetic energies, the B.E. cross 
section should exhibit a maximum at some intermediate 
temperature. This is, of course, contained in the 
formulas (26) and (32). 

The problem is less simple at small scattering angles 
near the transition point. We have seen that above the 
transition point, the small angle scattering cross section 
becomes independent of the scattering angle and the 
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neutron energy and depends only on the liquid temper- 
ature, Eq. (28). The latter gives, 


—— (—*) 
g<i OB.E./ 7 —a F(0) . 


Now the right-hand side diverges at a=0; but actually 
a is not strictly zero but of order of N~, so that we 
may use the asymptotic value of (—F’(a)) for very 
small a, which is 





(35) 


© p-na 


é 
lim(—F’(a)) f salle 
a—0 0 n> 


=r(g)N4, 
Hence, 


lim on.E.(En, 0, T) oT (3)N*/F(0), (36) 


T-To 


which is very large. Again the remark made above on 
the practical interest of the very small angle scattering 
processes should be remembered here. It should also 
be noted that the preceding result (36) can also be 
derived by approaching the transition temperature 7» 
from the low temperature side, provided that one 
remembers the order of magnitude of a in the conden- 
sation region. The B.E. differential scattering cross 
section is strictly continuous, at all angles, across the 
transition point. The very large limit (36) of the 
transition point cross section is connected with the 
phase instability of the B.E. fluid in this region. The 
root-mean-square fluctuation ini the number of excited 
atoms amounts, at the transition temperature, to N?. 
The situation represented by the cross-section limit 
formula (36) resembles the one encountered in the 
application of the ideal B.E. fluid formalism to the 
coherent scattering of visible light near the transition 
line.’ Since experimentally* no anomalous scattering 
could be detected in liquid helium with visible light it 
is unlikely that the very small angle neutron scattering 
anomaly indicated by (36) could be present in the 
actual behavior of the liquid. The inevitable trans- 
mission of a large portion of the incident beam in the 
forward direction would make quite difficult the experi- 
mental investigation of very small angle scattering 
processes. 


5. THE SLOW NEUTRON SCATTERING BY 
AN IDEAL F.D. FLUID 















Using the fundamental cross-section definitions (5) 
or (9), one obtains with the F.D. distribution functions, 
after a simple calculation: 


OF.D. (x... 6, T) 


=a (1—#(a+8)/P(a))/(1—e*) J<o. (37) 


7L. Goldstein, Phys. Rev. 57, 241 (1940); A. D. Galanin, 
J. Exp. Theor. Phys. 10, 1267 (1940). 
8T. A. Jakovlev, J. Phys. USSR‘7, 307 (1943). 
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Here, 


(x)= 5 (—) Hem /nl, 


n=1 


The parameter a is positive at temperatures T>T7o, To 
denoting the degeneration temperature: 


To= (h?/2Mk)(3n/8r)!, (38) 


for particles of spin angular momentum 4/2, at a 
concentration (V/V) or n, NV being the total number of 
atoms of the fluid occupying volume V. The cross- 
section formula (37) is valid over the whole temperature 
range. 

At some constant temperature it is easy to give 
limiting values of of.p.. Since the condition E,>T is 
adhered to here also, at moderate scattering angles, 8 
is large, so that above the degeneration temperature 


B(a+A)~e-o, 
and 
limor.p. = o[1 = e~ +8) /b(a) |~a, 
B>I1 


(39) 


as would be expected. In this case, the states of high 
energy into which the scattering atoms may be lifted, 
are practically unoccupied, so that the characteristic 
repulsion in phase space cannot operate fully, and the 
scattering cross section tends toward its free atom 
value. This result is similar to the one found in the 
B.E. case. However, the approach toward the free atom 
cross section is here opposite to the one in B.E. fluids, 
insofar as, in the present case, the cross section is 
always smaller than its asymptotic limit. 

At T>Tpo, in the limit of small scattering angles, 
8 is small and 


limor.p.=o[—®’ (a)/®(a) ], (40) 
B<K1 

i.e., the cross section becomes independent of the 
scattering angle and the neutron kinetic energy, a 
situation similar to that of the B.E. case at T>Tp. 
The F.D. cross sections at small angles decrease with 


decreasing temperature. This is caused by the gradual: 


filling up of the energy states. Since a small energy 
transfer to the scattering atom would lift it only into a 
neighboring higher situated level, which is practically 
full, the small angle scattering becomes increasingly 
prohibited with decreasing temperatures. 

With 


2(—a)! 


|a|>>1, 
31(3/2) 


~~ 





a a<0; 
TKTo 


one finds, 
lim or.p.=30(—a)" 
BK1 4o(—a) 
TKTo 


=30(T/T»), (41) 
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and, as expected, the forward scattering cross section 
vanishes at the temperature of absolute zero. At this 
temperature, only those atoms can contribute to the 
scattering process with an energy gain A, which are at 
the depth A below the top € of the distribution. One 
finds, at once, 


or.p.(A, T=0)=o0{1—[1—(A/eo) ]}} > A<6. 


The scattering becomes classical for A>éo, or for 
scattering angles @ larger than 


69= 2 arc sinl (mM /4y?)(€0/E,) |}, 


where E,>€. With respect to scattering angles larger 
than 0, one has then, as far as the temperature varia- 
tion of the F.D. cross section is concerned, the following 
situation. The cross section is classical, i.e., it is the 
free atom cross section at the temperature of absolute 
zero. It becomes sub-classical as the temperature in- 
creases and then tends again asymptotically from the 
sub-classical values toward the free atom value at 
temperatures T>>T>. One clearly recognizes ‘here, in 
the temperature variation of the F.D. cross sections a 
qualitatively opposite behavior from that of the B.E. 
cross sections. The former exhibit minima at constant 
scattering angles 06>) between the temperature of 
absolute zero and the high temperatures, the latter 
have maxima in the same temperature range. 

While in Hes, at liquid densities, one might have an 
antisymmetric collection of atoms in a highly degen- 
erate state, the experimental problem of investigating 
the slow neutron inelastic scattering on this liquid 
appears to be considerably more. difficult than in liquid 
He,. The origin of these difficulties lies in the very large 
absorption cross section of He; nuclei for thermal and 
subthermal neutrons.°® 


6. THE INVERSE SCATTERING PROCESSES 


(42) 


In the preceding secticns we studied only the direct 
collision processes in which the neutron loses and the 
heavy atom gains energy and momentum. But the 
scattering fluids are and remain in thermal equilibrium 
even under the extreme assumption that all the neutrons 
of a thermal neutron beam available usually transfer 
their whole energy to the target liquids during practical 
irradiation times. This statement applies rigorously to 
liquid He,, while in liquid He3, because of the large 
energy release in the n(He;,p)H; reaction, the equi- 
librium cannot be maintained to the same accuracy as 
in He,, although it still remains conserved with fair 
accuracy. As a result, it is expected on the basis of the 
principle of detailed balance that all those direct 
processes in which the neutron loses energy and mo- 
mentum to the liquid atoms have their counterpart in 
inverse processes due to those atoms which can, con- 
servation theorems permitting, transfer energy and 


*L. D. P. King and L. Goldstein, Phys. Rev. 75, 1366 (1949) ; 
J. H. Coon and R. A. Nobles, Phys. Rev. 75, 1358 (1949). 
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10 @° 20 
Fic. 1. Cross-section ratios vs. scattering angle for two neutron 
energies E,, expressed in units of kT}. 


momentum to neutrons, scattering them out of their 
direction of incidence. 

One finds, to the approximation of the present 
studies, that the ratio 


Rs.z.=[on.x.(direct)+ op. x, (inverse) |/o 


associated with the energy exchange 8, is given, in the 
center of gravity coordinate system, by 


op.e. oB.E.(8,T) 1 1 
R3.2.= = + 
F(a) 1'(3/2) 





o o 


x J “|t+[em(are+)-1] | 


x n(0| exr( a+) - i] de, (43) 
kT 


since only those atoms can lose energy and momentum, 
for the scattering in some direction,.whose initial energy 
and momentum is at least equal to their eventual loss. 
One finds then, after a simple calculation, that 


OB.E. th — 








Rs.5.= = 
o o 
SF Fy areo(ns), (44) 

F(a)(1—e-#) m= 7 

where 
1 7" 
o(ngB)=——— ]_ e~*xidx. 
T'(3/2)4 


In (44), (on.z./c) is given by Eq. (26), at temperatures 
T above the transition temperature 7». 
A similar reasoning leads, below the transition 
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Fic. 2. Cross-section ratios vs. temperature, at the scattering 
angle of 5°, for three neutron energies E,, expressed in units 
of kT). 


temperature, i.e., in the condensation region, to 


op.E.un(1<To) 





2. 
o 


_5.B.(T<To) Pastidai’. _F@ 
eames ~ F() 


2 (1—e) 
-(— )z en) | (45) 
F(O)7 n=1 


It is seen that below the transition temperature, only 
the excited or normal atoms take part in the inverse 
scattering processes. Evidently, the condensed atoms 
cannot lose energy and momentum. 

A glance at the general relation (43) shows that the 
inverse processes are more important the smaller the 
energy exchange in terms of kT, i.e., the smaller 8. 
This occurs, for large temperatures, and small scattering 











angles. 
One finds similarly, after a simple calculation, 
or.v. a(8, T) OF.D. 1 
Rr.v.= =2 a 
o ¢ (a)(1—e*) 
eT ae : (1—e~"*)p(mB). (46) 
n 


n=1 


Strictly speaking the numerical computations of 
Rr.p. have been performed using the general formula 
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(43) modified for F.D. statistics. Here (or.p./o) or orp. 
is given by Eq. (37). 

Clearly both in the B.E. and F.D. fluids the o;4,’s are 
larger than those associated with the direct collision 
processes only. For the sake of completeness, it is 
interesting that in a Maxwell-Boltzmann fluid, one 
would have 


OM.B. th 


a -1(1 oo) 


1 3 
= yz. id. 
” ak" as 


and Fy.z.(a) is the Maxwell-Boltzmann statistical 
function, which reduces to 


Fy... (a) = n/(2eMkT /h?) Ls 


n standing for the atomic concentration; the function 
F(a) is the ratio of the number of atoms WN to the 
number of states in phase space, whose momentum 
volume has the value (2tMkT)}. 








7. ANALYSIS OF THE INELASTIC SLOW NEUTRON 
SCATTERING PROCESSES IN B.E. 
AND F.D. FLUIDS 


In order to facilitate any eventual comparison of 
future experimental data with the predictions of the 
limiting models studied here, the numerical analysis 
has been performed here in the laboratory coordinate 
system, i.e., the ratios r and R refer here to the labora- 
tory differential cross sections. 

The transition temperature 7, in the B.E. case, has 
been taken to be the He, lambda-point temperature, 
while the degeneration temperatures of the F.D. fluid 
were computed using the approximate liquid He; 
density values obtained at Los Alamos.!° The numerical 
results are given here in graphical form. 
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Fic. 3. Cross-section ratios vs. temperature, at the scattering 
angle of 10°, for three neutron energies E,, expressed in units 
of kT). 


10 Grilly, Hammel, and Sydoriak, Phys. Rev. 75, 1103 (1949). 
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In Fig. 1 we give typical r and R ratio curves at 
1.19°K (T<T7>) and 3.27°K (T>T>) asa function of the 
laboratory scattering angle for two sets of neutron 
kinetic energies. The actual liquid cross sections could 
be gotten from these by multiplying the ordinates 
associated with an angle © by o(dw/dQ). Here o the 
center of gravity free atom differential cross section 
per unit solid angle is! (1.25/4m) x 10-* cm?, while the 
conservation theorems give 


dw(@) 4 m(cosO+[(M/m)?—sin?O ]?)? 
dQX(®) M[(M/m)?—sin?@]}} 





’ 


m and M denoting the neutron and scattering atom 
masses respectively. It is to be recalled that 


B(RT/E,) = (4u?/mM) sin?(6/2) 
! = 1—(u/M)?(cosO+[(M/m)?—sin*® }})?, 


u being the reduced mass. The free atom He; scattering 
cross section is unknown at present.” 

Typical B.E. ratio curves, at constant scattering 
angles (O=5 and 10 degrees) as a function of the liquid 
temperature 7 are given in Figs. 2 and 3 respectively. 

These results indicate, as expected, that the smaller 
the neutron kinetic energy the more pronounced are 
the characteristic B.E. features of the scattering cross 
sections. It is remarkable that already with room 
temperature neutrons, the small angle scattering is 
affected by statistics to an extent which appears to be 
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Fic. 4. Cross-section ratios vs. the energy exchange in the 
scattering process, expressed in units of kT. 
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" H. Carroll, Phys. Rev. 60, 702 (1941). 
12 See, however, the first work quoted in reference 9. 


observable. experimentally. At smaller neutron kinetic 
energies the effect becomes quite strong. The remark- 
able formation of the maximum in the ratio curves, at 
constant scattering angle, as a function of the fluid 
temperature is quite prominent. With the slow neutron 
beams available at the Enriched Uranium Pile of this 
Laboratory and the use of filtration technique,’ it 
appears that the experimental investigation of slow 
neutron inelastic scattering by liquid helium could be 
undertaken starting first with broad, i.e., non-mono- 
chromatic neutron beams. With graphite filtration, 
however, the width of the spectral distribution of the 
beam is being automatically reduced, so that, if present, 
the characteristic features of the scattering phenomena 
appear to be observable. 

We have to consider briefly at this juncture the 
inevitable presence, in the scattering experiments, of 
both incoherent and coherent processes. With some 
results available with x-rays," the main coherent peak 
in liquid helium is to be expected at a scattering angle 
©, double that of the Bragg angle, such that 


sin(@/2)=/2a, 


\ denoting the radiation wave-length and a the average 
atomic separation in the liquid. According to Keesom," 
a@ appears to be given in helium as well as in other 
monatomic liquids by the approximate separation 
computed from an assumed hexagonal close packing 
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13See the monograph of W. H. Keesom, Helium (Elsevier 
Publishing Company, Inc., Amsterdam, 1942), pp. 326-29. 
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of the atoms, axial ratio 


c/a=2(2/3)?, a=2/*(1.66M/p)iA. 


Here M is the atomic weight and p the liquid density. 
This gives a~4A, so that the main coherent peak 
occurs at the scattering angles of about 26°, 31°, 45°, 
and 65° for neutrons of kinetic energy kT, at 293, 200, 
100, and 50°K, respectively. Since the main B.E. effect 
appears to be limited to © values not exceeding 25-30°, 
it is seen that with smaller kinetic energy neutrons the 
statistical effect, if present, would appear without too 
great an overlap due to the broadened coherent neutron 
scattering peak. It should be remembered, however, 
that the transmitted beam in the forward direction, 
being itself broadened, tends to reduce the effective 
angular range where the statistical effects would appear. 

Before turning to the presently more academic liquid 
He; case, we should like to mention the interesting 
studies by Akhiezer and Pomeranchuk" on the inco- 
herent scattering of very low energy neutrons (S3.5°K) 
using the continuum liquid He,II model.? According to 
these workers the continuum model, at the neutron 
energies considered in this paper, would lead to inco- 
herent scattering cross sections which should not differ 
much from the free atom cross section. Indeed, it 
should be remembered that the neutron kinetic energies 
involved here are considerably larger than both kTp 
(Tp being some apparent Debye temperature of liquid 
He,II) and the binding energy per atom in the liquid. 
These energies are, respectively, 10-15k, Tp~10-15°K, 
and some 10-" ergs/atom, at 0°K. Our lowest neutron 
kinetic energy is 25k7,, or about 55k. Now the con- 
tinuum liquid model may be said to correspond to a 
limiting solid model. In the latter, according to the 
investigations of Weinstock,!* the inelastic differeatial 
cross section, although depending on the scattering 
angle, does not exhibit as critical a variation with angle 
as the B.E. fluid model, especially in the condensation 
region of the latter. The solid body incoherent neutron 
scattering results have but an approximate value in 
the case of He,, because of the relatively large mass 
ratio (m/M). In the high neutron kinetic energy range, 
the application of the solid model leads to a situation 
which starts resembling that of diffuse incoherent x-ray 
scattering. The latter varies,!* at constant solid temper- 
ature and wave-length, in such a way that the scattered 
intensity increases first with scattering angle reaches a 
maximum to decrease after with increasing scattering 
angles. This behavior is of course quite clear physically 
if one remembers that the incoherent diffuse scattering 
of x-rays by crystals‘is due to Compton-effect. For 
very small momentum and energy loss of the photon, 


4A. Akhiezer and I. Pomeranchuk, J. Phys. USSR 9, 461 
(1945). 

18R, Weinstock, Phys. Rev. 65, 1 (1944). See also M. L. 
Goldberger and F. Seitz, AEC Report MDDC-1063 (1944). 

16 See A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York). 
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the binding energy of the electrons reduces the scat- 
tering. At increasing scattering angles the scattering 
probability increases. At large scattering angles, where 
the energy transfer becomes larger, the scattering 
cross section should approach asymptotically some 
finite value. 

Now, one may question here the physical plausibility 
of the finite and even large scattering cross sections 
resulting from the B.E. fluid model in the limit of 
vanishing scattering angles. Although in the actual 
liquid, the atoms are bound, it is not unlikely that 
inelastic collision processes may occur here at very 
small angles because of the possibility of transferring 
even very small momenta and energy to the liquid 
atoms. This question is of course closely related to the 
energy spectrum of the liquid atoms, and it is expected 
that the experimental investigation of slow neutron 
inelastic scattering processes should throw some light 
on this fundamental problem also. There does not seem 
to be any general justification in letting the binding 
energy of the individual atoms impose limitations on 
the small angle neutron scattering. One may say then 
that the continuum model of liquid He,II appears to 
lead to predictions as to the inelastic neutron scattering, 
at the energies considered here, which appear to differ 
from those obtained in the application of the limiting 
B.E. fluid model to describe approximately liquid He,. 

In the F.D. case, we present in Fig. 4 laboratory 
differential cross-section ratios r(T, 8) and R(T, 8B) at 
1.2°K, as a function of 8, the energy exchange in the 
collision in units of kT. These cross-section ratios have 
been obtained using the approximate liquid He; densi- 
ties. The numerical calculations have been greatly 
helped here by the existence of tables of F.D. func- 
tions.’ The universal character of these cross-section 
ratios manifests itself through their representation as a 
function of the laboratory scattering angles for different 
neutron kinetic energies, the latter are expressed in 
terms of the energy kT» associated with the liquid He; 
density at 1.2°K, Fig. 5. It is remarkable that these 
scattering curves resemble the “solid” type of inco- 
herent scattering curves. The reason for this analogy 
is to be found in that the Fermi energy kT» does play 
a role which is similar to the finite electron binding 
energy in crystals. This is particularly so at the temper- 
ature of absolute zero, where the cross section (42) is 
almost similar to the one exhibited by a Fermi-Thomas 
atom.!’ The latter is essentially a collection of electrons 
at the temperature of absolute zero. It should again be 
noted that any experimental investigation of the in- 
elastic slow neutron scattering by liquid He; presents 
major difficulties as we saw briefly above. 

As to the total inelastic fluid cross sections, they 
differ only very little from the free atom total scattering 


17 See J. McDougall and E. C. Stoner, Phil. Trans. Roy. Soc., 
London A237, 67 (1938). 

18 See the incoherent scattering curve of such an atom on p. 143 
of reference 16. 
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cross section. This is due to the rather reduced angular 
range of the statistical effects studied here. 

We should like to conclude by again emphasizing 
that the scattering processes predicted by the models 
studied here could not represent but a qualitative 
description of these phenomena exhibited by liquid He, 
or liquid Hes, in the eventuality of an explicit effect of 
quantum statistics on neutron scattering. As mentioned 
briefly, the angular range in liquid He, where the 
statistical effects are prominent, if present, would be 


narrowed down by the broadening of the transmitted 
beam and the coherent beam. It would appear that the 
investigation of the scattering at some fixed inter- 
mediate angle as a function of the liquid temperature 
offers the most favorable way in which to look for the 
effect of statistics.! 


19 Dr. E. A. Long (University of Chicago) kindly informed the 
senior author (L.G.) of Dr. E. Fermi’s independent suggestion of 
such experiments in 1948. He also briefly discussed this problem 
at the AEC Information meeting, Los Alamos, May 1949. 
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Experimental Photo-Fission Thresholds in ,.U”*, ,.U?**, ,.U?*, ,,Pu®®, and 9)Th?* 


H. W. Kocu,** J. McELHInNeEy,** AND E. L. GASTEIGER*** 
Physics Department, University of Illinois, Urbana, Illinois 
(Received September 26, 1949) 


An investigation of the photo-fission thresholds in 92U**, 9.0288, 9.U?%, 9,Pu23®, and 99 Th”? with a 20-Mev 
betatron is reported. A method of alpha-self-cancellation is described which permits the detection of fissions 
and the determination of threshold energies in the two highly alpha-active samples of 92U° and 94Pu%?. 
An investigation of the photo-neutron threshold in nitrogen and the energy calculation from mass data 
provided a check of the absolute energy scale obtained from voltage measurements on the betatron. 


INTRODUCTION 


HE production of high energy x-rays of adjustable 
energy by a betatron makes possible the study 
of the photo-fission thresholds in uranium. Previous 
work with monokinetic energy gamma-rays! could only 
be concerned with predictions of these threshold ener- 
gies. A Japanese paper,’ for example, predicted the 
g2U*8 photo-fission threshold to ‘be at 3.0 Mev. This 
was based on their measured gamma-ray cross sections 
in uranium of 2.2X10-*? cm? at 6.3 Mev and of 16.7 
10-7 cm? at 17 Mev and an assumed functional 
variation of cross section with energy. 

A more reliable prediction can be made theoretically 
by making use of the liquid drop model of Bohr and 
Wheeler.? Frankel and Metropolis* from calculations 
on the Eniac found the values given in Table I for 
classical fission thresholds, that is for energy differ- 
ences between the initial spherical equilibrium shape of 
the drop and the saddle point shape. Changes in the 
constants used for the nuclear radius and the surface 


* This work was done under the auspices of the Metallurgical 
Laboratory at the University of Illinois under contract W-7401- 
37-121 in 1944 and 1945. The report as here presented was 
——— on January 30, 1947 and declassified on August 29, 

949, 

** Present address: X-Ray Section, National Bureau of Stand- 
ards, Washington, D. C. 

*** Present address: Department of Biophysics, University of 
Minnesota, Minneapolis, Minnesota. 

1 Arakatu, Uemura, Sonoda, Shimizu, Kimura, and Muraoka, 
Proc. Phys. Math. Soc. Japan 23, 440 (1941); Haxby, Shoupp, 
Stephens, and Wells, Phys. Rev. 59, 57 (1941). 

2.N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

3S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947). 


tension would change the relations of these values only 
very slightly. 

The first attempt to determine experimentally a 
uranium photo-fission threshold was done by Baldwin 
and Koch‘ with a 20-Mev betatron. Their use of a 
sample of ordinary uranium powder and the catcher 
method for studying the activity in the fission fragments 
showed that the threshold was less than 8 Mev. 
Threshold assignment was not possible due to the lack 
of fission intensity at the lower energies. More recently 
a University of Illinois thesis® described the use of the 
betatron’s x-rays in conjunction with a fission ionization 
chamber and a linear amplifier. The determination of 
the fission pulse yield as a function of betatron energies 
gave a threshold for 9.U** at 5.8 Mev and for 99Th* 
at 6.25 Mev. 

These experiments were continued using the 20-Mev 
betatron at the University of Illinois when separated 
samples of the uranium isotopes were made available 
by the Manhattan Project. It was hoped that a definite 
check’ of the relative values of the predicted photo- 


TABLE I. Theoretical threshold energies. 








Fission threshold 





Nucleus energies (Mev) 
Us 7.0 
U5 6.1 
5.7 
Pu”? 4.9 








4G. C. Baldwin and H. W. Koch, Phys. Rev. 67, 1 (1945). 
5H. W. Koch, thesis, University of Illinois (1944). 
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Fic. 1. Arrangement of apparatus. 


fission thresholds could be determined with the beta- 
tron. 

The work has proceeded along two lines: the improve- 
ment in the particular detection techniques required 
for handling the various uranium isotopes and the 
improvement of the absolute calibration of the beta- 
tron’s x-rays. A new chamber principle was employed 
to reduce the alpha-background by self-cancellation in 
samples whose alpha-activity was so high that it would 
have masked the fission pulses in an ordinary chamber. 

The first check of the energy calibration of the 
betatron which was obtained from voltage measure- 


ments was made with the photo-neutron threshold in. 


nitrogen. Mass data allowed an accurate calculation of 
the nitrogen (7, ”) threshold. 


APPARATUS 


Figure 1 shows the general experimental arrangement 
in front of the 20-Mev betatron. The chamber con- 
taining the sample was placed directly in the cone- 
shaped x-ray beam which proceeds from the betatron. 
The half-angle of this cone is approximately @=171/E£, 
where @ is in degrees and E in Mev. Because of the 
width of the beam at the photo-fission thresholds at 5 
Mev, the chamber and the Victoreen R-meter were 


TABLE II. Summarized data for depleted uranium sample 











(Fig. 3). 
Peak Total Total Total ob- R.m.s.* 
spectrum number x-ray servation Fission deviation 

energy of fission intensity time counts in 
(Mev) pulses R units (min.) per R counts/R 
4.81 11 28.75 180 0.38 

4.88 9 36.70 210 0.25 

5.04 11 47.10 240 0.24 

5.20 78 54.05 255 1.44 

5.35 161 53.25 240 3.02 

3.01 390 66.40 270 5.87 

5.67 692 63.55 240 10.89 

5.84 1139 63.90 240 17.99 

6.00 1086 44.55 150 24.40 

6.16 1447 48.25 150 29.99 

6.33 1605 40.15 120 40.01 

6.49 2136 48.45 135° 44.09 

6.66 2280 43.70 113 52.08 

6.82 2390 37.60 90 63.57 








*The data books containing the information for column 6 were not 
available at the time of this writing. 
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Fic. 2. Cancellation chamber. The alpha-particles from the 
sample of plate C are caused by proper collimation to traverse 
both chambers and to produce self-cancelling voltage pulses. 
Ideally, no alpha-particle voltage pulse is transmitted to the 
amplifier grid connected to plate B. On the other hand, the 
shorter range fission fragments produce voltage pulses across 
plates B and C and are registered by the linear amplifier-scaler 
counting circuits. 


completely covered with roughly the same x-ray 
intensity.when placed at a distance of 70 centimeters 
from the target. The x-ray intensity at 5 Mev was 
1 R/min. at the chamber position. 

The chamber with a built-in preamplifier was con- 
nected by means of a 50-foot shielded cable to a fast 
amplifier, a discriminator and a Higginbotham type of 
scaling circuit. The amplification of the amplifier was 
comparatively constant at roughly 105 up to a high 
frequency cut-off at 700 kilocycles per second.* The 
input time constant was 5 microseconds. Although low 
frequency pick-ups from sources such as the betatron 
power frequency of 180 cycle per second were entirely 
eliminated, a high frequency signal disturbance was 
observed due to the betatron electron injection pulse 
whose fundamental frequency was about 10° cycles per 
second. A grounded Faraday screen shield between the 
injection circuit and the chamber almost entirely 
eliminated this stray effect. 

The preliminary work for the investigation was done 


TABLE III. Summarized data for enriched uranium sample 











(Fig. 4). 
Peak Total Total Total ob- R.m.s.* 
spectrum number x-ray servation Fission deviation 
energy _ of fission intensity time counts in 
(Mev) pulses R units (min.) per R counts/R 
4.99 6 28.70 135 0.21 
5.07 5 36.67 178 0.13 
5.16 ‘ 8 42.26 195 0.19 
$.25 8 39.93 180 0.20 
5.32 29 44.85 193 0.65 
5.41 49 42.60 190 LI5 
5.49 71 47.96 195 1.48 
5.64 134 45.98 180 2.92 
5.81 270 47.90 179 5.64 
5.98 353 45.45 160 7.74 
6.44 536 31.44 100 16.99 
6.93 1253 38.06 110 32.94 
7.43 1790 37.09 100 47.26 
8.48 3644 33.23 70 109.42 








® The data books containing the information for column 6 were not 
available at the time of this writing. 


6 Mr. T. Brill designed the amplifier circuits used in this work, 
and a great indebtedness is owed him for his suggestions. 
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with both a fast and a slow amplifier using an ordinary 
parallel plate ionization chamber. The fissionable ma- 
terial was coated on both inner sides of the chamber 
plates. Fission pulses as well as alpha-particle pulses 
could be detected by means of a linear amplifier and an 
oscilloscope when 1000 volts d.c. was applied to the 
chamber plates. The fission pulse height was at least 4 
times the pulse heights due to alpha-particles obtained 
from an ordinary uranium sample. However, from a 
highly alpha-active source, many alpha-particles are 
emitted into the chamber simultaneously; thus they 
pile up and make fission pulses undetectable with the 
high alpha-background. Two of the isotopes used in 
our experiment, 9,Pu”® and 920”, have a high alpha- 
decay rate. In order to allow the use of ordinary surface 
densities of these two isotopes and thereby maintain a 
given sensitivity, a special chamber was developed 
which reduced the alpha-pulse heights by self-cancella- 
tion. 

This chamber schematically shown in Fig. 2 consisted 
of three plates, A, B, and C, where A and C were run 
at positive and negative 800 volts respectively, while B 
was connected to the grid of the first amplifier stage. 
Air was used in the chamber at a pressure suitable for 
the given investigation. The samples to be irradiated 
were coated on the top of plate C facing into the 
bottom chamber volume. Plate B was a wire mesh grid. 
With the addition of a baffle placed over the sample on 
plate C (see Fig. 2) all those alphas whose paths formed 
too small an angle with the plates of the chamber were 
removed. The dimensions of the baffles were so deter- 
mined that most alphas which did not ionize in both 
chambers and which, therefore, did not produce 
opposing voltage pulses for self-cancellation were elimi- 
nated. ; ’ 

The possibility of applying the chamber to photo- 
fission work is due to the fact that fission ranges in 
general are approximately one-half the alpha-ranges for 
any particular isotope. Thus alphas can be partially 
self-cancelled with a minimum in the reduction of the 
fission pulse size. Special care was taken to prevent the 
loss of any of the fission pulses, since the pulses of 
fission particles entering the chamber were initially 
reduced in height by the baffles. The baffles were 
directly over the sample and were 33” thick, while the 
chamber depth, which was adjusted to equal approxi- 
mately the fission range, was }3”’. Therefore, since the 
baffles were at the same potential as the sample plate, 
the first 3” of the fission range was below the plane of 
the baffle surface and was lost. This represents about 
3 of the total fission ionization produced in the chamber. 

The cancellation chamber was also effective in 
balancing out the background x-ray burst from the 
betatron which is } microsecond wide. The x-ray pulses 
occurring in the two bucked chambers are canceled as 
are the alpha-pulses while the fission pulses in one 
chamber are registered. ; 

Plates 13X13 inches in area were first used to give 
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as large a practical chamber as possible. Alpha-particles 
could be detected in spite of this large capacity. 
However, because of definite limitations to the available 
sample supplies, a 3X3 inch center plate was used and 
the chamber volume was limited by Lucite walls. (See 
Fig. 2.) A desirable increase in the signal-to-noise ratio, 
a reduction in microphonics, and a standardization in 
sample data resulted from the use of the smaller 
chamber. 


METHOD 


The preparations required for taking data with the 
five fissionable isotopes available differed because of 
the high alpha background which was present in only 
two of the isotopes, 92U7* and 9,Pu™*. In the experi- 
ments with 92U*, 9208, and 9: Th”*, it was possible to 
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Fic. 3. 92U?* experimental photo-fission threshold curve. The 
fission activities in terms of fission counts per R units of x-ray 
intensity are plotted as a function of the peak energy of the 
betatron x-ray spectrum. The background count level is shown 
by the dotted line. 


disregard the alpha-cancellation technique and to re- 
place the wire mesh grid of plate B in Fig. 2B by a 
solid plate. This permitted samples to be coated on 
both plates by forming the bottom chamber, i.e., plates 
B and C, and doubled the effective sample size, while 
still retaining the x-ray concellation. 

The general arrangement as shown in Fig. 1 was to 
place the cancellation chamber containing the sample 
at a distance of approximately 75 centimeters from the 
betatron target and directly in the cone of x-rays 
issuing from the target. A Victoreen R-meter was placed 
in a 4 centimeter thick Bakelite container and was 
located close to the chamber in order to monitor the 
x-ray intensity. The procedure for taking data con- 
sisted in counting the number of fissions per roentgen 
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for each energy setting. The energy scale investigated 
was covered in successive steps resulting in sets of 
curves, which were averaged to give the completed 
data curves in Figs. 3-7. 

No individual point was taken for more than a 
30-minute period. Six or seven traversals of the energy 
scale were required to complete the data with a total 
x-ray intensity of approximately 40R at each energy 
setting. A given experimental arrangement was used 
for continuous running periods of three days or more, 
and a complete energy calibration was made for each 
three-day set of data. 
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Fic. 4. 920° experimentai photo-fission threshold curve. 


The only changes in procedure for the 94Pu”® and 
92U”** concern the preparation of the chamber for alpha- 
cancellation. The general technique of observing fissions 
with these isotopes was facilitated by the use of a 100 
milligram Ra-Be neutron source. By observing the 
ratio of fission pulse height to alpha-pulse height, it was 
possible to determine the optimum conditions for two 
of the variables—the chamber pressure and the amount 
of sample baffling. The best combination of chamber 
voltages and spacing, the only other variables, were 
determined from the tolerable degree of the residual 
alpha- and x-ray pulse heights after self-cancellation. 

An air pressure of 30 centimeters of Hg was found to 
give the best fission height to alpha-noise ratio. Since 
the bottom chamber was 1.2 centimeters deep, these 
neutron data proved that much of the fission ionization 
was expended in the thickness of the sample and in the 
protective sample coatings. 

Additional data taken with the neutron source showed 
the degree of baffling required by each sample. The 
gsPu*® sample required the most complete alpha- 
cancellation and hence the greatest reduction in the 
effective sample size. The transmission of the 94Pu”® 
baffle was 0.006. This was determined by counting the 
number of fissions which occurred in the chamber with 
a 92U** sample exposed to neutrons. Runs were made 
with and without the sample baffle. 
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Similarly, neutron fission tests on 92U?* showed that 
a smaller amount of baffling than required with 9,Pu”® 
could be used. The 9.U?* baffle produced:a reduction 
in the effective sample weight to 1 percent of the actual 
weight. 

A further decrease in the amount of baffling used on 
either sample gave an intolerable rise in the alpha-noise 
background. However, increased baffling produced little 
effect. 

The x-ray cancellation data required that the distance 
between the top of the baffle and the center grid, as well 
as the top chamber distance, should be approximately 
similar and equal to 1.2 centimeters. With these inter- 
plate spacings, the baffles in the chamber and 30 
centimeters of air pressure, tests were made on alpha- 
cancellation. Data on the alpha-background height 
were obtained by keeping the top chamber positive 
voltage fixed and varying the bottom chamber minus 
voltage. The cancelled alpha-noise height was then 
plotted as a function. of the negative voltage and a 
minimum was observed. This minimum represented a 
reduction of 38 percent in the general alpha-level and 
was obtained with approximately 800 volts positive 
and negative on the two chambers. With a smoother 
control of the chamber spacings and, in general, a 
better chamber design, more complete alpha-cancella- 
tion should be possible. 


RESULTS 


The data in Tables II-VI were taken with each of 
the isotopes in: turn. Emphasis was placed on an 
attempt to determine the relative values of the thresh- 
olds. Therefore, pairs of isotopes were run in quick 
succession with a given experimental set-up. This will 
be noted in the individual isotope discussions. 

In the data tables are listed the number of fissions 
detected at each betatron energy setting normalized to 
a unit of x-ray intensity measured in R. These have 
been plotted in Figs. 3-7. 


92078 AND 4.02% 


The 92U**, or depleted sample, was depleted of 92U”*. 
It was coated on two plates’ with a total area of 99 
square centimeters. . 

The 92U**, or enriched sample, was enriched in 235 
with a 238/235 ratio of 1/4.95. Both the 238 and 235 
samples had protective Zapon coating with a surface 
density of 0.1 mg/cm?. 

The data for 92U7* and 92U”* are given in Table II 
and III and are plotted in Figs. 3 and 4 as fission counts 
per R as a function of peak spectrum energies. Both 
sets of data were taken in succession with the same 
experimental set-up to assure a certainty in the relative 
energy val values. On the plots are drawn the uncertainties 

7 The sample plates used in this experiment were coated by 
Mr. H. Hufford and Mr. D. C. Stewart of Dr. Cunningham’s 


group at the Metallurgical Laboratory, University of Chicago. 
All the sample data were supplied by them. 
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in the experimental points. These uncertainties are the 
r.m.s. deviations listed in the last columns of Tables 
II-V. They were obtained from the actual spread in 
the experimental data obtained at each energy value. 
The statistical fluctuations were not calculated since 
the observed deviations should have included the 
statistical errors plus any other errors present. A dotted 
line has been drawn on the plots representing the 
natural background level, which was found experi- 
mentally. This background is due to counts produced 
by a coincidence of several alpha-pulses and also due to 
counts of the spontaneous fissions in the samples. 

The thresholds as read from the curves in Figs. 3 
and 4 are 5.08(+0.08) and 5.25(+0.10) for the de- 
pleted and enriched samples respectively. Note that 
the enriched sample threshold is well defined and does 
not show the presence of the 92U**. This indicates some 
lack of definition. The estimated error represents the 
maximum possible reading error in the threshold and 
takes account of the uncertainties in the data for each 
energy value but does not include the errors in the 
energy scale. To the estimated reading errors must be 
added an r.m.s. error in the energy calibration. 

Figure 4 shows a dotted curve obtained by sub- 
tracting 1/5.95 of the 9,U%* curve in Fig. 3 after a 
suitable correction for the difference in sample weights 
was made. The threshold obtained from the dotted 
curve is 5.31 Mev and this value is taken as the thresh- 
old for 920". 

Therefore, the threshold energies are: 


Ei(92U?88) _ 5.08(0.15) Mev 
E,(,U?85) = 5.31(-+0.25) Mev. 


This shows that the 92U* threshold is 0.23 (0.10) 
Mev higher than the 920” value, 


9 4Pu?39 


The 94Pu”*® sample was coated on an area of 58 square 
centimeters. The product was deposited in the form of 
(NH,)2PuFy. A coating of Zapon protected the 9,Pu”® 
and had a density of 0.12 mg/cm’. 

The data for 94,Pu”* in Table IV are plotted in Fig. 5. 
A 92U”8 curve run in succession with the 94Pu™® showed 
that the difference energy between the Pu”? and 
92U*88 thresholds is +0.23(+0.12) Mev. This fixed the 
osPu”® threshold energy at 5.31(+0.27) Mev and 
determined the energy scale used in the plot of Fig. 5. 


92078 


The 92U** sample was prepared in a like manner to 
the 94Pu™*. It was deposited as the ammonium fluoride. 
The protective Zapon coating had a surface density of 
0.1 mg/cm?. 

Table V contains the 9,U** photo-fission data. The 
plot of these values in Fig. 6 shows a threshold energy 
of 5.18(+0.27) Mev. The uncertainty in this energy 
was produced by the small number of experimental 


points and by the variable background. Time did not 
permit taking more complete data. 

The difference energy found between the 92.U?* and a 
92U”88 data curve taken in succession was +0.10(+0.12) 
Mev. 


oT h™ 


The thorium sample was in the form of the oxide 
applied finely ground in an alcohol solution to the 
chamber plates. A thickness greater than the range of 
the fissions in the oxide was coated onto a total chamber 
area of 116 square centimeters. 

The thorium data are listed in Table VI and plotted 
in Fig. 7. A set of 92U7* data not shown, the 92U7* data 
given above, and the thorium data were obtained in 
close succession. The threshold energy for 99Th” was 
found to be 5.40(+0.22) Mev. The 99Th™ and ,.U”* 
threshold energy difference is +0.32(+0.07) Mev. 
This difference energy is to be compared with the value 
of +0.45 Mev obtained in 1944.5 j 

A collection of the completed data of this photo-fission 
experiment, together with the thresholds predicted by 
Frankel and Metropolis? is shown in Table VII. 

The errors associated with each difference energy of 
column 4 are the maximum limits to the errors in the 
experimental data and graphical plots. The errors 
assigned to the absolute energy values of column 2 are 
the sums of the errors in the 92U™* calibration standard 
and of the errors in column 3. These errors again 
represent what are felt to be the maximum limits of 
the possible inaccuracies in the absolute photo-fission 
thresholds. 


ENERGY CALIBRATION OF THE BETATRON 


The spectrum of x-rays from the betatron is con- 
tinuous up to a maximum energy determined by the 
accelerated electron energy at the time of the electron 
collisions with a target in the betatron. The calibration 
of this maximum spectrum energy as a function of 
betatron control panel settings permits the determina- 


TABLE IV. Summarized data for Pu” (Fig. 5). 








Peak Total Total Total ob- R.m.s. 





spectrum number x-ray servation Fission deviation 
energy of fission intensity time counts in 
(Mev) pulses R units (min.) per R counts/R 
4.93 1 14,2 50 0.07 0.02 
5.09 6 58.1 180 0.10 0.04 
5.26 3 58.2 180 0.05 0.05 
5.43 13 72.4 210 0.18 0.13 
5.60 17 76.7 210 0.22 0.18 
5.76 28 : 76.7 209 0.36 0.16 
5.93 42 83.2 210 0.51 0.25 
6.10 53 79.3 185 0.67 0.24 
6.27 47 67.5 150 0.70 0.17 
6.41 71 81.4 165 0.87 0.25 
6.57 87 61.2 120 1.42 0.24 
6.74 74 47.6 90 1.55 0.53 
6.87 129 66.5 120 1.94 0.58 
7.05 124 43.0 75 2.88 0.91 
7.21 147 54.5 90 2.70 0.63 
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tion from excitation curves of threshold energies for 
gamma-processes. 

The calibration has been accomplished by measuring 
directly the electron Hr values at the time of target 
collision and hence their kinetic energy by T=3X10~* 
Hr—0.5 Mev. The magnetic field at the target position 
is measured by the difference voltage between two 
concentric coils which are placed accurately at radii 
0.1 in. on either side of the target radius. The magnetic 
field, and from this the energy of the electrons, was 
determined as a function of betatron control panel 
settings. 

The remaining portion of the calibration, aside from 
voltage measurements, concerns the selection of beta- 
tron energies, or the maximum spectrum energies. An 
_ energy selector originally designed by Dr. G. C. 

Baldwin was somewhat redesigned and completely 
rebuilt in order to increase the stability of an energy 
setting. The basis of the circuit is a trigger pair which 
fires at a predetermined input. voltage. The electron 
collision with a target is timed by the output triggered 
pulse. Energy selections can be made in 100 kilovolt 
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Fic. 5. Pu experimental photo-fission threshold curve. The 
experimental r.m.s. deviations in the fission activities are plotted 
with each point. 


steps with a constancy accurate to at least +20 kilo- 
volts in the energy selector. 

An estimation of the maximum r.m.s. error to be 
expected in an energy value was made by considering 
the experimental r.m.s. deviations in each of the quanti- 
ties appearing in the calibration. Errors other than that 
introduced by the difference voltage coils used for 
measuring the magnetic field lead to an estimated 
rms error of +0.6 percent. This indicates the accuracy 
possible in the ability to reproduce energy setting; i.e., 
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TABLE V. Summarized data for 92U?* sample (Fig. 6). 











Peak Total Total Total ob- R.m.s. 
spectrum number x-ray servation Fission deviation 
energy of fission intensity time counts in 
(Mev) pulses R units (min.) per R counts/R 
4.93 3 34.2 105 0.09 0.10 
5.10 5 41.8 120 0.12 0.14 
Ce | 7 39.2 120 0.18 0.12 
5.26 10 44.5 120 0.23 0.09 
3.35 22 56.5 150 0.39 0.23 
5.43 20 55.9 144 0.36 0.19 
5.60 30 48.2 116 0.62 0.36 
wie i 20 29.4 60 0.68 0.09 
6.41 46 19.5 35 2.36 0.71 








relative energy values should be accurate to +0.6 
percent. 

The absolute value of the energy readings are limited, 
however, by the skill with which the difference coils 
were machined and the care with which the measuring 
“coils” of silver paint were coated. The r.m.s. error here 
introduced to the absolute energy values will be less 
than 2 percent. Therefore, the total r.m.s. error in the 
absolute value of any energy setting has been estimated 
to be +2.6 percent. 

In a paper by Baldwin and Koch‘ it was suggested 
that the (y, 2) threshold in nitrogen could be used as a 
check on the betatron energy calibration obtained from 
voltage measurements. However, the positron in- 
tensities resulting from the photo-neutron processes 
were found at that time to be too small to give the 
desired accuracy. 

Greater intensities by a factor of 17 were obtained in 
the present experiment. This was made possible by 
improved sample holders and positron counters, and 
by increased x-ray intensities at the sample position 
during irradiation. 

The counter was a thin-walled aluminum counter. 
It was constructed at the Metallurgical Laboratory to 
have an aluminum cylindrical wall 0.011 centimeter 
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Fic. 6. 92U?* experimental photo-fission threshold curve. 
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Fic. 7. 99 Th? experimental photo-fission threshold curve. 


thick, a 2.22-centimeter diameter, and a 12-centimeter 
length. A test with a 5-mg radium source proved the 
sensitive area to the 8 centimeters long. 

The nitrogeneous material used was dicyandiamide 
(C2N4H,4). Approximately 60 grams of the powder 
filled the space between two concentric cylinders. The 
inner cylinder consisted of Cellophane, 0.025 centimeter 
thick, supported by Bakelite supports. The sample 
holder was 12 centimeters long and the annular section 
of C2N4H, was 0.72 centimeter thick. The material of 
which the sample holder was constructed was purposely 
made non-metallic so that it could be placed in the 
betatron alternating magnetic field and as close as 35 
centimeters from the x-ray target. Three samples were 


TABLE VI. Summarized data for 9Th*? sample (Fig. 7). 








Peak Total Total Total ob- R.m.s. 





spectrum number x-ray servation Fission deviation 
energy of fission intensity time counts in 
(Mev) pulses R units (min.) per R counts/R 
5.17 12 75.3 180 0.16 0.19 
5.26 12 76.6 180 0.16 0.09 
5.35 ES 82.8 180 0.18 0.13 
5.43 42 83.9 180 0.50 0.41 
5.52 66 85.9 180 0.77 0.35 
5.60 77 91.7 180 0.84 0.35 
5.76 219 95.7 180 2.29 0.92 
5.93 464 100.7 180 4.62 1.30 
6.10 547 100.2 180 5.50 0.94 








TABLE VII. Collection of data. 








Isotope threshold Theoretical 





Photo-fission —92U238 threshold threshold 
threshold (difference energy) energies 

Sample (Mev) (Mev) (Mev) 
92238 5.08(+0.15) 0.00(+0.08) 7.0 
92235 5.31(+0.25) +0.23(+0.10) 6.1 
94Pu9 5.31(+0.27) +0.23(+0.12) 4.9 
92233 5.18(+0.27) +0.10(+0.12) S72 

90 L h?82 5.40(+0.22) +0.32(+0.07) 








prepared to allow alternate use, thus decreasing the 
possibility of residual activity. 

The irradiation procedure was similar to that in the 
photo-neutron work.‘ A sample in its holder was irradi- 
ated in the x-ray beam for 10 minutes. Removal of the 
sample to a counter then followed, and the counting 
rates were studied. Data were obtained at successive 
betatron energies. 

Figure 8 shows a decay curve of activity resulting 
from a 10-minute irradiation at a peak spectrum energy 
of 12.1 Mev. The half-life determined from Fig. 8 
is 10.0(+0.3) minutes. This checks the half-life 
9.93(+0.03) minutes found by Ward.® The decay curve 
shows no evidence of any other activity, which makes 
the comparatively low nitrogen threshold a satisfactory 
one for investigation. 
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Fic. 8. Decay curve resulting from a 10-minute irradiation of 
a nitrogen sample at a peak betatron spectrum energy of 12.1 
Mev. 


In Fig. 9 is plotted the 10-minute counting totals 
corrected to an irradiation of 200R. The energy scale 
was calculated from voltage measurements. The thresh- 
old is seen to be 10.34(+0.25) Mev. The estimated 
error includes the graphical reading error added to the 
estimated r.m.s. error in the energy calibration. 

For comparison, the (y, ) threshold can be calcu- 
lated from the following mass data: 


M(-C"*) = 13.00751+0.00010 
M (on') = 1.00893+0.00003 
2 mc?=0.00110 
M(7;N") = 14.00751+0.00004 
E.*=1.20+0.02 Mev. 


8 A. G. Ward, Proc. Camb. Phil. Soc. 35, 523 (1939), 
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Fic. 9. ;N"(y, ) threshold curve. 





The expected photo-neutron threshold is 10.54(+0.06) 
Mev. Thus the voltage calibration method and the 
mass threshold calculation are in agreement within 
experimental error. The discrepancy of 1.9 percent 
which does exist is believed due to the error discussed 
above in the dimensions of the magnetic field measuring 
coils. It was thought justifiable to make this same 
percentage correction in the energy scale near the 
photo-fission threshold at 5 Mev. This procedure has 
been applied to all the energy values which have been 
reported in this paper. 

The experimental thresholds determined are not in 
agreement with theory. From this investigation the 
photo-fission threshold values for 92U*8, 9.U?%®, 9,Pu®, 
and  2U** show a maximum difference or spread 
of 0.23 Mev, whereas the theory predicts a spread of 
1.7 Mev. Also, the order of the experimental thresholds 
is not the same as the predicted order. Emphasis was 
placed on determining this order as accurately as was 


possible. For this reason, all the isotopes were referred 
to the 92U?* threshold and were investigated in succes- 
sion with 92U”8%, The thresholds of 92U?%5, 9.U?88, and 
90 1h? were determined most accurately (see column 3 
of Table VII). According to theory the 92U*** threshold 
should be larger than the 92.U*** threshold by approxi- 
mately 0.6 Mev. The experiment showed definitely 
that the order is reversed with the 92U”* threshold the 
larger one by 0.23(+0.10) Mev. The orders of the 
experimental thresholds for 9,Pu”* and 92U?* are also 
not in agreement with theory. 

The fact that the thresholds are spread over such a 
small energy band raised the question of the influence 
of fissions induced by neutrons. The evidence found 
was not discussed ‘because the data books containing 
specific data were not available at the time of this 
writing. However, general comments can be made. The 
number of fission counts at a particular betatron energy 
setting was determined as a function of different 
experimental conditions. The tests made were: 


(1) Ionization chamber containing a fission sample was 
surrounded by 5 in. of paraffin. ,; 

(2) Same as (1) with 35 in. of cadmium sheet interposed 
between chamber and paraffin. 

(3) Ionization chamber was placed at the 0° and 15° 
positions with respect to the axis of the x-ray beam. 


Neither the paraffin nor the paraffin plus cadmium 
appreciably changed the number of fissions counted. 
Also, the number of fissions was reduced in test number 
3 by moving from the 0° position to the 15° position, 
but this fall-off can be explained by the decrease in the 
x-ray intensity at the 15° position. Because of these 
three tests it was concluded that the fissions counted 
in this experiment were principally produced by x-rays 
and not by neutrons. 
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Cloud-chamber photographs and photographic emulsion events have been obtained which are interpreted 
in terms of multiple meson production. In some cases it can be shown by charge conservation and penetration 
of lead that a large number of the particles in hard showers are not nucleons or electrons. The results are 
compared with the predictions of Heisenberg and Leprince-Ringuet. By comparing the interactions in 
carbon and lead one is led to the conclusion that mesons are made at 55° geomagnetic latitude with an 
average multiplicity of about five by protons of average energy about 8 Bev. 





HE generation of penetrating showers in lead was 

first observed by Fussel! and later reported by a 
number of other observers. In some cases it has been 
possible to show that one or more of the particles 
produced in such showers are mesons.”* Recently 
photographic emulsion experiments*®* have shown 
that, in energetic nuclear interactions, forward direction 
showers are produced and the particles in these showers 
are believed to be mesons. In one case,® the number of 
particles was great enough to make certain that at 
least several of the particles were either mesons or 
electrons. In cloud-chamber experiments, it is difficult 
to determine the number of mesons because the showers 
usually take place in lead and, consequently, the 
particles could all be nucleons (in the absence of mass 
determinations of individual particles). In the photo- 
graphic emulsion, the difficulty of observing multipli- 
cation of electrons together with the uncertainty about 
the absorbing nucleus has made the results ambiguous. 
An example of a shower containing penetrating 
particles is shown in Fig. 1. It was obtained in a balloon 
flight at a geomagnetic latitude of 55°. The residual 
pressure at which the cloud-chamber picture was taken 
was 1.7 cm of mercury. The top plate of the cloud 
chamber is }-in. carbon, the others are -in. lead plates. 
The shower is associated with a star in the second (lead) 
plate and contains about 30 particles most of which 
penetrate the next lead plate. Two small electron 


TABLE I. Multiplicity and average angle of hard showers. 











Average Average projected Average projected 
number angle within which angle within which 
of particles all of the particles half of the particles 
Material emerging are contained are contain 
Carbon 6.8+2.0 56° 24° 
Lucite 5.5+2.0 38° 15° 
Lead 10.1+1.7 bs 16° 








1 Reported by H. Euler and W. Heisenberg, Ergeb. d. exak. 
Naturwiss. 17, 1 (1938). 

2 Rochester, Butler, and Runcorn, Nature 159, 227 (1947). 

3 W. M. Powell, Phys. Rev. 69, 385 (1946). 

4 J. Hornbostel and E. O. Salant, Phys. Rev. 76, 859 (1949). 

5 Leprince-Ringuet, Bousser, Tchang-Fong, Jauneau, and 
Morellet, Comptes Rendus 229, 163 (1949). 

*It has just come to our attention that Kaplon, Peters, and 
Bradt have also obtained photographic emulsion data bearing 
on this question. 


showers originate in the plate below the one in which 
the interaction takes place. These showers seem to 
point to an origin in the gas between the plates and, 
although their energy and angle are consistent with 
neutral meson decay, turbulence in the cloud chamber 
makes this conclusion uncertain. The association of 
electrons with penetrating particles in nuclear inter- 
actions has been previously reported® and seems well 
established. 

Figure 2 shows a photograph of a particle entering 
the carbon plate (top plate) and producing an inter- 
action in which 13 charged particles come out. The 
ionization of the incident particle is estimated to be 
between 1.5 and 3 times minimum. It could not, 
therefore, be an incident a-particle. The charge of the 
incident particle plus the atomic number of carbon is 
seven, so at least six of the emerging particles must be 





Fic. 1. A penetrating shower produced at a residual pressure 
of 1.7 cm mercury. This event has associated electrons and star 
particles. The ionization and scattering of particle A led us to 
believe that it is a meson. 


6 W. B. Fretter, Phys. Rev. 73, 41 (1948). 
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mesons or electrons. Although all of the particles cannot 
be followed through the next lead plate, of the nine 
that can be followed, none produce electron showers. 
The conclusion can be drawn that at least three and 
probably more than six of the particles emerging are 
mesons. It is interesting to note that the particles come 
out in groups which may be the result of several 
nucleon-nucleon interactions. The fact that the ioniza- 
tion of the incident particle is above minimum is 
believed to be due to the relativistic increase of energy 
loss at very high energies. Two carbon and two Lucite 





Fic. 2. Right and left stereophotographs of a carbon interaction 
in which a particle enters the carbon plate and 13 charged particles 
come out of the interaction. The electron shower which crosses 
in front at an angle of about 45° is unrelated to the event. 


interactions have been observed giving rise to at least 
13, 11, 7, and 10 particles, respectively. No cascade 
multiplication was observed in any of these cases. The 
Lucite interactions took place in the top of the cloud 
chamber which is constructed of plastic. 

Because the carbon interactions demonstrate that 
mesons can be made in groups, the cloud-chamber 
interactions in which narrow groups of particles come 
out were compared in lead, Lucite, and carbon. Table I 
shows the results, based on six carbon, four Lucite, 
and 32 lead interactions. 

Because of the difficulty of deciding which events to 
include and because of the rather poor statistics, these 
figures should be considered tentative. 

Leprince-Ringuet’ and Heisenberg* have considered 
the dynamics of meson production. Leprince-Ringuet 
considers the case in which the mesons are all emitted 
with the same energy in the center-of-mass system of 
the nucleons, and Heisenberg has assumed an energy 
spectrum of emitted mesons in the center-of-mass 
system of the form 

dI=adK/ Ko, (1) 
where d/ is the number of mesons emitted with energies 

7 Peyrou, d’Espagnat, and Leprince-Ringuet, Comptes Rendus 


228, 1777 (1949). 
8 W. Heisenberg, Nature 164, 67 (1949). 
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Fic. 3. The average proton yz for production of mesons with the 
indicated average angle. 


between Ky and Ko+dKo. Both theories assume that 
the mesons are emitted symmetrically in the center-of- 
mass system of the nucleons. We will use the following 
notation to present their theory for comparison with 
experiment. We will also assume that the mesons 
produced are 7-mesons. 


y=angle in the lab system of a given meson 
with respect to the direction of the incident 
nucleon. 
Vmax = maximum value of y. 
Y=angle within which half the mesons are 
contained. 
8,=average v/c of the meson in the center-of-mass 
system. 
n= total number of mesons produced. 
1/k=fraction of kinetic energy in the center-of-mass 
system used in making mesons. 
8=v/c of nucleon in the center-of-mass system. 
y= (1-6)? 
m= (1-67). 
yi=vy of the nucleon in the lab system. 
r=ratio of rest mass energy of meson to rest 
mass energy of proton. 


The two theories will be identified by (L) and (H). 
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Fic. 4. The average number of mesons produced in a nucleon- 
nucleon encounter according to Heisenberg. 
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THE ANGULAR DISTRIBUTION OF MESONS emitted mesons, Eq. (2a) reduces to tany=1/y and 
(L) tan) =8,/By (2a) ‘yr&!2y. Hence, one should compare the following 
(L)  sin’max=Brv1/By (2b) equations in the lab system. 
(H) (cosp)y=1—0.87/72. * (2c) (H) (cos) =1—1.74/yz (3a) 
For high energies of the primary nucleon and the (L) tany= 1.41/yz). (3b) 
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Fic. 5. Photo-micrograph of an event in which an incident carbon nucleus collides with an emulsion proton making mesons. 
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A graph of these functions is shown in Fig. 3 in which 
(cos) is approximated by cos(¥/v2). In spite of the 
quite different energy assumptions of (L) and (H), the 
angular distribution as a function of y in both theories 
is essentially the same. It is probable then that the 
angular distribution depends to a first approximation 
only on the fact that the mesons are made, provided 
they are emitted with spherical symmetry in the 
center-of-mass system. The angles given in Table I 
vary considerably, but the average angles are not 
appreciably different in lead and carbon. This leads 
one to believe that the same fundamental process is 
going on with protons of essentially the same average 
energy in lead as in carbon. Using the data from Table 
I, we conclude that the average angle in the meson 
showers corresponding to the measured projected half- 
angles is about 25°. From Fig. 3 the average yz corre- 
sponding to this angle is 9. This is rather large since 
the cut-off y at our latitude of 55° is 2.5. This result 
could be explained if only the higher energy events 
were included in our selection, if only higher energy 
protons make large groups of mesons, or if the mesons 
were emitted preferentially in the direction of the 
colliding nucleons in the rest system. 


THE MULTIPLICITY OF MESON PRODUCTION 


Heisenberg’s theory predicts that the average number 
of mesons as a function of the energy is given by 


n=(2(y—1)/r/In[2(y—-1)/r] (4a) 


(H) 





Fic. 6. Drawing of the event of Fig. 5. Angles are projected 
angles in the plane of the emulsion. The letters g, a, and e refer 
to the particles which leave the glass or air surface of the emulsion 
or end in the emulsion. 
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or as a function of the angle by 
(H) (cosp)w=1—8/n?, (4b) 


According to (L), the number of mesons is directly 
related to the angle only when y is very large. For this 
case 


n>4. 


(L)  sin)max=2/nkr. (4c) 


Because k may be as small as 1 and r1/7, Eq. (4c) is 
of little use unless many mesons (greater than 14) are 
made in a single act. Figure 4 is a graph of Eq. (4a) in 
terms of yz, instead of y. The dotted line is the number 
of observed mesons if one-third of those produced are 
neutral, the solid line is the number of observed mesons 
if all are charged. From the y estimated on the basis of 
the angular distribution, one can see that between four 
and six mesons should be observed in a nucleon-nucleon 
interaction. In the carbon interactions the average 
multiplicity is seven. The average of 10 mesons observed 
in lead with essentially the same angular distribution 
as those in carbon indicates that in heavy elements the 
larger number of mesons is the result of several inter- 
actions within the same nucleus. In order to check up 
on this point we are now flying cloud chambers with 
many lead, aluminum, and carbon plates. 

Figures 5 and 6 show an event in the emulsion in 
which a heavy particle comes in, is associated with 11 
minimum ionization particles in a narrow cone and one 
slow proton, and goes on undeflected. The heavy 
particle ionizes less after the collision, the b-ray count 
decreasing by a factor of 1.5+0.3. If ‘the 11 minimum 
ionization tracks were protons, the incoming heavy 
particle would necessarily have lost about 10 Bev to 
give these protons the required energy. This is incon- 
sistent with the decreased ionization of the heavy 
particle unless this particle is on the high energy side 
of minimum ionization. The incoming heavy particle 
does not change its charge by more than one, and, 
therefore, does not contribute more than one minimum 
ionization particle. The only nuclei in the emulsion that 
could contribute 11 charged particles are Ag and Br, 
and no stars definitely identified as resulting from Ag 
or Br have been observed to have only one slow particle. 
The possibility that there are 11 protons is, therefore, 
very small. The 11 minimum ionization particles are 
followed in this one emulsion for a total distance of 4 
cm or 16 g/cm? without any multiplication. Although 
this is only about two-thirds of a radiation length in 
emulsion, the cloud-chamber pictures seem to rule out 
the possibility that such particles as these are electrons. 
Because the heavy particle travels almost parallel to 
the emulsion, the angles between the heavy particle and 
the minimum ionization particles could be carefully 
measured. The angles are given in Table II. 

Using the angle in which all the mesons are contained, 
the angle in which half the mesons are contained, and 
the number of mesons formed, and assuming that in 
the center-of-mass system monoenergetic 7-mesons are 
produced with angular symmetry, one can determine 
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TABLE IT. Angles between the heavy particle and the 
minimum ionization particles. 








1. 12° 20’ 5. SF o 
2. 12° 19 6. 8° 10. 8°50’ 
3. 8°10’ 7. 20’ 11. 13° 2 
4. 1°10 8. 20’ 








the velocity of the emitted mesons, the velocity of the 
incoming particle, and the fraction of the kinetic energy 
which is used in the meson production. Such an analysis 
leads to the following tentative interpretation of this 
event. 

A relativistic carbon nucleus with 60 Bev/nucleon in 
the lab system enters at an angle of 39° ftom the 
vertical. Its ionization is 1.3 times that of carbon at 
minimum ionization. One proton in the carbon collides 
with a hydrogen nucleus in the emulsion and they 
rebound after collision 180° apart in the center-of-mass 
system. The incoming proton of the carbon is the 
5.2-Mev proton ejected after collision at 102° 30’ in 
the lab system. The knock-on proton is computed to 
be at 6’ from the heavy particle. Particle No. 8 is in 
the right plane but makes an angle of 20’ with the 
heavy particle. Ten charged mesons are produced in 
the collision. The remainder of the carbon nucleus goes 
on as B;" and can be followed for 6 g/cm? after the 
collision. If 10 mesons are produced in this one collision, 
the incoming proton loses one-third of its energy meas- 
ured in the center-of-mass system. 

Figure 7 shows a cloud-chamber picture in which 11 
particles arise in a carbon interaction. It can be seen 
that this case of a proton colliding with a carbon nucleus 
is very similar to the angular distribution of the emitted 
particles to the emulsion example of an incident carbon 
nucleus colliding with a proton.’ In the emulsion case, 
of course, the residual nucleus continues in the forward 
direction. 


CONCLUSIONS 


Evidence is presented which indicates that at 55° 
geomagnetic latitude and 1 cm residual pressure the 
average multiplicity of meson production in nucleon- 
nucleon encounters is about five. In single nucleon- 
nucleon interactions as many as 10 mesons can be 
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Fic. 7. Right and left stereos of a cloud-chamber photograph 
very similar to the emulsion event of Fig. 5 except that the carbon 
nucleus at rest is struck by an incident proton. The angular 
distribution of the mesons is quite similar to that in Figs. 5 and 6. 


produced. Because hard showers produced in lead have 
a higher multiplicity but essentially the same angular 
distribution as in carbon, the larger average number of 
particles produced in heavy nuclei should probably be 
interpreted as caused by successive interactions in the 
same nucleus. At present the data are not detailed 
enough to decide about the energy distribution and 
angular distribution in the rest system of the mesons 
produced. 
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pictures. 
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In 4949 photographs of cosmic-ray phenomena, not associated with dense air showers, occurring in a 
counter controlled cloud chamber surrounded by lead, the numbers of nuclear interactions in which 
secondaries were produced and observed to occur in and above the chamber were 182 and 223, respectively. 
The mean free path for nuclear interaction of the penetrating particles produced in these nuclear inter- 
actions is 31670 g/cm? of lead, while for nuclear scattering (large angle scattering without the production 
of secondaries) it is at least 4 or 5 times this value. The projected zenith angular distributions of the 
secondaries from these interactions are given. The lightly ionizing secondaries going in the forward direction 
have an angular distribution ~cos*#, while those in the backward direction from nuclear interactions 
occurring in the chamber have a uniform distribution. 





1. INTRODUCTION 


URING the summer of 1948 a series of cloud- 

chamber pictures of cosmic-ray phenomena were 
taken at Echo Lake, Colorado (elevation 3260 meters). 
The .various types of Geiger counter coincidences 
employed in the selection of these phenomena provided 
a means of dividing them into two main classes: (a) 
those associated with extensive air showers, and (b) 
those not associated with extensive air showers. The 
former class has been described in an earlier paper! and 
the latter class is the subject of the present analysis. 


2. EXPERIMENTAL 


The geometrical disposition of Geiger counters and 
absorber about the cloud chamberf are shown to scale 
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Fic. 1. Two perpendicular sections showing the disposition of 
absorber and counters about the cloud chamber. The chamber is 
triggered by various coincidences in the counters at X, Y, and Z. 























* Now at Duke University, Durham, North Carolina. 

t Now with the Texas Company, Bellaire, Texas. 

1 W. W. Brown and A. S. McKay, Phys. Rev. 76, 1034 (1949). 
t Operational details are given in reference 1. 


in the two perpendicular sections of Fig. 1. The roof 
and wall thicknesses are 6 inches and 3 inches of lead 
respectively. The counters at X, Y, and Z, some of 
which are connected in pairs as indicated, have effective 
dimensions 4 inchX 10 inches, 1 inchX 2.75 inches, and 
1 inchX16 inches, respectively. Four neon bulbs situ- 
ated at S, P, C, and A indicate the type of counter 
coincidence causing each particular expansion and 
were photographed simultaneously with the cloud 
chamber. The photographs were non-stereoscopic. 

The expansion of the chamber was triggered whenever 
a master pulse was generated by one of the following 
events: 

(a) A sixfold coincidence of the counters at X, indicated by the 
lighting of neon bulb S, and referred to hereafter as an S-event. 

(6) A threefold coincidence of any one of the counters at X 
with any two of the pairs at Y, indicated by neon bulb P and 
referred to hereafter as a P-event. 


The simultaneous lighting of neon bulb A with either 
of the above coincidences indicated the presence of an 
accompanying extensive air shower of sufficient density 
to cause coincident pulses in the trays at Z, and simul- 
taneous lighting of C indicated that an accompanying 
air shower had caused coincidences in some more 
distant counters. All events of this kind have been 
discussed in detail in reference 1. In the present analysis 
of the events (a) and (6), not associated with dense air 
showers, it is only important to note the absence of 


Table I. The number of times counter coincidences not asso- 
ciated with extensive air showers triggered the cloud chamber in 
871 hours under the lead shield (Fig. 1) and the number of nuclear 
interactions observed which satisfy the criteria of the present 
analysis. 








Number of pictures in which nuclear 
interactions were observed 
Origin within chamber 





Type Number By par- 
of trig- of trig- ticles of 
gering gering Origin By By un- unde- 

coin- coin- above charged charged termined 
cidence cidences chamber particles particles nature 

S 3551 135 40 32 14 

SP 153 29 12 5 12 

r 1245 59 39 19 9 
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COSMIC-RAY NUCLEAR INTERACTIONS 


coincidences in the air shower counters. The numbers 
of S-, P-, and coincident SP-events recorded in the 871 
hours of operation are given in Table I. 

The efficiency of the Z counters for detecting air 
showers of density A-particles per unit area is (1—e~44)? 
where A= 200 cm? is the Z-counter area. The median 
angle of ejection of the lightly ionizing secondaries 
(mostly mesons) with reference to the primary is in 
agreement with that predicted by the symmetric 
pseudoscalar meson theory. For the nuclear interac- 
tions occurring in the chamber, the ratio of the forward 
moving to backward moving heavily ionizing secon- 
daries is 3.7, while the ratio for lightly ionizing ones is 
between 5 and 11, a result which shows the increase in 
the asymmetry of the angular distribution with the 
energy of the secondaries. The relative number of 
charged to neutral penetrating secondaries from the 
nuclear interactions occurring above the chamber is 
1.5+-0.4—a result deduced from the relative number of 
nuclear interactions these secondaries had in the 
chamber and assuming the charged and neutral par- 
ticles to have equal mean free paths. Cascades of 5 or 
more particles at their maximum development were 
generated at the origins of 12 percent of the nuclear 
interactions which occurred in the chamber. The heavily 
ionizing secondaries from nuclear interactions occurring 
in the chamber show an exponential absorption in the 
lead plates in which they are produced with absorption 
coefficients 0.20-+-0.02 and 0.24-+0.04 per g/cm? of lead 
for the forward and backward ejected particles, respec- 
tively. In these same interactions a ratio of number of 





Fic.'2(A). A four-particle penetrating shower seen with 
a P trigger, originating two inches above the bottom of the 
lead roof. One of the shower particles undergoes a secondary 
nuclear interaction in which it produces five secondaries in 
the upper third of the third plate. One of the backward 
ejected secondaries, (a) penetrates the second plate and 
appears in the compartment to the right of the Lucite wall. 
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TABLE II. The mean free path for nuclear interaction of the 
ionizing penetrating secondaries of nuclear interactions. 








Number of nuclear 
interactions of the 
ionizing penetrating 


g/cm? Pb traversed 
in chamber by pene- 
trating secondaries 





Trig- - r m.f.p. for 
gering of nuclear inter- secondaries of nuclear 

coin- actions nuclear interactions interaction 
cidence Observed Corrected Observed Corrected g/cm? Pb 
5S, SP 19700 21500 39 68 316+70 
F 8800 9620 26 46 209+50 








protons to mesons of about 0.3 is observed for particles 
in the ionization region 2-4 times minimum—while 
among particles of ionization less than twice minimum, 
12 were identified as mesons and 5 as protons. Five huge 
cascades, of energy greater than 10 Bev, and not asso- 
ciated with large air showers were recorded. This 
efficiency rapidly approaches 1 for A>50 particles per 
square meter, but is small for showers of lower density. 
As described in reference 1, the air shower signals ‘‘C” 
also indicated, in general, showers of rather high particle 
density. The exclusion, in the present paper, of events 
associated with A or C signals essentially excludes, 
therefore, only those events occurring in air showers of 
more than about 50 particles per square meter. The 
S, SP, and P coincidences occurring simultaneously 
with A or C signals were only 136 as compared with 
4949 not associated with such dense air showers. 

The various phenomena observed in these 4949 
pictures included many like the examples of cascades, 
penetrating showers, mixed showers, and nuclear disin- 
tegrations shown in the accompanying photographs. 





Fic. 2(B). A three-particle penetrating shower seen with 
an S trigger, originating about one inch above the bottom of 
of the lead roof. One of the shower particles undergoes a 
secondary nuclear interaction in which it produces three 
lightly ionizing and two heavily ionizing secondaries in the 
lower third of the second plate. ' 
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FRACTION OF PLATE THICKNESS MEASURED FROM 
BOTTOM OF PLATE 


Fic. 3. The frequency of nuclear interactions occurring in the 
lead plates of the chamber vs. the point of origin of the interactions 
measured from the bottom of the plate in units of the plate 
thickness. 


Similar events have been observed by others over the 
past few years.?~’ In the present analysis some of the 
properties of these events and their secondaries are 
determined. For this purpose the following criteria, 
though not necessarily of fundamental significance, 
were useful for the classification of particles and nuclear 
interactions: 
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(1) Lightly ionizing particle—one which has a straight visible 
path and has less than 2 times minimum ionization. 

(2) Heavily ionizing particle—one which has a straight visible 
path and has =2 times minimum ionization. 

(3) Penetrating particle—a lightly ionizing particle which 
penetrates at least one lead plate without multiplication or a 
heavily ionizing particle which penetrates at least one plate. 

(4) Penetrating shower—at least two penetrating particles 
which come from a common origin either above or in the chamber. 

(5) Mixed shower—one or more penetrating particles and one 
or more cascades with common origins but different directions. 

(6) Nuclear disintegration—minimum requirements are: either 
one penetrating particle plus one heavily ionizing particle, or one 
heavily plus one lightly ionizing particle, or two heavily ionizing 
particles which come from a common origin. 


In the present article the general term ‘nuclear 
interaction” is used in referring to events which belong 
to any one of classes (4), (5), or (6). The term “nuclear 
disintegration” is employed in (6) rather than “star” 
since, in the present experiment, the average energy 
of events belonging to this group is considerably greater 
than that of the “stars” observed in photographic 
emulsions (see Section 9). 

The numbers of nuclear interactions in S-, SP-, and 
P-events observed to occur above and in the chamber 
are given in Table I. Those occurring in the chamber are 
further subdivided in the table with regard to the 
nature of the initiating particle (charged, uncharged, or 
undetermined). Those made above the chamber con- 





Fic. 4(A). A nuclear event seen with a P trigger. It appears 
to be made by a neutral particle. One particle (a) crosses two 
plates with greater than four times minimum ionization, 
but with no noticeable increase of ionization, and therefore 
must have had a mass greater than that of a proton. 


2W. M. Powell, Phys. Rev. 69, 385 (1946). 

3W. B. Fretter, Phys. Rev. 73, 41 (1948). 

4H. Bridge and W. Hazen, Phys. Rev. 74, 579 (1948). 
5C. Y. Chao, Phys. Rev. 75, 581 (1949). 

6 W. B. Fretter, Phys. Rev. 76, 511 (1949). 


Fic. 4(B). A mixed shower seen with a P trigger and pro- 
duced in the fourth plate probably by an ionizing particle 
which itself is part of a narrow penetrating shower, the 
origin of which is above the chamber. 


7Lovati, Mura, Salvini, and Tagliaferri, Nature 163, 1004 (1949). 
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Fic. 5(A). A mixed shower seen with a P trigger. Nuclear 
interactions occur in plates 1, 2, and 4. There are three 
minimum ionizing penetrating particles at (a), (b), and (c). 
— are three heavily ionizing secondaries emerging from 
plate 4. 


sisted only of penetrating and mixed showers, while 
those in the chamber included nuclear disintegrations 
as well. 


3. MEAN FREE PATH OF THE PENETRATING 
PARTICLES 


The penetrating particles from nuclear interactions 
originating either above or in the chamber were ob- 
served to traverse a total projected path length of 
28,500 g/cm? of lead in the chamber and there were 65 
nuclear interactions produced by those ionizing par- 
ticles (see for example Fig. 2). The distribution of total 
projected path length and number of nuclear interac- 
tions in S- and SP-events combined, and in P-events 
alone is given in Table II. 

The observed path length is the projection of the true 
path length on a plane perpendicular to the line of 
sight of the camera. If f(@) is the projected angular dis- 
tribution of the penetrating particles from nuclear 
interactions, the ratio of the true path length to the 
projected path length is 


f as f(0) secddé / f a f(0)d0. 


It is shown below in Sections 4a and 4b that the pro- 
jected zenith angular distribution of the penetrating 
particles from nuclear interactions originating in and 
above the chamber respectively are both approxi- 
mately of the form cos*@ for angles up to 60°. For f(@) 
of this form the above ratio is 1.09. The corrected 
values of the path lengths are given in column 3 of 
Table II. 
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Fic. 5(B). A huge cascade with an S trigger. Altogether we 
saw five cascades of comparable size, none of which were 
accompanied by dense air showers or contained discernible 
penetrating particles. 


The points of origin of all nuclear interactions in the 
chamber, irrespective of the nature of the interacting 
particle, could, in all but three cases, be determined by 
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Fic. 6. The projected zenith angular distributions of the lightly 
and heavily ionizing secondaries of nuclear interactions occurring 
in the chamber. (A) Nuclear interactions of ionizing particles, 
(B) Nuclear interactions of neutral particles. 
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backward tracing of the paths of their ionizing secon- 
daries. The frequency distribution of the points of 
origin, measured in each case with reference to the 
bottom surface of the plate, is shown in Fig. 3 plotted 
in intervals of 3 of a plate. The predominance of nuclear 
interactions observed in the lower ? is a result of the 
asymmetry of ejection of the particles (more in the 
forward direction) and the strong absorption of the 
more heavily ionizing ones. These effects are discussed 
in more detail in Section 9. For the present purpose the 
distribution may be used to estimate the ratio of the 
actual number of nuclear interactions occurring in the 
lead to the number observed. Assuming the absorption 
to be of the form n= moe~*, application of the method 
of least squares gives »=1.2+0.3 per plate thickness 
(or 0.087+0.022 per g/cm? of lead) and m= 104+14 as 
the number per 3 plate. Hence the desired ratio is 


3no 312442 
observed number ct 179+13 





= 1.75+0.27. 


Since the nuclear interactions of ionizing particles are 
similar to those of neutral particles (see Sections 4a and 
5a), it is reasonable to assume that the distributions of 
their points of origin in the lead plates are also similar. 
Hence a 75 percent correction must be added to the 
number of observed nuclear interactions of ionizing 
particles. The corrected numbers are given in column 5 
of Table II and the resulting mean free paths for 
nuclear interaction in column 6. 

It should be noted that a P coincidence is caused by 
two or more penetrating particles beneath the chamber 
and hence is more likely to occur when a shower has 
undergone further multiplication in the chamber than 
when it has not. Hence in P-selected events the prob- 
ability for an interaction to be seen in the chamber is 
increased by the counter selection, and this is evident 
in the rather low mean free path given in Table II. On 
the other hand, an S coincidence demands multiplicity 
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_ Fic. 7. The projected zenith angular distribution of all the 
lightly ionizing secondaries of nuclear interactions occurring in the 
chamber. 


McKAY 


of particles only above the chamber. Since very few 
penetrating secondaries of nuclear interactions are 
ejected upward (see Section 9 and Table IV), the 
probability of an S coincidence is not appreciably 
influenced by whether or not an interaction has 
occurred in the chamber. Therefore the interaction 
mean free path deduced from the S- and SP-triggered 
pictures, 316+70 g/cm? of lead, has not been sig- 
nificantly affected by the counter selection and may be 
considered as representing the mean free path for 
nuclear interaction of the penetrating particles from 
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Fic. 8. The projected angular distributions of the lightly and 
heavily ionizing secondaries cf the nuclear interactions of ionizing 
particles occurring in the chamber. The measured angles are 
those between the directions of the secondaries and that of the 
primary in each case. 


nuclear interactions. This is in agreement with the 
mean free path estimated by Lovati ef al.,’ but dis- 
agrees with Fretter’s value of 750 g/cm*. Fretter 
made no correction for the “invisible” interactions 
occurring in the lead plates. Piccioni{[ also reports 
measurements which indicate a long range for the 
secondaries of penetrating showers (after filtering 
through large thickness of lead). He interprets this as 
indicating long mean free path for nuclear interaction. 
However, he would detect such interactions only if the 
primary and all its progeny were absorbed; not if an 
ionizing penetrating particle continued after the inter- 
action. In the present experiment many nuclear inter- 
actions, in which there were penetrating secondaries, 
were observed (see for example Figs. 4B and 5A). 


4. ANGULAR DISTRIBUTIONS OF THE 
SECONDARIES 


a. Nuclear Interactions in the Chamber 


For nuclear interactions occurring in the cloud- 
chamber plates, the projected zenith angles of the 


Result given at Cosmic Ray Conference, Idaho Springs, 
Colorado, June 1949. 
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secondary particles that emerged from the plates could 
be measured in the full 0° to 180° interval, except in the 
region around 90° which was obscured by the plates. 
The zenith angular distributions of lightly ionizing 
(broken line histograms) and heavily ionizing secon- 
daries (full line histograms) are given in Figs. 6A and 
6B for the nuclear interactions of ionizing and neutral 
particles, respectively. The sum of the distributions of 
the lightly ionizing secondaries is given in Fig. 7. Up to 
80° it may be represented by an empirical law of the 
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Fic. 9, The projected zenith angular distribution of the ionizing 
penetrating secondaries of nuclear interactions occurring above 
the chamber. 


form cos*@, which has been used in Section 3 in con- 
nection with the mean free path.., 

For a nuclear interaction of an ionizing particle, the 
angles between the directions of the secondaries and the 
direction of the primary can be measured. The angular 
distribution of heavily and lightly ionizing particles 
about the primaries is given in Fig. 8. The median 
projected angle between a lightly ionizing secondary 
and its primary is 27°, corresponding to a median angle 
of 36°. 

In the above angular distributions all nuclear inter- 
actions were counted irrespective of the method of 
counter selection since plotting of the distributions in 
S+SP- and P-events separately revealed no significant 
bias of secondaries in the P-events toward the vertical, 
either for the lightly or heavily ionizing particles. 
However, the ratios of the total number of lightly 
ionizing to heavily ionizing particles from the nuclear 
interactions in S+SP-, and P-events were 1.23+0.18 
and 1.70+0.30, respectively. The P-event selection may 
thus exert some bias in favor of lightly ionizing particles 
without influencing the angular distribution very 
strongly. A bias of P-events in favor of lightly 
ionizing secondaries is understandable because a P coin- 
cidence requires at least two penetrating particles 
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Fic. 10. The distributions of the total multiplicities and the 
multiplicities of the lightly ionizing secondaries of nuclear inter- 
actions occurring in the chamber (A) for the nuclear interactions 
of ionizing particles (B) for those of neutral particles. The oc- 
currence of interactions of zero multiplicity of lightly ionizing 
secondaries merely means that these interactions were detected 
by the presence of the heavily ionizing secondaries only. 


capable of traversing 3} inches of lead beneath the 
chamber. S coincidences, on the contrary, are not 
influenced by the nature of the secondaries created in 
the lead plates of the cloud chamber. 

The projected zenith angular distributions of the 
secondaries of nuclear interactions of ionizing and netural 
particles (Figs. 6A and 6B) are similar, and the ratios 
of the numbers of lightly ionizing to heavily ionizing 
particles are 1.42 and 1.41, respectively. These two 
facts indicate that the neutral and ionizing particles 
experiencing these nuclear interactions are of about the 
same average energy. 


b. Nuclear Interactions outside the Chamber 


In all of these interactions the initiating particle is not 
observed and most of the heavily ionizing particles have 
been removed by absorbing layers between the point of 
origin and the cloud chamber; hence only the zenith 
angles of the penetrating particles were measured. For 
the angular distribution of these particles to have 
meaning some account had to be taken of the variations 
of the solid angle available for the detection of pene- 
trating particles. To achieve this, the projection of the 
solid angle seen by the camera was divided into 10° 
intervals for each nuclear interaction. The number of 
cases where a given angular interval was visible and the 
number of penetrating particles in each of the intervals 
were recorded. Each interval and each penetrating 
particle was further weighted by the first power of the 
distance from the origin of the interaction to the 
nearest point in the sensitive volume of the chamber at 
which the particle could show its penetrating properties. 
Finally the ratio of the weighted numbers of pene- 
trating particles to the weighted number of intervals 
was calculated and plotted as a function of zenith angle. 
The resulting histogram of Fig. 9 represents the prob- 
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Fic. 11. The multiplicity distribution of the lightly ionizing 
secondaries of all nuclear interactions occurring in the chamber. 
The shaded portion gives the number of these interactions in which 
electrons or photons were generated with enough energy to make 
cascades in succeeding lead plates with 5 or more particles at their 
maximum development. 
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ability of a penetrating secondary particle lying in a 
given 10° projected zenith angular interval. The dis- 
tribution follows an empirical law ~cos*6@, similar to 
that for the lightly ionizing particles ejected in the 
forward direction from the nuclear interactions oc- 
curring in the chamber. 


5. MULTIPLICITY OF SECONDARIES AND 
CASCADE PRODUCTION 


a. Nuclear Interactions in the Chamber 


The multiplicities of the secondaries (not including 
those which were obviously electrons by virtue of their 
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Fic. 12(A). A high energy nuclear interaction of a mini- 
mum ionizing particle (a) coming from above, in which there 
is no visible cascade radiation. The event is estimated to 
have had an energy of at least 8000 Mev. There are at least 
26 secondaries coming from the common origin. One mini- 
mum ionizing particle (b) going in the backward direction 
penetrates the second plate. The chamber was triggered by 
a P coincidence, which indicates that at least two particles 
penetrated an additional 3.5 inches of lead. 
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cascade production in Pb plates or scattering in the 
gas) from the nuclear interactions of ionizing and neutral 
particles in the lead plates of the chamber are given in 
the frequency histograms of Figs. 10A and 10B, respec- 
tively. Again all interactions irrespective of counter 
selection were counted. Broken lines represent the 
multiplicity of the lightly ionizing secondaries and the 
full lines the multiplicity of both lightly and heavily 
ionizing particles together. It is seen that the multi- 
plicities of secondaries in interactions of neutral and 
charged particles have about the same distribution. 
The occurrence of nuclear interactions in which there 
were no lightly ionizing particles merely means that 
in these cases a nuclear interaction was detected by the 
presence of two or more heavily ionizing particles. The 
few cases in which there was a total of one particle were 
instances in which a nuclear interaction was detected by 
the presence of one heavy particle together with a 
cascade. The appearance of the distribution at these low 
multiplicities is thus a result of the selection criteria 
listed in Section 2. 

The average multiplicity of lightly ionizing secon- 
daries from the nuclear interactions of charged particles 
is 2.2, and for interactions of neutral particles is 2.4. 
Further division of these groups into S+SP-, and 
P-events still showed no significant difference in the 
average multiplicities, though the statistical uncer- 
tainties in these smaller groups are large. The results 
for the whole group (S+SP-+P-events) are further 
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Fic. 12(B). A high energy nuclear interaction seen with 
an S trigger. The primary particle may be either charged or 
neutral and is estimated to have had an energy of at least 
2500 Mev. 
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evidence that the interactions of neutral and charged 
particles involve energies of the same order of magni- 
nitude and hence that the initiating neutral and 
ionizing particles, most of which are secondaries from 
nuclear interactions occurring in the lead roof, have 
about the same average energies. 

The multiplicity of lightly ionizing particles in all 
nuclear interactions occurring in the chamber, irre- 
spective of whether their primaries are charged, neutral, 
or undetermined, is given in Fig. 11. The shaded 
portion of the histogram gives the frequency of nuclear 
interactions in which electrons or photons were gener- 
ated with sufficient energy to make cascades of 5 or 
more particles at their maximum development. The 
frequency of cascade-accompanied nuclear interactions, 
compared with the total number of nuclear interactions, 
is only 17 percent of the frequency observed by Fretter.® 
Some of the disagreement may be accounted for by dif- 
ferences in the lower limit of cascade shower selected, 
and in the experimental arrangement. Fretter triggered 
on coincidences involving two counters below the 
chamber. Such coincidences are on the average more 
probable for showers including cascades than for pene- 
trating showers with no cascade. 

Since in the present experiment 72 percent of the 
nuclear interactions occurring in the lead plates in the 
chamber are made by secondaries from the interactions 
in the lead above, and there is little or no counter bias 
affecting the lower energy region of the size distribution 


of these secondary interactions, we are no doubt 
looking at phenomena of lower average energy than 
Fretter. Our selection of lightly ionizing particles from 
nuclear interactions is different from Fretter’s selection 
of particles that penetrate at least one $-inch lead plate. 
That the majority of the lightly ionizing particles 
counted are not electrons is shown in Section 8. 

The absence of cascade production at zero multi- 
plicities is understandable since the primary energies 
involved in the production of the heavily ionizing par- 
ticles by which these nuclear interactions were detected 
is relatively low. The absence of cascades amongst the 
high multiplicity events, though of questionable statis- 
tical significance, would indicate that the probability 
for the production of cascades in nuclear interactions 
does not increase with energy or multiplicity as rapidly 
as expected according to current theories.*:° This point 
requires further experimental test since penetrating 
particles in the cores of the cascades escape observation, 
and thus there is an observational bias against recording 
a high multiplicity event with an accompanying cascade. 
That this bias is not large is indicated by the fact that 
when high multiplicity nuclear interactions did occur, 
the angular spread of the penetrating particles was 
large (see for example Figs. 12 and 13) and hence in 
cascade-accompanied nuclear interactions (Figs. 4B 
and 5A) one would expect to see some of the penetrating 
partic’es. 

There were many cases in which cascades occurred 





Fic. 13(A). A penetrating shower of at least nine particles, 
with no cascade radiation, seen with an SP trigger. There is 
very little scattering of most of the particles, and the mini- 
mum energy is estimated to be 20 Bev. The origin is at the 
bottom of the lead roof and we should be able to see cascade 
if it existed. 


8 L. I. Schiff, Phys. Rev. 76, 89 (1949). 


Fic. 13(B). A penetrating shower of at least eight particles 
seen with an S trigger, originating one inch above the bottom 
of the lead roof but exhibiting no cascade radiation. The 
particle showing the scattering and increased ionization is 
identified as a proton. The energy of this event is estimated 
to be greater than 8 Bev. 


® Lewis, Oppenheimer, and Wouthuysen, Phys. Rev. 73, 127 (1949). 
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TABLE III. The observed scattering angles suffered by 9 pene- 
trating particles each of which traversed at least three }-inch lead 
plates and had at least one scattering greater than 8°. 








Penetrating particle Observed scattering angles in degrees 





number 1 2 3 4 
1 5.5 0.5 16.5 
2 1.0 19.0 9.0 
3 i 0.5 20.0 
4 4.5 10.0 1.0 
5 4.0 2.0 24.0 
6 0.5 13.0 0.0 
7 3.0 0.5 1:5 27.0 
8 10.0 4.0 8.0 5.0 
9 13.0 3.5 4.5 








unaccompanied by either penetrating particles dis- 
cernable in the chamber of air showers outside the 
chamber (e.g., Fig. 5B). These are believed to be the 
products of other types of interaction, such as brems- 
strahlung and knock-on processes of mesons and nu- 
cleons, or the decay of energetic unstable particles. 


b. Nuclear Interactions above the Chamber 


The distribution of the multiplicities of the visible 
penetrating particles from nuclear interactions origi- 
nating above the chamber, i.e., either in the lead roof or 
in other material between the roof and the sensitive 
volume of the chamber, is given in Fig. 14 for two dif- 
ferent methods of counter selection. The combined 
results are given in Fig. 15 where the shaded portion of 
the histogram represents the number of these nuclear 
interactions accompanied by cascades of 5 or more 
‘ particles. No cascades were observed in the 8 nuclear 
interactions with multiplicity =6. Four of these 
occurred so high up in the lead roof that any existing 
cascade component could have been absorbed, while 
cascade radiation from the remaining four would have 
had a good chance of being detected if present. Inter- 
actions for which a multiplicity of one is recorded 
represent the few cases in which a nuclear interaction 
was detected by the presence of one penetrating particle 
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_ Fic. 14. The multiplicity distribution of the penetrating par- 
ticles from nuclear interactions occurring above the chamber and 
selected by two different types of triggering coincidences. 
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together with a cascade, with a well-defined core, going 
in a different direction. The peak in the distribution 
curve is thus not to be considered as real, since no other 
interactions of multiplicity one were counted because 
they were indistinguishable from non-interacting single 
penetrating particles. The frequent triggering of the 
six counters at X (Fig. 1) by showers with low multi- 
plities of penetrating particles is in many cases due to 
the simultaneous occurrence of a relatively high multi- 
plicity of electrons emerging from the lead roof, and to 
the fact that the penetrating particles of such a shower 
do not necessarily all pass through the chamber. 


6. SCATTERING OF THE PENETRATING PARTICLES 
IN THE LEAD PLATES 


The projected angles through which each lightly 
ionizing penetrating particle from a nuclear interaction 
occurring in or above the chamber was scattered, on 
passing through a lead plate, were measured to the 
nearest 0.5 degree. In 9 out of 202 cases in which 3 or 
more scattering angles of a single penetrating particle 
from a nuclear interaction occurring above the chamber 
could be measured, the particle suffered a scattering 
>8°. The measured scattering angles for each of these 
9 cases are given in Table III. In seven of these cases 
the largest scattering angle is four or more times the root 
mean square average of the other scattering angles re- 
corded for the particular particle. These 7 scatterings are 
regarded as very probably different from the more usual 
Coulomb scatterings observed. The 202 penetrating 
particles traversed a total of 10,800 g/cm? of lead, which 
indicates a mean free path of 10,800/7 = 1550 g/cm? for 
this type of interaction. It must be pointed out that 
the above criterion of selection, though necessary to 
distinguish this type of interaction from the Coulomb 
scattering, may limit us to the observation of less than 
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Fic. 15. The multiplicity distribution of the penetrating par- 
ticles from all nuclear interactions observed to occur above the 
chamber. The shaded portion gives the number of these inter- 
actions in which electrons or photons were generated with enough 
energy to make cascades of 5 or more particles at their maximum 
development. 
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Fic. 16. The scattering angle distribution of the penetrating 
secondaries of nuclear interactions occurring (A) in the chamber 
and (B) above the chamber. Each scattering angle measured was 
that resulting upon passage of a particle through a 4-inch lead plate. 


the actual number of such interactions taking place. 
However, nuclear scattering is expected to be, on the 
average, at rather large angles, so that it is not likely 
to miss a large fraction of them. It is more likely that 
a few of the large-angle scatterings observed are 
unusual cases of Coulomb scattering, so that the mean 
free path for nuclear scattering is longer than 1550 
g/cm*, which must be regarded as an approximate lower 
limit on the mean free path. The results thus indicate 
that the mean free path for nuclear interaction without 
the production of secondaries is at least 4 or 5 times 
that for nuclear interaction with the production of 
secondaries. This is in agreement with Fretter’s 
measurements. || 

The distribution of the scattering angles is given in 
Figs. 16A and 16B for the penetrating particles from 
nuclear interactions occurring in and above the chamber 
respectively. The root mean square scattering angles 
are 3.0° and 2.3° respectively, neglecting angles >8°, a 
large fraction of which are likely non-Coulomb scat- 
terings. According to the formula for the distribution of 
scattering angles of cosmic-ray particles given by Rossi 
and Greisen,!° single particles with values of p6=430 
Mev and 570 Mev respectively would have root mean 
square projected scattering angles in traversing }-inch 
lead plates equal to the above averages. These can be 
considered as low estimates for the average values of p6 
for these distributions for two reasons: (1) Averaging 

|| Given at Cosmic Ray Conference, Idaho Springs, Colorado 


(June, 1949). 
10 B. Rossi and K. I. Greisen, Rev. Mod. Phys. 13, 240 (1941). 
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of the scattering angles essentially averages the recip- 
rocal of #8, which gives undue weight to the particles of 
low momentum; (2) small scattering angles are most 
frequent and errors in measurement would tend to shift 
the distribution a little to larger angles. 

The average multiplicity of the lightly ionizing 
secondaries of nuclear interactions occurring in the 
chamber has been given in Section 5 as 2.2. Using the 
above value of p8=430 Mev as representing the average 
energy of these secondaries, and assuming the relative 
numbers of ionizing and neutral secondaries to be 1.5 
(the same as that estimated below in Section 7 for the 
penetrating secondaries of nuclear interactions oc- 
curring above the chamber), the average energy of the 
interacting particles is estimated to be 2.20.43 
X (1.5+1)/1.5=1.6 Bev. If the lower energy neutral 
and ionizing heavy secondaries, as well as the cascade 
producing electron secondaries were also considered, it 
would be conservative to estimate the average energy 
as lying in the range 2 to 3 Bev. If the secondaries are 
emitted symmetrically in the center of mass system, in 
accordance with the symmetric pseudoscalar theory of 
meson production,’ the median angle of emission with 
respect to the primary in the laboratory system, cor- 
responding to this energy interval, ranges from 39° to 
48° irrespective of whether the primary is a x-meson or 
a proton. The scalar theory® on the other hand would 
indicate a median angle p/p~ 146/430=0.34 radians or 
19°, which may be considered as an upper limit since 
430 Mev is a low estimate. Our measured value of the 
median angle, 36°, given in Section 4, is in rough agree- 
ment with the symmetric theory. This is in contra- 
diction to Walker’s results** which were obtained from 
counter data and favored the scalar theory. 


7. RELATIVE NUMBER OF NEUTRAL AND 
CHARGED PENETRATING PARTICLES 
It has already been mentioned that the average multi- 
plicities of the nuclear interactions of ionizing and non- 
ionizing penetrating particles are nearly equal, and also 
that the lightly and heavily ionizing secondaries occur 
in the same relative numbers and with about the same 
angular distributions in showers generated by neutral 
and by ionizing particles. These similarities indicate 
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Fic. 17. Diagram showing the limiting values of the projected 
zenith angles, 6, and 62, between which a penetrating secondary 
from a nuclear interaction occurring in the interval dx of plate A 
must lie in order to show penetration. 


** W. D. Walker, Ph.D. thesis, Cornell University (1949). 
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Fic. 18. A penetrating particle, which, by virtue of its scat- 
tering, ionization, and range is identified as a proton. From the 
theoretical relationships between these properties, the ionization 
relative to minimum ionization, in each of the compartments of 
the chamber starting from the top lies in the intervals 1.9-2.2; 
2.2-2.5; 2.5-3; 3-4; and 4.5, respectively. This track was used 
for comparison in the estimation of the ionization of other tracks 
in the range 2-4 times minimum. 


that the neutral and ionizing penetrating particles have 
about the same average energy, since all of the above 
properties are probably related to the energy of the 
primary. Of the three properties the multiplicities 
probably represent the best measure of the energies. 

If the neutral and ionizing particles have the same 
mean free path for nuclear interaction, the relative 
numbers of the nuclear interactions of neutral and 
ionizing particles would be a fair measure of the relative 
numbers of the neutral and ionizing particles themselves. 
Since the six counters above the chamber respond to 
events of fairly large multiplicity of ionizing particles 
(both electrons and penetrating particles), the bias 
against the recording of nuclear interactions by neutral 
particles in the chamber is small. In the S-events there 
were 39 and 26 nuclear interactions in the chamber made 
by ionizing and neutral particles respectively, that had 
been generated in nuclear interactions which had 
occurred above the chamber. Hence the ratio of ionizing 
to neutral penetrating particles from nuclear interac- 
tions is 1.50.4. Interacting particles unaccompanied 
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by another penetrating particle were not counted as it 
was not clear in such cases whether the interacting 
particle (neutral or ionizing) was a member of a nuclear 
interaction occurring above the chamber. 


8. THE NATURE OF THE SECONDARIES 


From the 149 nuclear interactions of neutral and 
charged particles occurring in the lead plates of the 
chamber there was a total of 293 lightly ionizing secon- 
daries (not including those which were obviously 
electrons) ejected in the forward direction. Of these, 119 
(or a fraction 0.41) penetrated at least one lead plate. 
From the angular distribution of secondaries given in 
Fig. 7 and the assumption that they are all penetrating, 
the number expected to impinge on a lead plate and be 
visible in the following compartment can be calculated 
as follows: a minimum ionizing particle emerging from 
plate A in the region dx (Fig. 17) would be capable of 
exhibiting penetration in one or more succeeding plates 
if its direction lies in the projected zenith angular 
interval (as seen by the camera) determined by the 
limiting zenith angles 6, and @2. The fractional number 
of particles lying in this interval can be calculated from 


. the projected zenith angular differential distribution 


f(6) of Fig. 7 and is given by 


62 a/2 
joa / [joao 


61 —nx/2 


To account also for those particles which escape by 
passing out of the field of view through the front or 
back of the chamber without penetrating a lead plate, 
a similar calculation must be made for the projection 
perpendicular to that seen by the camera and given by 


§ "6046 / co 


where f(¢) is the same function as f(6). 

The fractional number of lightly ionizing particles 
capable of showing penetration is the product of these 
two integrals averaged over the length and width of the 
lead plate. Using the measured angular distribution of 
Fig. 7 and values of 61, 02, $1, $2 as functions of position, 
obtained from geometrical considerations, numerical 
integration yields 0.48 as the fraction. Since particles 
from plate 5 could show no penetration, only those 
coming from nuclear interactions in the first 4 plates 
can be counted. Since 0.93 of the nuclear interactions 
happened in the first four plates the fraction of particles 
which can show penetration is 0.93X0.48=0.44 This 
differs by only 0.03 from the observed fraction; thus 
probably less than 10 percent of the lightly ionizing 
tracks in the forward direction are electrons and this is 
assumed to be a negligible percentage. 

A similar calculation may be carried out for the 
lightly ionizing particles traveling in the backward 
direction. A uniform angular distribution is used (see 
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Fig. 7), and a numerical integration, this time dis- 
counting the nuclear interactions occurring in the top 
plate, indicates that we should see 14 percent of the 
lightly ionizing particles penetrate one or more lead 
plates if they are all penetrating particles. We observed 
that 5 out of 63, or 8 percent, of the lightly ionizing 
particles crossed a lead plate. This indicates that at 
most 50 percent of the lightly ionizing particles in the 
backward direction could be electrons since there is 
little chance of an electron crossing a lead plate with 
small scattering. In making these estimates of the per- 
centages of electrons we have neglected the small 
probability that a m-meson and the somewhat larger 
‘ probability that a u-meson may be a little less than 
twice minimum ionization and still not have enough 
energy to penetrate a plate. As a result these estimates 
are an upper limit for the fraction of electrons. 

We now consider all tracks from nuclear interactions 
that are in the forward direction and have an ionization 
density between two and four times minimum as deter- 
mined visually, by comparison with the proton track 
(see Fig. 18) that shows successive increases in ioniza- 
tion in crossing plates and finally stops. Calculations 
based on the range-momentum and _ionization-mo- 
mentum curves of Rossi and Greisen™ show that 
m-mesons having 1.7 times minimum ionization and 
protons having 4.5 times minimum ionization are just 
able to penetrate a lead plate. Therefore, all tracks in 
the interval 2-4 times minimum ionization that then 
penetrate a plate must belong to particles of rest mass 
greater than that of a x-meson, while those that are 
unable to penetrate are very likely mesons; and, as has 
been shown by the experiment of Piccioni,” are x-mesons 
rather than yu-mesons. 

We observe in all of the nuclear interactions occurring 
in the lead plates, 95 particles in the forward direction, 
in the range 2-4 times minimum ionization, of which 9 
penetrate a plate, while 86 do not appear to penetrate. 
Using the zenith angular distributions of heavily 
ionizing particles as given in Fig. 6A and 6B we cal- 
culate, in a manner similar to that used for lightly 
ionizing particles, that 44 percent of these particles 
should be observed to penetrate if all were able to 
penetrate. There are thus 9/0.44= 20 heavily ionizing 
penetrating particles (protons) and 95—20=75 non- 
penetrating heavily ionizing particles. While the sta- 
tistics are not good, the result indicates that secondaries 
in this ionization interval are more likely to be mesons. 
than protons in spite of the fact that a fixed ionization 
interval represents a larger energy interval (by a factor 
~1840/320~6) for protons than for 7-mesons. 

In one instance (Fig. 4A) a heavily ionizing secondary 
particle from a nuclear interaction (probably of a 
neutral particle) penetrates two lead plates after show- 
ing an ionization in the gas of more than four times the 
minimum. That there is little change in ionization and 


"Q. Piccioni, Phys. Rev. 75, 1281 (1949). 
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direction in crossing the fourth lead plate indicates that 
the particle is heavier than a proton. The apparent 
decrease in ionization just above and below the fifth 
plate could result from non-uniform illumination. 

Out of all the penetrating tracks from nuclear inter- 
actions in the chamber which were <2 times minimum 
ionization, twelve could be identified as mesons because 
they had a greater increase in their ionization on crossing 
a plate than would be expected for a proton, while five 
tracks were identified as protons. 


9. THE ABSORPTION OF THE SECONDARIES 


The projected location of the point of origin of a 
nuclear interaction occurring in a lead plate in the 
chamber could, in most cases, be determined to the 
nearest 0.1 inch by backward extension of the visible 
portions of the paths of the secondaries. The distribu- 
tion of the origins of nuclear interactions in the top, 
middle, and bottom thirds of the lead plates has already 
been given in Fig. 3. This absorption effect is due 
mainly to the fact that 85 percent of the nuclear inter- 
actions had their origins determined by the directions 
of emergence of heavily ionizing particles and that more 
of these particles are ejected downward than upward. 
In Table IV the interactions have been further sub- 
divided into groups in accordance with their primaries 
being charged, neutral, or undetermined, and this time 
the number of particles is given instead of just the 
number of interactions. The total number of particles 
from each group and each 3 of a lead plate thickness is 
divided into those moving upward and those moving 
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DISTANCE OF POINT OF ORIGIN FROM SURFACE OF 
EMERGENCE IN PLATE THICKNESSES 





Fic. 19. Showing the absorption of the heavily ionizing par- 
ticles, (A) in the forward direction and (B) in the backward direc- 
tion, by the varying vertical thickness of lead between the points 
of origin of the particles in a plate and the sensitive part of the 
chamber. The ordinates are in numbers of particles per } of a 
plate thickness. 
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TABLE IV. The frequency of occurrence of the lightly and heavily ionizing secondaries of nuclear interactions occurring in the lead 
plates of the chamber. The secondaries are grouped according to their point of origin in a lead plate, their direction of motion relative 
to that of the primary (forward or backward), and the nature of their primaries (charged, neutral, or undetermined). 








Nuclear interactions of 


Depth of point charged particles 


of origin in Pb 


Nuclear interactions of 
neutral particles 


Nuclear interactions of particles 
of undetermined nature Total 





plate in units Heavily Lightly Heavily Lightly Heavily Lightly Heavily Lightly 
of one-plate ionizing ionizing ionizing ionizing ionizing ionizing ~ ionizing ionizing 
thickness secondaries secondaries secondaries secondaries secondaries secondaries secondaries secondaries 
(one plate For- Back- For-  Back- For- Back- For-  Back- For- Back- For-  Back- For- Back- For-  Back- 
=14.0 g/cm?) ward ward ward ward ward ward ward ward ward ward ward ward ward ward ward ward 
0 to 0.33 9 16 18 5 10 = '23 31 8 5 5 6 9 24 44 5522 
0.33 to 0.67 32 5 68 8 16 8 42 7 13 2 11 4 61 15 121 19 
0.67 to 1.0 80 1 93 11 35 2 41 4 39 2 38 7 154 5 12 2 








downward, and each of these classes into lightly ionizing 
and heavily ionizing particles. 

The effective absorption of the heavily ionizing par- 
ticles both in the forward and backward directions is 
shown by curves A and B respectively in Fig. 19. The 
two semilogarithmic curves are seen to be straight and 
almost parallel and indicate an effective exponential 
absorption with absorption coefficients of 2.80.3 and 
3.340.6 per plate thickness (or 0.20+0.02 and 0.24 
+0.04 per g/cm? of lead) for the forward and backward 
particles, respectively. Most of these particles are more 
energetic at their origin than the heavily ionizing ones 
observed in stars in photographic emulsions.” 

From the data of Table IV, it seems that the lightly 
ionizing secondaries in the forward direction also show 
as strong an absorption as the heavily ionizing secon- 
daries. This however is only apparent and results from 
the fact that 85 percent of the nuclear interactions 
occurring in the chamber were detected by virtue of 
the presence of the heavily ionizing secondaries. 

The ratio of heavily ionizing particles moving 
forward to those in the backward direction is seen from 
Table IV to be 237/64= 3.7. If we assume that at most 
50 percent of the lightly ionizing tracks in the backward 
direction are electrons, as suggested by the estimate 
made in Section 8, and that all of the lightly ionizing 
tracks in the forward direction are heavier than elec- 
trons, we find 348/31=11 for the maximum relative 
numbers of forward and backward traveling lightly 
ionizing mesons and protons. If on the other hand we 
assume that none of the particles (that do not generate 
cascades and are not visibly scattered-in the gas) are 
electrons, we find 348/62=5.5 for the minimum relative 
numbers of forward and backward traveling, lightly 
ionizing mesons and protons. Even this minimum ratio 


2D. H. Perkins, Nature 160, 299 (1947). 


is higher than the ratio 3.7 for heavily ionizing par- 
ticles. 


10. KNOCK-ON ELECTRONS OF 
PENETRATING PARTICLES 


The projected angles @ were measured between 
knock-on electrons of energy greater than 1 Mev after 
emerging from a lead plate and the knock-on producing 
penetrating particles arising from nuclear interactions 
above or in the chamber. A cos’6 distribution provides 
satisfactory agreement with the observed numbers of 
these knock-ons in the forward direction—a less steep 
distribution than the cos?-5@ previously observed by the 
authors and E. D. Palmatier when the penetrating 
particles were u-mesons and were more nearly vertical. 

In the present experiment. there were 131 knock-ons 
in 1711 emergences of penetrating particles from a lead 
plate or 0.077+0.007 knock-on per penetrating par- 
ticle, a result not significantly different from that 
previously obtained for u-meson produced knock-ons by 
Hazen" and by the authors.” The ratio of the number 
of the back-scattered knock-on electrons to the number 
of forward ones is 0.38--0.06 whereas a value 0.25+0.04 
for this ratio was previously observed.” 

The authors wish to thank Professors K. Greisen and 
G. Cocconi for suggesting this experiment and for their 
generous help both in solving experimental problems and 
in discussions of the results. They are grateful to the 
Research Corporation for a grant which covered the 
expense of performing this experiment. The cost of 
constructing the apparatus was provided through an 
ONR contract. The facilities of the Inter-University 
High Altitude Laboratories were of great help in per- 
forming the experiment. 


18 Brown, McKay, and Palmatier, Phys. Rev. 76, 506 (1949). 
4 W. E. Hazen, Phys. Rev. 64, 7 (1943). 
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Nuclear Dipole Vibrations and the Surface Symmetry Energy 
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The frequency of nuclear electric dipole vibrations of the type suggested by Goldhaber and Teller is 
derived on the basis of the semi-empirical nuclear model. The resulting formula, taken together with the 
(y, m) and (y,f) cross-section data of Baldwin and Klaiber, determines a lower bound for the term in the 
surface energy depending on N—Z (surface symmetry energy). This is close to an upper bound estimated 
by Feenberg, and one may tentatively assume that the nuclear surface tension contains a factor 


1—0.4(N—Z)?A~. 


HE symmetry properties of the nuclear volume 

energy have been extensively treated but it has 
been customary to neglect the symmetry dependence 
of the surface energy. Recently, attention has been 
drawn to the possible dependence of the surface energy 
on isotopic spin, and an upper bound for the surface 
symmetry energy has been estimated from experi- 
mental data on isotopic abundances.! It is the purpose 
of this note to point out the connection between the 
nuclear electric dipole vibrations proposed by Gold- 
haber and Teller? and the semi-empirical nuclear 
model, and to show that this leads to a lower bound 
for the surface symmetry energy. 

We consider first a slightly different derivation of the 
vibration frequency from that already given,? which 
eliminates part of the uncertainty in the nuclear 
constants and is also somewhat more general. The 
dipole vibration involves a relative displacement of the 
centroid of the protons from that of the neutrons. A 
varying gradient of the proton density is accompanied 
by a neutron density gradient in the opposite direction. 
The problem has been idealized, in reference 2 to the 
relative motion of a homogeneous, incompressible ball 
of protons and a similar sphere of neutrons overlapping 
each other. Using this same approximation, we estimate 
the potential energy of the displacement from the 
change in the volume symmetry energy and the surface 
energy. The nuclear model used is based on the semi- 
empirical binding energy formula 


— Eg=A{—a,+4,,(N—Z)?A} 
+Al{a,—a,.(N—Z)?A}+a,Z°A-, (1) 


where the term in a,, is the surface symmetry energy 
and the other terms have their usual significance. The 
energy terms in a, and a, (Coulomb) do not change in 
the type of nuclear distortion considered.* The density 
of the volume symmetry energy is taken to be 
dr»p{(pw—pz)/(pn+pz)}? where py, pz and p are the 
particle densities of neutrons, protons and nucleons, 
respectively. Consider a relative displacement & of the 

' E. Feenberg, Rev. Mod. Phys. 19, 239 (1947). 

2M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948). 

’ To the extent that a proton density gradient is set up in the 
vibration, there will be an accompanying change in the electro- 


static energy. This is neglected. Effects due to the finite com- 
pressibility of nuclear matter are also neglected. 


centers of the two spheres, where || is small compared 
to the radius R=r,A! but large compared to the effec- 
tive thickness of surface layer (~79). The volume of 


- extruded neutrons is +R?|é| and the change in the 


volume symmetry energy is readily found to be 
AE,,=7R*|E| pay {1—(N—Z)?A*}. (2) 


In the extruded regions (py—pz)/(pyt+pz)++1, and 
it may seem questionable to use the binding energy 
formula for such an extreme departure from normal 
densities; in particular, higher powers of (py—pz)/ 
(pv+pz) in the energy density and of (V—Z)/A in the 
binding energy formula would seem to be required. 
This objection is not, however, serious, since (1) the 
idealized picture in which pz drops from a uniform value 
in the overlap region abruptly to zero in the extruded 
neutron layer is an approximation to an actually con- 
tinuous change of density ; and (2) the kinetic energy of 
the statistical model expanded in powers of (V—Z)?A~ 
differs from the first two terms in the expansion by only 
two percent as Z—0, and the potential energy in the 
“equal forces” approximation contains no higher power 
of N—Z than (V—Z)?. 
The change in surface energy is readily seen to be 


AE, = 4nR*(O’—O)+2xRO| £1, (3) 


where O and O’ are the surface tension of the undistorted 
nucleus and of the extruded region, respectively, and O’ 
is independent of £ The second term represents the 
energy of the extra area in the equatorial belt and 
leads to a small correction of the vibration frequency 
by a factor (1+8A-*)! where B=2a,/3a,,~0.5. This 
will be omitted in the following. Since the effective 
potential in a pure neutron fluid is very much less than 
(about one-fourth) that in normal nuclei, the surface 
tension O’ is evidently considerably smaller than O. We 
set 4rR?(O—O’)= A465 and defer the analysis of 6 in 
terms of the parameters of Eq. (1). The potential 
energy of deformation for |£|>>ro is then given by 
AE»+AE,=AE,,— A's. The potential energy for small 
displacements | £| <ro can evidently be written as k#/2, 
and the two expressions are to be joined continuously 
and with continuous derivative at a displacement 
|| =e. The values of k and « are obtained by solving 
these two equations simultaneously. The derivative 
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equation yields (after substituting A/(42R°/3) for p) 


k= (3Aa,,/4eR)- {1—(N—Z)?A~}. (4) 
Equating the energies and using Eq. (4), one obtains 
€= (8796/3a,v)- {1—(N—Z)?A}—. (5) 


Thus e€ is independent of A except for the small de- 
pendence through the curly bracket. The latter is 
nearly canceled by a similar variation of 6 (see below) ; 
hence e may be considered independent of A and Z. 

The vibration frequency depends on the reduced 
mass of the two spheres: 


p= 4arR*M pzpn/3p=(MA/4)-{1—(N—Z)?A~}, (6) 
where M is the mass of a nucleon. Combining (4) and 
(6) gives 

hw=h(k/ u)*'= (3h? a,»/eM 19)? A", (7) 

This is the same formula as that given by Goldhaber 
and Teller, although the interpretation of the constants 
is different. In comparing with the experimental results, 
we have included the small correction introduced by 
the second term of Eq. (3). The maxima in the (7, 7) 
and (y,/) cross sections observed by Baldwin and 
Klaiber* come at values of hw=30, 22, 18 and 16 Mev 
for C, Cu, Th and U, respectively. Averaging the last 
two results, the experimental ratios are: (hw)c/(hw)cu 
=1.36 and (hw)cu/(hw)mnv=1.29. The theoretical 
ratios are 1.37 and 1.27; the agreement is better than 
the experimental and theoretical uncertainties would 
warrant. Recent measurements® on Ta show a maxi- 
mum cross section at 15 Mev; this value is anomalously 
low when compared with the preceding data. It is 
worthy of note that the inclusion of an additional 
term® in the energy density containing | py—pz| 
and corresponding to a volume symmetry term in 
| N-—Z|/A in Eq. (1), yields a dependence of hw on A 
at variance with the experiments. In this case the 
frequencies are multiplied by an additional factor 
which is approximately [1+8(Z/A?) }! and the ratio 
(hw)c/(hw)cu is increased to 1.53. 

In order to confirm the absolute magnitude of hw 
predicted by Eq. (7), it is necessary to know the value 
of ¢ the joining distance (the semi-empirical value of 
d;y=20 Mev is well known’). Obviously ¢ is of the 
order of magnitude of r>~1.4X10-" cm, but a more 
precise estimate would seem dubious. Turning the 
problem around, we can determine ¢ from experiment 
and then use it to obtain further information about the 
nuclear surface energy. The data of Baldwin and 
Klaiber give e=(3/4)ro~1.1X10-" cm; this can be 
inserted in Eq. (5) to determine 6. The relation between 
6 and the constants of Eq. (1) will now be considered. 

4G. C. Baldwin and G. S. Klaiber, Phys. Rev. 71, 3 (1947); 


73, 1156 (1948). 
§ McElhinney, Hanson, Becker, Duffield, and Diven, Phys. 


Rev. 75, 542 (1949). 
6 This term is discussed in R. D. Present, Phys. Rev. 72, 7 
(1947); footnote 7 of this paper is relevant to the application 


to C®. 
7H. A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 82 (1936). 
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The surface energy of the undeformed nucleus is (from 
Eq. (1)) 
E,=a,A'—a,,AX\N—Z)?*A~ 
=a,A'{1—Ca(N—Z)?A~} 
=4@,A'{1—C,(on—oz)*(on+oz)~} (8) 


where oy and oz denote the surface densities of neutrons 
and protons in the undeformed nucleus. Because of the 
electrostatic repulsion, the proton density must increase 
from the center to the surface of the nucleus, hence 
(on—o@z)/(on+oz)='MN—Z)/(N+Z) with \<1. The 
departures from uniform density have been calculated 
by Feenberg;* his results lead to a value of d (inde- 
pendent of Z and A) of 0.86. Hence C4= (0.86)°C, for 
the undeformed nucleus. The surface energy of the 
deformed nucleus is then* 


E,’=a,A}1—C,(en’—oz')*(on'+02')} 


neglecting possible higher powers of «=|oy’—oz’| / 
(ov’+oz’). Hence 


§=a,C,{ (on’—o2’)*(on’+02')?— (an—oz)*(an+o2z)~*} 
= Ore(K/d)?{1—(A/x)?(N—Z)?2A-*}. (9) 


The idealized model of Goldhaber and Teller implies 
that A=x=1 since the proton density is uniform and 
the extruded layer of neutrons contains no impurity of 
protons. In this case ¢ is exactly independent of A and 
Z and we obtain from Eqs. (5) and (9) with e= (3/4)ro 
the result that a,,/a,,=0.28. Actually, one would 
expect a value of x somewhat less than unity and in 
that case one obtains 

1—(N-—Z)*A~ 

=—-— : (10) 
Gry 879 x? 1(1—(A/x)?(N—Z)?2A)° 


The factor in brackets is nearly independent of « and 
may be neglected. Hence for «<1 


a,,/A-y=0.28(0.86)?x > 0.21. (11) 


An upper bound for a,,/a,, has been found by Feen- 
berg.® The most stable value of A for each Z is estimated 
from nuclear abundance data and a,, calculated. The 
resulting values of a,, are not strictly constant but 
show a small monotonic variation with Z, which is 
attributed in part to the surface symmetry term. In 
this way .Feenberg finds that 0<a,,/a,»<0.6. On intro- 
ducing certain specific assumptions about the semi- 
empirical constants, the upper bound can be reduced 
to 0.4. One may tentatively set a,,/a;,=0.3 so that 
d;,~6 Mev. Since a,~15 Mev, it follows that the 
nuclear surface tension undergoes a decrease of about 
two percent from one end of the periodic table (V = Z) 
to the other (U™*) because of symmetry effects. This 
justifies the previous neglect of the surface symmetry 
term in Eq. (1). 

8 FE. Feenberg, Phys. Rev. 59, 593 (1941). 

*It is assumed that oy’ and oz’ are constant over each hemi- 


sphere and that their values are exchanged at the equator. 
9 E. Feenberg, Rev. Mod. Phys. 19, 239 (1947). 
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The diagonal elements of the symmetrical energy-momentum tensor density of an electron at rest are 
calculated. The covariant formalism of Tomonaga, Schwinger, Feynman, and Dyson is used, and it is shown 
that it is necessary to use a relativistic cut-off in addition to the covariant separation of the infinite renormali- 
zations. Therefore “formalistic regulators” are used in the form of additional neutral vector fields. The 
integrations are carried out with the Feynman method. The resultant vanishing value for the self-stress 
constitutes a proof of the consistency of the relativistic formalism. 

It is also shown how the Feynman-Dyson method can be used for the calculation of expectation values of 
operators, of which the self-stress calculation constitutes an example. 





THE SELF-STRESS PROBLEM 


N classical physics the finite charge distribution 
attributed to the electron could not be stable unless 
additional non-electromagnetic ‘‘cohesive’’ forces were 
postulated. The necessity of this requirement was also 
exhibited by the fact that a finite electron had a finite 
non-vanishing electromagnetic part of its experimental 
mass which spoiled the relation between kinetic energy 
and momentum. This is true even for the non-rela- 
tivistic Abraham electron. For the relativistic Lorentz 
electron it can best be seen from the transformation 
properties of the energy-momentum tensor. Let ©,, be 
the energy-momentum tensor density of an electron 
moving with velocity v in the x direction; let the index 
zero indicate the rest system. Then energy and mo- 
mentum transform as follows:! 


p= ~f Oxdr 
--a-o-1( f Ou dre" f @x%dr)), (1a) 


p:= -if Ou,dr 
--0(1-v f Oud f @u%dr), (1b) 


It follows from (1) and from the symmetry in the 
rest system that a consistent relativistic theory must 
yield 
O11. = Oo. = O33 =0. (2) 

It is clear that the Eqs. (1) and (2) remain true in 
quantum theory. A direct verification of (2) for con- 
ventional quantum electrodynamics, however, so far 
led to difficulties because of the inherent infinities. 

The recent developments in quantum field theory 
enable one to properly deal with these infinities. It is 
therefore the purpose of this paper to explicitly verify 
the vanishing of the self-stress and thus give a proof of 
the internal consistency of our present relativistic 
quantum electrodynamics. 


1 Here and throughout this paper we use natural units, h=c=1. 


In order to carry out this program it is important to 
realize that the formalism of Tomonaga,? Schwinger,’ 
and Dyson‘ still suffers from divergent and undefined 
integrals. The covariant separation of these integrals 
from the infinite matrix element results in the finite 
expectation value of the observable in most cases. 
Exceptions are the calculation of self-energies, vacuum- 
polarization, scattering of light by light, and the self- 
stress. It is therefore necessary to introduce a relativistic 
cut-off, for example by the use of “regulators.’”’> We 
shall consider the interaction of the electron field y 
with a set of neutral vector fields A,‘ of mass M; and 
coupling constant f; (i=0, 1, 2, ---). At the end we 
shall pass to the limit* as Mp0 and M> ~~ (i#0). The 
resulting integrals will be finite and well determined if 
the f; and M; satisfy certain conditions. In the course 
of the calculations the following condition will turn 
out to be necessary and sufficient : 


LU fr=0. (3) 


We shall first give a simple argument which shows 
that the self-stress is identically zero to all orders and 
then carry out an explicit calculation to first order in 


a=e/(4r).7 
A SIMPLE ARGUMENT® 


The Lagrangian density for the system electron field 
—neutral vector meson fields is 


2S. Tomonaga, Prog. Theor. Phys. 1, 27 (1946); Koba, Tati, 
Tomonaga, Prog. Theor. Phys. 2, 101, 198 (1947); S. Kanesawa 
and S. Tomonaga, Prog. Theor. Phys. 3, 1, 101 (1948). 

3 J. S. Schwinger, Phys. Rev. 74, 1439 (1948); 75, 651 (1949) ; 
76, 790 (1949). 

4F, J. Dyson, Phys. Rev. 75, 486, 1736 (1949). 

5 W. Pauli and F. Villars, Rev. Mod. Phys. 21, 434 (1949). 
— to earlier work on this subject are also found in this 
article. 

6 This “formalistic” use of the auxiliary fields is employed since 
any attempt at a consistent “realistic” theory leads to Bose-fields 
of negative energy and to other difficulties. See also reference 5. 

7In the following we shall use Heaviside-Lorentz units and in 
general use the same notation as Schwinger and Dyson (references 
3 and 4); note however that our Sr(x) equals Dyson’s Sr(—+x). 
We use 0, for 0/dx, and a bold letter like A for yyAy. 

8 This type of argument was first used by A. Pais, Rev. Mod. 
Phys. 21, 445 (1949) and-led him to the wrong result 0), 


=(a/2x)mypy. The reason for this finite non-vanishing result is 
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£(x)= —L[V(a)(d—sef,A® +m) p(x) 
+4F w(x) —(MP2/2)A, AX] (4) 


from which one finds the symmetrized energy-mo- 
mentum tensor density and the Hamiltonian density in 
the usual way. The latter is of the form 


5 (x) =5C' (x) + mp (x) (a) 

FL (ME/2) AO) AMC), (5) 
where 3’(x) does not contain the masses explicitly. 
From Eggs. (5) and (4) we obtain 

0.0 = —mpy = — m(dK/dm), 
O.. = —M?A,\%A,©=—M,(0KH/0M;), (6) 
Ou=— | 


For the rest system we have, omitting the index zero 
from now on 


O11=3(O,,— Ou). (7) 


The expectation value of ©; which we shall designate 
by (@11) in a state where there is one electron present 
and no other particle, is therefore 


(Ou) = — 3(m(d/m)+ 2, M(0/8M;)— 1) ) 


but since (3C) is simply the self-energy of the electron 
we have for dimensional reasons 


(ie) =se'2, = mf(m/M:) 8) 
ym :m 
‘ . 
“¢ 
x" x" 
TTT ati tits \ 
a } l 
(0) (b) (c) 


Fic. 1. Diagrams for the calculation of the interaction of an 
electron (full lines) with an external field (dotted lines) to second 
order in the coupling between the electron and its radiation field. 
For the calculation with regulators the photon lines (dashed lines) 
represent neutral vector mesons. (See Eq. (10).) 


found in that he did not take into account regulators. It is vital 
to the calculation of the self-stress that the theory be jinite. 
Otherwise, it would be necessary to circumvent the direct inte- 


gration which gives (a/2r)myy by the explicit use of the con- 
servation laws 0,0,,=0. The situation is completely analogous 
to the calculations of the photon self-energy (G. Wentzel, Phys. 
Rev. 74, 1070 (1948)) were the conservation of charge anju= 0 
has to be used explicitly in order to obtain the result zero.—I am 
grateful for a discussion on this point to Drs. S. Borowitz and 
W. Kohn who are calculating the self-stress along these lines. 


and 


6,,)= -"(m— +5 u—)~ ) 
i “aa —" a caw ir) 


=0. (9) 








CALCULATION OF THE SELF-STRESS TO 
ORDER a 


We shall use the Feynman®-Dyson‘ method to write 
down the matrix elements from the corresponding 
diagrams and evaluate the integrals with the Feynman 
method. 

We first turn to the evaluation of 0,,‘ = —myy. As 
is shown in the Appendix, the expectation value of this 
operator is identical with the expectation value of the 
interaction energy of the y field with a constant external 
scalar field of strength m, i.e., we regard —myy as the 
interaction energy of these two fields. The diagrams cor- 
responding to that process for a state of one electron 
and no other particles present in first order of a are 
clearly these shown in Fig. 1. They are identical with 
those for the radiative corrections (Lamb-shift and cor- 
rection to electron scattering), except that the external 
field is a scalar rather than a vector field. One finds’ 


(Ons(2))= Jama T fel f ¥eornse(e’—a) 
XK Sr(a— 2" )y (0) Ar (a — 2" )de'da” 
+ f V(x’) yrS r(x’ —2"")yn 
X Sp(x"’— x) h(x) Ar© (x’— 2" )dx'dx"" 
+ f Ve nv@)ar@’—2") 


X Tr(yrS r(x’ — x) Sr(x—x"’))dx'dx”” | (10) 
and in momentum space 
(Onn (p)) = — (Gam/4nr*) 
) z ip—ik—m \? d4k 
xr] f Hae 9 TWO) ue 
ip—itk—m = m dk 


‘ f Up) uv 
Pm pt mt etme 


fv ) ia rr( (— ") Yaa} (11) 
+] v(p aor rl ya nih 4 


As explained in the appendix of the second paper of 
9R. P. Feynman, Phys. Rev. 76, 749, 769 (1949). 
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SELF-STRESS OF ELECTRON 


Feynman,’ we have to introduce the auxiliary variables 
x into each integral, shift the origin such that the 
denominator depends only on &? and integrate with 
respect to d4k. The following integrals occur in the 
first term of (11). 


. ky*dyk 
LX fi — md fi Ina,”, (12a) 
dyk 


2 | ————=hir? */a,?), 12b) 
EI | aap HREM, 


where use was made of (3). The first term of (11) 
yields, therefore, after an easy calculation, 


Sin HOME f2 [adel n{ (f/m) 1—2) +2") 


+3(1—«+")((M?/m?)(1—x)+-m*x?)}. (13) 


Whereas we could use the Dirac equation (ip-++-m)y=0 
and ~?-+-m’?=0 without running into difficulties in the 
first term of (11), this is not so for the second term. One 
has of course to subtract the renormalization integral 
before the use of the Dirac equation is justified. Fol- 
lowing Feynman® and Dyson‘ we have for the second 
term of (11) 


im? f daod(p)Lip(1—x)-+ 2m] (ip—m)/(p2-+-m2) Wp) 
X In (M2/m*) (1— 2) + ((p2/m?) +1)0— (p2/m?) 2] 
~2ies f dsb (p)m(1-+-x)[ép—m)/(p?+-m)] 
X¥(p) In[(M.2/m?)(1—2) +22] 

= Din? f deol (p) { (ip-+m)(1— x) ip—m)/(p?-+-m)] 
Xo(p) In[(M2/m?)(1—2) + ((p2/m?) + 1)a 
~(p2/m2)x]+-m(1-+<)[ (ip— m)/(p?+-m) Wp) 

X In[1+ (p?-+ m?)x(1—x)/(M2(1—x)+m?x?) ]}. 


We expand the second logarithm and find after use of 
the Dirac equation 


im? f deb (p)[(x—1) In[(M2/m?)(1—x) +42] 


+m(1-+x)(—2m)x(1—-x)/(M?(1—)-+m?x?) ]y(p). (14) 


The third term of (11) is easily seen to vanish; the 
“vacuum polarization” diagram (Fig. 1c) does not con- 


% Actually, the identically vanishing traces of one and three 
Yu’s are multiplied by divergent integrals. Strictly speaking it 
would be necessary to use a cut-off; e.g., one can add electron 
fields of mass m,; and coupling constants g;. As for the vacuum- 
polarization the phn Hag on them would be 2g,2=0; Dg;2m,?=0. 
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Fic. 2. Diagram for the 4X 
calculation of the inter- Ps 
action of a virtual neutral .,., sree 
vector meson (dashed lines) x 
with an external field (dot- i ' 
ted lines). (See Eq. (17a).) X 





tribute. From (13) and (14) the expectation value (11) 
becomes 


(On9(9))=— mV OME F2 [dx (h(Sx—1) 


X In[(M?/m?*)(1—x) +27] 
— (x?— 2x*)/((M?/m*)(1—x)+2*)}. 


An elementary integration leads in the limit Mj 
(i#0) (Mo-0), since fo=1 by definition, with (3) to 


(Oyu (p)) = (ae/24)mp(p)W(p)(3lm+9/4), (15) 
where 


lm=D fi? In(M?/m’). (16) 


ix0 
We now turn to the evaluation of 
0, = M?A ,%A 69, 


This operator is again regarded as the interaction 
energy of the A,“ field with a constant scalar field of 
coupling M,?. The corresponding diagram is shown in 
Fig. 2: The vector meson emitted by the electron is 
scattered by the external field and then reabsorbed. 
This process is essentially different from the processes 
considered in Dyson’s papers. It is, however, very 
similar to the “Lamb-shift” process, i.e., to Fig. 1a: 
Instead of the P brackets of 2 pairs py and 1 pair A,A, 
we now have 1 pair Py and 2 pairs A,A,. The missing 
pair of anticommuting operators introduces a minus 
sign in front of the matrix element,'° the P bracket of 
the four A,’s yields a factor” 2, and otherwise the 
integrals for Figs 1a and 2 differ only by the interchange 
of the Sr functions and the-Ar“ functions. Thus we 
find 


(0 O( yay mel L( ‘) Sp(x! ” 
ue aT he fi i V(x’) yrS (x! — x") 


XK yd (a )Ar(a’— x) Ar(x— 2"), (17a) 


10 See D oven s first r (reference 4), Eq. (51). 

u PYa) 2 Dy rt paper bax, 2)Sp(2!—2) Anz, 2”)Sp(x—2"), 
P(A,(x’)A HAY Ayes "))=2+ $5 urd Ar(x’— x) Apr(x—2”). 
Note that the factor 2 would not occur if A, were a charged field 
and we had P(A,y*(x’)Ay(x)Ax*(x)A,(2”)). 
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— ip—ik—m 
(nf()= = ¥ f2M. f VO 
ors (17b) 
(e+M2) 


Again we introduce the variables x and find after a 
shift of origin and application of (12b) 


(LO un’ (p)) = (ae/)md(p) 1p) L f2Me 


x f (1—«?)dx/[M 2(1—x)+m?x?]. 


We see that for i=0 we find 0,,(p) =0 indicating the 
vanishing value of the photon self-energy. The limit of 
the other fields gives, because of (3), 


(XL Oyu(p)) = — (Sae/2x)mp(p)v(p). (18) 
The (@44) term is simply the self-energy of the vector 
mesons and the electron, taken in a state where there 
is only an electron present. Therefore 


(O44) = (04,0) = — xe. 


=(—a/2m)WW(—3lm+4). (19) 
The last relation is easy to work out and agrees with 
Feynman’s expression” if we use only one additional 
field® M,= and, because of (3), f?=—fe=—1. 

The expectation value to order a of the self-stress, 
Eq. (6), becomes with (15), (18), and (19) 


(Ou(p)) = $(a/20)mp(p)v(p) 


X (3lm+9/4—3—3lm-+3)=0. (20) 


Since the /,, terms cancel, the result without regu- 
lators would also be finite but would not include the 
term (18) and thus yield Pais’ result (a@/2x)mypy. It 
should be pointed out here that in the use of regulators 
one usually adds the matrix elements corresponding to 
the auxiliary fields (:=1, 2, ---) to the matrix element 
which is to be regulated (i=0). This method does not 
work here. It would again mean omitting the term (18) 
and we would find the same result as without regulators. 

In conclusion the author would like to thank Pro- 
fessor R. P. Feynman for very helpful discussions, and 
Professor J. R. Oppenheimer for his stimulating interest 


1 Reference 9, second paper, Eq. (21). 

13 Tf one does not carry out the limiting process M;—>~ this 
special case is identical with the proposals by F. Bopp, Ann. d. 
Physik 38, 345 (1940) ; 42, 575 (1943) and A. Api and L. Thomas, 
Phys. Rev. 60, 121, 514 ’(1940) ; 65, 175 (1944). It is to be noted 
that this additional vector field has negative energy, since f;?= — 1. 
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and the extremely profitable time which the author 
spent at the Institute for Advanced Study. 


APPENDIX 


Expectation Values in the Feynman-Dyson 
Formalism 


Let Yu and Auy be the operators representing the electron and 
the electromagnetic fields in the Heisenberg representation; let 
Wa and/or Auy interact with an external field such that the inter- 
action energy is JCyit. Let 6 and (ec) denote the functionals in 
the Heisenberg representation and in the interacting representa- 
tion. Then 

W(c)=U(c)® (A1) 


and any operator Fy(x) in the Heisenberg representation is 
related to the same operator in the interaction representation, F(x), 
by"# 


F(x) = U(e)Fx(x)U““(a) (A2) 
such that the expectation value 
(Fu(x)) = (®, Fu(x)®) = (UW, Fn UW) = (¥, FW). 
Also 
i(6V(0)/d0) = (HO +H") W(a), (A3) 


where JC‘) = —j,A, and the missing subscript H indicates the 
interaction representation. A further transformation S(¢) leads 
to the new functional Q(¢) given by*#4 


Q(c) = S(c) ¥(c) (A4) 
such that 

4(6Q(e) /da) = Sa) FCiP*(x) S() Qe), (A5) 
where 


S(o)=14(-a) J" dex) 


+ (Hae der J desde HOH) ++ 


The expectation value of 3Cim is 
(Hint) = (Q(a), S1(o)HCM*(x)S(@) Qa). (A6) 


Consider now an operator Oy in the Heisenberg representation. 
It follows from (A2) that this operator in the Q representation is 


S“U“0OnUS=S™" OS. The expectation value is therefore 
(0) = (Q, S“OSQ). (A7) 


Apparently, diagrams can only be drawn for matrix elements of 
interaction energies, i.e., for expectation values of the type (A6), 
and at first sight it seems that the Feynman-Dyson method is 
incapable of calculating expectation values of operators in general, 
i.e., it seems not possible to immediately write down the integral 
(A7), because there is no corresponding diagram. 

The fact that (A6) actually is only a special case of (A7) 
suggests the following simple method. Assume first that O is a 
scalar operator. Since O will always be bilinear in y and/or A, we 
can regard it as an interaction energy between the y and/or the 
A, field with some external field and solve this equivalent problem 
which can easily be put into diagrams. Thus the operator 
On = Oyun = — mn is clearly the interaction energy of the 
v field with a constant scalar field. A similar reasoning holds for 
Cup = —M2A,MA,, 

If the operator is not a scalar we can construct a scalar operator 
by multiplication with a corresponding operator. For example, the 
expectation value of Ov=~noywu can be calculated by finding 
the expectation value of 3Cy**=YxoyF yn, where Fy,’ is a 
fictitious external field contragradient to oypy. 

“4 Note that Eq. (A2) in general contains additional terms if Fx(x) 


involves differential operators (see Schwinger, reference 3). This does not 
effect the arguments given below. 
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The effects of internal nuclear motion on the hyperfine structure of deuterium are investigated, using 
Dirac theory for the electron and non-relativistic theory for the nucleus. Although the final result is in fair 
agreement with experiment, theoretical and experimental uncertainties are at present too large to allow any 
conclusions to be drawn concerning the possible deviation of nucleon magnetic fields from those of simple 


dipoles. 


I. INTRODUCTION 


HE accurate measurement of the hyperfine struc- 
ture of hydrogen and deuterium by Nafe and 
Nelson! is not in complete agreement with Fermi’s 


formula 2 
hv=8n/3-(2I+1)/I-uouy*(0), (1) 


where J is the nuclear spin in units of 4, wo the Bohr 
magneton, uv the nuclear magnetic moment and y(0) the 
Schrédinger wave function evaluated at the origin. 
Although there are slight corrections to yp and vq 
arising from the intrinsic electromagnetic moment of 
the electron* and from the use of the exact relativistic 
wave functions for D and H, their ratio 


vp/va= ¢(mp/mu)*up/ uP (2) 


should be independent of these effects, as well as of the 
natural constants entering into (1), except for the ratios 
kp/up and mp/mxy, the former of which is known from 
the experiments of Bloch, Levinthal, and Packard,‘ of 
Bitter, Alpert, Nagle, and Poss® and of Siegbahn and 
Lindstrom.*® Here mp and my are the reduced masses of 
the deuterium and hydrogen atoms: 

Using the value of up/up given by Bloch, Levinthal, 
and Packard, and that of yp/vn given by Nafe and 
Nelson, one finds: 


vp/ va = ¢(mp/mu)*up/upl1+ (1.7+0.1) X10]. (3) 


A. Bohr’ has shown that most of this discrepancy can 
be accounted for by taking into consideration the 
structure of the deuteron. He points out that when the 
electron is close to the nucleus it moves rapidly com- 
pared to the nuclear motion and will therefore be 
bound to the apparently stationary proton rather than 
to the deuteron center of mass. This will be a good ap- 
proximation inside a distance, p, which is large compared 
with the nuclear radius, d=(h?/MW>)!, but much 
smaller than the atomic radius dp. Here Wpo is the 
binding energy of the deuteron. The order of magnitude 


1J. E. Nafe and E. B. Nelson, Phys. Rev. 73, 718 (1948). 

2 E. Fermi, Zeits. f. Physik 60, 320 (1930). 

3H. M. Foley and P. Kusch, Phys. Rev. 73, 412 (1948). 

‘ Bloch, Levinthal and Packard, Phys. Rev. 72, 1125 (1947). 

5 Bitter, Alpert, Nagle, and Poss, Phys. Rev. 72, 1273 (1947). 

6K. Siegbahn and G. Lindstrom, Arkiv. f. Physik, Band 1 NR 
6, 193 (1949). 

7A. Bohr, Phys. Rev. 73, 1109 (1948). 


of p may be estimated from the critical electron mo- 
mentum, #,, at which the electron energy, E, is equal 
to some mean nuclear excitation energy, Wy, and hence 
at which the frequencies of the electronic and nuclear 
motions are equal; since p, turns out to be greater than 
mc we may write 


E~cp.~Ww, p-~Wn/c. 
The distance, p, corresponding to #, is then given by 
p~h/pe~he/W x= (h/mc)me/W v. (4) 


It is obvious, from (4), that d<p<apo. The contribution 
to the h.f.s. from inside p must be calculated using a 
wave function with the electron centered on the proton ; 
the contribution from outside will be relatively insen- 
sitive to where the electron is centered. 

In first approximation, then, the proton h.f.s. will 
be unaffected by the deuteron structure; the neutron 
moment, however, will appear to the electron as a 
moment density distributed around the proton, and 
therefore its effect will nearly cancel when the electron 
is in the nucleus. Since the h.f.s. interaction is ~1/?’, 
equal spherical shells in the atom contribute about 
equally up to the atomic radius, and one would expect 
a relative correction 


e~eo= — (uw/pp)d/ao= +1.82 10-4 (5) 


which is in very good agreement with the experimental 
result (3). Bohr finds just this number by neglecting the 
range of the neutron-proton force compared with the 
deuteron radius, that is by taking for the nuclear wave 
function ¢~(e—*/4/R), and hence d/2 for the average 
distance between nucleons. He points out that since Ro 
must actually go to zero at R=O the average distance 
between nucleons will be increased and therefore e will 
be larger, e=eo+e’, where e’~beo/d and 3 is the range of 
the force. For a square well potential one finds exactly 
e’ = beo/d. Since b/d~4, this is an appreciable correction. 

Bohr then suggests that this discrepancy might be 
compensated by the deviation of the proton and neutron 
magnetic fields from simple dipole fields within dis- 
tances comparable with the meson wave-length (or the 
range 5) and shows that this might be expected to lead 
to a further correction ¢’~— be)/d. 

It appears, therefore, that the h.f.s. experiment might 
yield information on the structure of nucleons. In view 
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of this possibility it is of interest to evaluate all effects 
which do not depend on the nucleon structure as ac- 
curately as possible. 

In the first place we would like to have a better 
estimate of the average distance between nucleons. In 
the second place, Bohr’s model essentially ignores 
nuclear compared to electron excitation energies in the 
region where nuclear structure can influence h.f.s. ; this 
is equivalent to the inequality dp. Actually d is not 
very much smaller than p, and Bohr’s assumption may 
not be sufficiently accurate for our purpose. It is neces- 
sary, then, to investigate in more detail the effect of the 
off-center Coulomb field on the deuterium wave func- 
tion near the nucleus, and to compute the h.f.s. using 
this wave function. In order to carry out this program 
we will use ordinary first- and second-order perturbation 
theory. It will be convenient to start our calculation 
using an unperturbed electronic wave function which is 
centered on the proton; this wave function will give 
Bohr’s result, and would be exact if p/d were sufficiently 
large. The relative correction to the neutron spin h.f.s. 
arising from the finiteness of p/d is found to be of the 
order of magnitude 


ev~—€0(d/p) logp/d. (6) 


That of the proton spin, in this order, is zero. 

Furthermore, the effects of the deuteron D state on 
the h.f.s. correction must be considered. The spin 
moment correction will be smaller, since the neutron 
spin in the D state is more likely to be antiparallel than 
parallel to the spin in the S state. Also, since the 
electron will see no nuclear motion while it is inside p, 
that part of the normal orbital h.f.s. which comes from 
inside p will be missing, giving a relative correction to 
the h.f.s. of 


ex~— p/ dy sin?w~ — €9(p/d) sin*w, (7) 


where sin’w is the fraction of D state in the deuteron 
ground state. Although p>d, we shall see that ey is still 


small because the deuteron has so little orbital angular ° 


momentum. 


II. THE HAMILTONIAN 
We start from the Hamiltonian 
H=H.+H.+Hp+Hn'+Hp'+Hr', (1) 


where H, is the Dirac Hamiltonian of a free electron 


H.=cp-a+Bme. (2) 
H, is the Coulomb proton-electron interaction 


Hp is the deuteron Hamiltonian 
p= P?/M+V(R, Piz). (4) 


Hy’, Hp’ and H;’ are the neutron spin, proton spin and 
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orbital h.f.s. interactions: 


i 
Bs! 00 Fy a 5) 
eee eR (6) 
H — (6 
ae ae 
lh a—— ) 
and 
e v-a 
On an (7) 
c |r+R/2| 


and where r is the position vector of the electron relative 
to the deuteron center of mass, p is the momentum con- 
jugate to r, a, 8 are the Dirac sixteen component ma- 


(CI~-Cd +6) 


(i) on 8) HC) 


R is the position vector of the neutron relative to the 
proton, P is the momentum conjugate to R, M is the 
neutron-proton mass, or twice the reduced mass of the 
deuteron, P,, is the coordinate exchange operator. 

We will assume for convenience that the nuclear 
potential V may be written V=[1—/+¢P.2]V(R). 
Furthermore it can be shown that the use of the charge- 
exchange operator together with an identical particle 
formulation for the proton and neutron leads to the 
same results as our present simpler treatment. 

We have left out the deuteron center-of-mass kinetic 
energy which has been shown by Breit and Meyerott® 
to necessitate the use of the reduced masses in J(2) so 
long as internal nuclear motion is ignored. They have 
shown that the higher order corrections will be of order 
m/M(e?/hc)? loge?/hc which we may safely ignore. If, 
therefore, we imagine the problem solved in zero order 
without internal nuclear motion (as by Breit and 
Meyerott), it is evident that the wave function found 
may be split up into our wave function (with the true 
electron mass) plus a wave function which gives cor- 
rections of order m/M. The effect on our calculation of 
using both wave functions instead of the first will be 
of order m/M (d/ao) which is negligible. Finally, reduced 
mass corrections due specifically to the internal nuclear 
motion are included in the Hamiltonian (1) and can be 
shown to have very small effects. 

The interaction of an electron with a vector potential 


A is | 
—c(—|e|/c)a-A=ea-A. 


The vector potential of a fixed moment, yu, may be 
taken as 
A,(r)=V,(1/|r—R|) Xu, (8) 


8 G. Breit and E. R. Meyerott, Phys. Rev. 72, 1023 (1947). 
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HYPERFINE STRUCTURE OF DEUTERIUM 


where R is the position of the moment, r that of the 


electron. At distances of the order k/Mc from the 
moment this potential must of course be modified 
because of the nucleon recoil. This modification would 
lead to a correction of order 4/Mcao where ap is the 
atomic radius. Since a calculation of effects taking place 
at a distance h/Mc from the nucleon would involve a 
relativistic theory of the nucleon, we shall not attempt 
to compute this correction. 

We therefore take for the spin part of the h.f.s. 
interaction: 


1 
Hp’ = ea: V,———X wp, (S) 
|r-+R/2| 
H ; (6) 
’= ea: V,———X ww. 
lr-R/2| 


The vector potential of the nuclear current is taken 


to be 
Ar(r)=—(e/c)v/|r—R|, (9) 


where R is the position vector of the source and —v 
its velocity.°-" In our case, A= — (e/c)v/|r-+R/2| and 


v= (i/2h)(HpR—RHp)=R/2. (10) 


Naturally, v~P/M if exchange forces are present. 
However, if the vector and scalar potentials are to 
satisfy the Lorentz condition, and therefore the field 
strengths Maxwell’s equations, it is necessary to take v 
instead of P/M as the source of A. We are thus led to 


Hy! (e/20] van 
~~ 


a: (r+R/2)v- —_—) an) 
|r+R/2|? 


where the second term arises since we are dealing, not 
with an electron or a proton in a fixed field but with an 
electron-proton interaction; however, since it can 
easily be shown to differ from the first by @ dot a 
gradient, we may for our purposes simply take 


H,1/=—(é/c)a-v/|r+R/2|. (7) 


Finally, since v and R do not commute, (7) must be 
symmetrized. 


III. TRANSFORMATION TO A COORDINATE SYSTEM 
CENTERED ON THE PROTON 
It is convenient, as has already been mentioned, to 
start from an unperturbed wave function which centers 
the electron on the proton. This can most easily be 
done by applying the transformation U, where 


Uf(r, R)=/(r+-R/2, R) 
%A. J. F. Siegert, Phys. Rev. 52, 787 (1937). 


10 W. E. Lamb, Jr. and L. I. Schiff, Phys. Rev. 54, 651 (1938). 
"1 R, G. Sachs, Phys. Rev. 74, 433 (1948). 
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or 
U =eip-R/2h, (1) 


U is obviously unitary in the space of R and r. H will 
be modified as follows: 


UH U=H., (2) 
UH .U=—é/r, (3) 
U-Hp'U=ea:V(1/r) Xup, (4) 
U-Hy'U=ea-V,(1/|r—R|) X ww, (5) 
UH,/U=—&/c(v'z-@/r), (6) 


where 


v’=U—-vWU = U—[P/M+1/2h(VR—RV) ]U 
=P/M-+p/2M+i/hV.Re'?® 
=v+p/2M— 1/h?V.2zRp-R+ eae (7) 


The second term of (7) involves no nuclear coor- 
dinates, and hence will not contribute to the h.f.s. The 
third term of (7) may also be omitted; in first-order it 
does not contribute to the h.f.s., in second-order it is 
zero, and in third-order it is negligibly small. 

This leaves v’=v and 


UH ,/U=—(e/c)v-a/r. (8) 
Finally, 


UHpU=U— P?/MU+ U-"VU, 

UP?/MU=P?/M+p-P/M+?7°/4M, 
U7 VU=(V—Vez)+Vezei? Bit 
=V+i/hV.2p-R—1/28V..(p-R)+---, 
or 
U—HpU= Hp+H’+H", 
where 
H'=p-v, H"”=p'/4M—1/2iV..(p-R)?. (9) 


Collecting our results (2)-(9), we may rewrite the 
transformed Hamiltonian: 


H=H.+H.+Hp+H'+H"+Hp'+Hn'+H yr, 
where 


H.=cp-a+pmc, H.=—e/r, Hp=P*/M+V, 
H'=p-v, A” = p?/4M—1/27V..(p- R)?, 

Hp’ =ea:V(1/r)Xup, Hy’ =ea-V(1/|r—R|) Xu, 
Brie —(hhea-nie 


The significance of most of these terms is obvious. 
H” is a reduced mass correction due to the centering of 
the electron on the proton rather than on the deuteron. 
The term of principal interest is H’ which expresses the 
tendency of the nuclear motion to center the electron 
on the deuteron. 

We note that the expectation of the orbital h.f.s. 
interaction is zero, i.e., (Hz’)=0; this is not surprising, 
since in a coordinate system in which the proton is at 
rest there is no nuclear current and hence no magnetic 
moment due to the motion of charges. 

Before proceeding to our calculation we note that 
since the h.f.s. coupling for an electron S state is of the 


(10) 
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form 
W=ae-l 

one must have 
AW =W(F=I1+}3)—W(F=I-3) 

=2/+1/I-W(F=I+}3) 
and hence it is only necessary to calculate the expecta- 
tion of W for an eigenstate of F=J+}. The simplest 
such eigenstate is the one for which mzy=+I and 
my=-+4. Since we shall put our results in the form 
of relative corrections we may leave out the factor 
21+1/I. 


IV. EVALUATION OF THE PROTON SPIN H.F.S. FOR 
THE UNPERTURBED WAVE FUNCTIONS 


We have, from III (10): 
(Hp') = (ea: V(1/r) Xup) 
=A-up (1) 
A= (Yo, eaX V(1/r) po). 
Making use of the approximation 


Yo= (1+ a: p/2mc)u(0)y,(r) 


where 





a-rh/mc 
= (14 )uovncn, (2) 
2r ao 
where 
¥e(r)= (Oe, 
1 0 
and u(0)= : for spin up, “(0)= 7 for spin down 
0 ie 
we have 
A=é/hc(u(0)y.(r), (@X1/r)XV(1/r)u(0)y,(7)) 
=8r/3u*(0)a, (3) 
and 
(Hp') = 82/3" (0)u0(o- ur). (4) 


This is Fermi’s formula for the h.f.s. of the proton 
moment in deuterium. (up) includes the D state cor- 
rection to the effective proton moment in the deuteron: 


(o-up)=up(1—3 sin*w), 


where sin*w is the D state probability. 

It is understood that there are corrections of order 
(e?/hc)? to (4) which arise from the approximation (2) ; 
however they will cancel in the deuterium-hydrogen 
ratio and be negligible in all higher order terms. The 
reduced mass corrections to (4) we have already dis- 
cussed in IT. 


V. EVALUATION OF THE NEUTRON SPIN H.F.S. FOR 
THE UNPERTURBED WAVE FUNCTIONS 


We have, again from III (10): 
(Hy’)=(ea:V,(1/|r—R]|) X py). (1) 


’ The nuclear wave function consists of an S and a D 


term: 
®yp= Pst Pp. 


(Hy’) may then be divided into three parts: an S 
term, a D term and a cross term. We will consider first 
the S term. 

@s= cosw/(4m)'Los(R)/R Ix, 


where x is a spin function and 


f $.2(R)dR=1. 
0 
If we call 


B= (4,, V,(1/| r—R| )Xun®,) 
<ciitasaatl, f dRo.(R) f dQp/|r—R| Xun (2) 


and make use of the formulas 


+ 


1/|r—R| = > R'/r'*Pi(cosy) R<r 
. (3) 





= > 7'/RP (cosy) R>r 
a J 


P(cosy) =4m/2]+1 = Vim*(0, 6) Yim(O, ®), (4) 


where cosy=r-R/rR, and the Yi», are normalized 
spherical harmonics, then 


dQr dO sinOd& 
f -{ =4nr/r R<r 
|r—R| |r—R| 


=4n/R R>r) 





and . , 
B=cos'ar|~ f oraR+ f 62/R* Xun 
i : (6) 
eaiai” f o."(R)dRXwuy, 


which is of the same form as A in IV except that V(1/r) 


is replaced by 
1 r 
( v-) ff eeqmar: 
is 0 


we may therefore write, using IV (3): 
(Hy’).= 8/3 cos*wpo(o-un)s$?(0)2/a0 


x tleody | $,°(R)dR (7) 
ee | 
= 82/3 cos*wy?(0)uo(o-un)s 


x| 1-2/0 f , RoARaR| (8) 
0 








an 


(w 
ad 


(H 


to 
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The first term in the bracket evidently gives the 
Fermi formula for the neutron spin h.f.s. without the 
D state correction to the effective neutron moment. 
The second term, to which we shall return later, is 
Bohr’s correction. All higher terms are negligible. 

We consider next the D state expectation 


(Hy’)p= (ea: V,(p, 1/|r—R| XuvFp)), 0) 


4p =sinwg(R)/RY (Qa), f $p°(R)dR=1, 
where ’ 


Yo=S8x1= [ (2/20)*x1¥ 29 
+ (6/20) *xo¥ 21+ (12/20)*x_1¥ 22], 


a 3ep:Roy-R 
Sirp= 1/(32x)\(—* 1). 


In the expansion (3) the only terms which do not’ 


integrate to zero over nuclear angles are the harmonics 
of order 0, 2 and 4. Those of order 4 need not be con- 
sidered since their gradient will consist of harmonics of 
order 3 and 5 which will in turn integrate to zero over 
electron angles. 

The zeroth-order term in (3) evidently gives an 
analogous result to the S state expectation: 


(Hy')p*~°= 82/3 sin?wy*(0)uo(e- un) 


x| 12/00 f" 


(o-un)p= (Vp, (un)zV pv) = — dun. 


RéoX(RR|, (10) 


The first term in (10) is the D state correction to the 
effective neutron moment that was missing from (8). 
The second term is a further correction of the Bohr type, 
which, as we have already mentioned, will decrease the 
entire correction because the D state spin is effectively 
pointing against the S state spin. 

An elementary calculation based on the expansions 
(3) and (4) and on the approximation IV (2) shows that 
the terms of order two in (3) add 


(Hy’)p’?= 82/3 sin*wpouny?(0) 


x f R/4anhp*(R)dR_ (11) 
0 
and that the cross term 
(Hy’)ps= 2Riea: (sV,(1/| r—R| )Xun®p)) (12) 


(where R indicates that only the real part is to be taken) 
adds 


(Hy’)ps= (82/3) sinw coswy?(0) youn 


x f (2)1/4(R/as)onbsdR (13) 
to (8) and (10). " 
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From the second terms in (8) and (10) and from (11) 
and (13) we find a relative correction to the h.f.s. of 


e= — nwo] 2/ae costa f Rdos*dR 


0 


—5/4ao sinte f Rop*dR 
0 


— (V2/4a_ cosw sinw f Rove st] (14) 
0 
or 


e=— n/p d/ao{.cos*w(2aR)s— 5/4 sin’w(aR)p 
—v2/4 Ccosw sinw(aR)ps |, (15) 
where 
a=1/d=(MW/h’*)' 


and Wp is the binding energy of the deuteron. 
VI. EVALUATION OF e¢ 


We have available for the determination of the 
nuclear ground state wave functions the deuteron 
binding energy, which determines their asymptotic form _ 
through the constant a=1/d, low energy scattering 
data which determines the “effective range,” ro= 1.59 
X10-" cm,” the deuteron magnetic moment which 
determines (non-relativistically) the D state probability 
and the deuteron quadrupole moment which essentially 
determines a cut-off for the D state radial wave function. 

Our main task is to find a good number for (2aR)s 
since the second and third terms of V (15) are quite 
small. 

The asymptotic form of the S state wave function is: 


¢.(R)—-Ce-2®. (1) 
Let us define two functions, “and 2, such that »=e—*” 
and 
u=[¢.(R)]/C; (2) 
then 
Yo - 
—-= J (v?—u?)dR. (3) 
2 Yo 


The constant C is determined by (3): 
C=(2a/1—roa)!. (4) 


If, then, following (3), we put for convenience 


@ 


f R(v?— u?)dR= (ro/2)*A, (5) 


0 


where we expect A~1, we have 
(2aR)s= f ¢*s:2aRdR 
0 


=1+arot+(1—A)(are)?/(1—roa) =1+anmt+s. (6) 
2H. A. Bethe, Phys. Rev. 76, 38 (1949). 
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The unknown X should be fairly close to one, so that 
the correction term 6 in (6) may be expected to be 
smaller than (aro)?. We shall find that this is in fact the 
case. Unfortunately, (6) is not as accurate as we might 
wish. As a check, we have calculated (2aR)s for an 
exponential, square well and Hulthen potential, the 
latter having properties closely resembling those of the 
Yukawa potential. 

One finds, for the square well: 


(2aR)s= 1+ aro+0.07, (7) 
for the exponential well: 

(2aR)s= 1+ aro—0.08, (8) 
and for the Hulthen well: 

(2aR)s= 1+ aro+0.03. (9) 


In calculating (7)-(9) the two parameters available 
for each potential were of course chosen so that a and 
ro remained fixed. 

We have in all, then, 


(2aR)s3=1+aro+0.07=1.37+0.07. (10) 


The remaining two terms in V (15) are so small that 
an accuracy of 25 percent in their calculation is suf- 
ficient. This may be obtained simply by using the 
asymptotic D state wave function 


= (A (2a)*/a?R*)e—#® (1+ aR+4a°R*) for R>b 
and fav 
¢dp=0 for R<ob. 


A and b are to be found by simultaneously nor- 
malizing and. matching the deuteron quadrupole 
moment. This procedure yields 


A=0.47, ab=}, (12) 
and an elementary integration shows that 
(aR)ps=0.55+0.15, (aR)p=0.66+0.15. (13) 


Choosing sin*w so that it will give, in a non-rela- 
tivistic calculation, the measured magnetic moment of 
the deuteron, we have: 


sin’tw=0.04, cos’w=0.96. (14) 


Finally, inserting the results (10), (13) and (14) into 
V (15) gives 


€= — uyd/upao(1.24+0.08). (15) 


Vil. EFFECT OF H’ ON THE NEUTRON SPIN H.F.S. 


We note first that H’=p-v has transitions between 
nuclear states of opposite parity whereas Hp’=ea 
-V(1/r) Xup has transitions only between nuclear states 
of the same parity. Therefore, in this order, the effect 
of H’ on the proton spin h.f.s, is zero, 


The neutron term is: 
(Hy’)on, om no, mo’ 
Ev= 25/5 N )on,0 0, mo 
™L*t F.—Eot+Wa—Wo 
an | (1) 
= Eo—Ent+Wn—Wod 








where E,,, refer to electron energies and W,, to nuclear 
energies. Summation over the indices m and n will be 
understood, although frequently the indices will be left 
out for convenience of notation. 

Ey arises from a distortion of the electronic wave 
function inside the distance p, which is smaller than the 
electron Compton wave-length. It is therefore reason- 


‘able to suppose that most of Ey comes from electron 


energies corresponding to momenta that are greater 
than mc, and that the continuum states of the Coulomb 
field may be replaced by plane waves. 

Using the approximation 


$(p)=¥(0)(e/r) po(u(p), u(0))/E(p)—Eo, (2) 
where 
o(p) = (u(p)e*?'**, Yol(r)), 
u(p) is a Dirac spinor amplitude and 


(e?/r) p= 4rh?/p’, 


we have: 
Hy’ =ea-V,(1/| r—R|)Xuy, 


(Hy’) n= —i/he*? ®/m)(0) (1/1) po 
X (u(0), ewXp-unu(p))+O(e/he), (3) 


P- Vmov(0)(€/r) po 
X (u(p), u(0))/E(p)—Eo, (4) 


Ey(+)= 2y*(O)ie/h X(1/r)p pteiP R/A__ P°Vano 
E(p)— Eo 
x (u(0), ewXp-wnu(p))(u(p), u(0)) 


E(p)— Evot+Wn—Wo 


Ano, m0 =Vmo . po (p) = 





= 2y*(O)iet/ ht 5 (1/1) tee 28 — 
E(p)— Eo 


(u(0), ewX p-uvAt(p)u(0)) 
E(p)—ExtWn—-Wo 





where 


A+(p) = (cp-a+fme?+ | E(p)|)/2| E(p)| 
=1 for E> 
=0 for E<0, 


and where it is understood that the unlabeled nuclear 
operators in (5) go from the state 0 to m. Since the term 
we are calculating is only a small correction, we may for 
simplicity assume that the nuclear ground state is 








SO 


an 


ex, 
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spherically symmetric. In that case, on the average, 
(u(0), «Xp-yn At(p)u(0))=icp’o- yw /3E(p) 


(where from now on E(p) is always to mean a positive 
number) and (5) becomes: 





Ex(+)=—(2/3)e%/hy2(0)o- wy f= (1/1) po 


(2xh)$ 
PP: Vmoe'? B/A 
> 4 ' 
E(p)LE(p)— Eo JLE(p)— Eot+Wm—Wo] 


Carrying through the same procedure for the nega- 
tive energy sums one finds in all: 


dQ. yd pp: Vimo 
E(p) 


ee Rik | eo -R/h 
x|— —| (6) 





Ey=-— 4/3np*(O)eco-wy f 





where 
D+ = (E(p)¥ Eo)(E(p) F Zot Wm—Wo). 


Integrating over angles, 

bdp 

E(?) 

” 1 ]eR/ h) cos(pR/h)—sin(pR/ wd 
Frag p-J (pR/h)? 


The integrand is seen to behave as a constant for 
small p, as 1/p for p greater than mc but less than h/R, 
and as 1/f* for still greater momenta. Relativistic 
momenta, therefore, contribute most strongly, as was 
assumed. In fact, compared to the energies involved in 
(7), the rest energy of the electron is negligible, and we 


162 
En =v Oece UNnVmo'— -{ 2 
0 


(7) 











may set: 
1 1 2E(p) 1 
+ = . 
D+ D-— cp? cpt+Wr—Wo 
so that 
= 32ip*(0)(e*/3hc*)o-unVmoRI (am), (8) 
where 
© dx xcosx—sinx 
J(a)= . 
90 x*+a x 
and 
(Wm- Wo) 
x=pR/h, @m=——————R~R/ p11. 


LC 


Since the parameter a is small, the integral may be 
expanded in powers of a; one finds: 


J (a)= — 3Llog(1/ya)+4/3—(34/16)a+---], (9) 
= 1.78 is Euler’s constant. 
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The last term in (9) is negligible. Dropping it, we 
have, from (8): 


167 
Ey=— ~" (e*/hc*) 


“5 ! ; rr. 
—_ . og-——— _— 
ga En een 3 


Yim 


jr} a (10) 


and dividing the logarithm into more manageable 
parts, 





167 
Ey= —— WO) (e4/he*) ux 
mc? h/me +) Ry) 


{ (ve Wel y-d/2 3 


— (log(2aR)R-v) 
Wa—W. 


| ———| (11) 
|Wo| 


— > Rom *Vmo log 


The first two expectations are easily evaluated: 


(R-v)=(R-[P/M—i/2h(RV—VR)]) 
= (3/2)ih/M(1+7), 


n= —2M/3h{R°V(R)). 


If the exchange potential is binding, then »>0. 
Although » depends on the well shape of V, it will be 
of the order of magnitude of force range divided by 
nuclear radius, and since / is probably smaller than one, 
their product will not vary sufficiently (corresponding to 
different assumptions as to well shape) to affect our 
results significantly. We recall that ¢ was defined as the 
fraction of exchange force in the deuteron. 

One finds for 7, by direct calculation: 


(12) 
where 


=} for a Hulthen well, 
n=# for a square well. 


The second term in (11) contributes 


1 4) 
(log(2aR)R-v)=3hi/2M |-+ f ¢,” log2aRdR 
0 


—2t/3 f bs? log2aR(MV /H*)R'AR | (13) 
0 


of which the last two terms are negligible. 


Finally, the summation 
Wa- Wo 
K= + Rom *Vmo log-———__ 
™ |Wo| 


contributes about one-half of Ey. Therefore a 10 percent 
error in K will be cut to 5 percent in Ey. It turns out 
that to within 10 percent one can approximate K by 
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the simple formula 





+—|. (14) 


3(1+nt) 1 
(a2R2) | 


K&=3ih/2M (i+ rile 


Note also that (a?R’) is practically independent of 
assumptions about well shape: 


(o2R®) = 1/2(1—roa). (15) 


From (11)-(14) we find a-relative correction to the 
h.f.s. of 


ev = (4/7) (€?/hc)(m/M )un/uo 
mc?2a(h/mc){a?R?)7 1 
}5| (16) 
| Wo| 3y(1+-nt) 3 
which, it is of interest to note, is of order of magnitude 


ev~— eod/p[1+logp/d], (17) 


where p is the critical distance defined in I (4). 
Numerically, 


ev = (un/up)(d/ao)[0.155(1+ éf) +10 percent], (18) 


where =} for a Hulthen well, £=7%5 for a square well. 





x | (+ap| L+I0g 


VIII. ORBITAL H.F.S. 


We have seen in III that our unperturbed wave 
function gave zero orbital h.f.s. Therefore the effect of 
the perturbation H’ on the wave function must give 
us both the normal orbital h.f.s. and the correction to it 
which was discussed in I. 

The orbital h.f.s. is therefore given by 





E,p=—-2>1> 
™L"+ F,—ExtWa—Wo 


, Ano, om (H1’)on, m0 1) 
= Eo— En t+Wa— Wo 


| Hon, om (H 1’) n0, m0 





where 


a-v 
H’=p-v, Hy ,'’=—(e?/c)—. 
r 


The neglect of electron energies in (1) leads simply to 
the expectation of the normal h.f.s. which until now 
has been missing. To see this, we add and subtract 


Er= —2 > zy Hon, om (H 1’) no, mo/Wm—Wo (2) 
= 2ie?/2ch(p-vR- a/r) (3) 


= —2e?/4hMc((L/2)-hVXea/r) L=RXP 
plus terms which do not contribute to the h.f.s. 
Er=}(ea:V(1/r)XeL/2Mo), (4) 
Er=(ea:V(1/r)Xuz), (4’) 


since we are interested only in the real part of the ex- 


pression. The factor } in (4) appears because only one 
of the nuclear particles is charged. It is easily seen that, 
as stated, (4) is precisely the normal orbital h.f.s. 
interaction. 

We are left with the difference of (1) and (4), which 
is a high energy term, and where we may again use the 
plane wave approximation. Notice that in deriving (4) 


no such approximation was made, or may be made, - 


since the h.f.s. comes equally from all radii up to do. 

Using the plane wave approximation for inter- 
mediate electron states, a straightforward calculation 
of the same type as the one in VII leads to 


E,’= E,—Er=4/3 . e*/mc®-y?(0)>_ -VomX RmoH (m), 


eo ds [ f 5) 
Hin)= 
- J (1a) (1+22)§+145, 








1 
‘ | 
(1+27)!—145m 


where 
bm=(Wm—Wo)/me>1, x= p/mce 
H(m) = 2/5m{log25m+0(1/5m?) ] 
so that 
8 ¥ g VomX Rno 
E,’=-—¥*(0) 





2|Wo| (Wn—Wo) 
Xilogl (6) 
mec? | Wo 


and since for a constant logarithm the sum would 
vanish 


| VomX Rno Wa Wo 


8 e! 
E,/=-—(0) De- log (7) 
eee " Wn-W.  |Wol 





which is a relative correction to the h.f.s. of 
ex= (4/1) (uz/up)(e/hc)me/|Wo| -L, (8) 


ut=eh/2Mc 


where 


and 
log(W m—Wo/|Wol) 


. & 
(Wm—Wo)/|Wol 





i 
a 0: MVomX Ro 


€z is easily seen to be a correction of order 


Cpr p/ao sin’w 
since 
(e/hc)me?/|Wo|~p/ao 


and L is of order sin*w. 

Since Z is small, we do not require high accuracy in 
its calculation, which would in any case be difficult to 
obtain, the effective uncertainty in the ground state 
being much greater here than in VII. We will therefore 
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calculate Z using free intermediate nuclear states. Some 
justification for this procedure may be found from 
scattering experiments which appear to indicate very 
small phase shifts for odd states. Most of the error will 
thus come from inside the force range, and may be 
estimated by comparing the results for two different 
ground states, both of which are chosen to match the 
known deuteron magnetic moment and quadrupole 
moment, and both of which have the same asymptotic 
form. 

We have seen in V that the D state wave function is 


Pp=sinw(op(R)/R)L(2/20)*x1V 20 











+ (6/20)*xo¥e1+ (12/20) ty _1V 20]. (10) 
If we take 
p= A(2a)*/0?R?(1+ aR+a?R?/3) R>b (11) 
= (2a)?(Ba?R?+CaéR*) R<b 
then a simple numerical integration leads to 
L=—0.10 sin*w. (12) 
If we take 
e7ak 
op= (20)'4] (1+aR+4a?R?) 
aR? 
e BR 1 = a? 
~— (+ 6+ R)——— ent 9R)| 03) 
a?R? 6 a 
then we find 
L=—0.08 sin*w. (14) 


Choosing LZ to be the mean of (12) and (14), and 
allowing an extra 20 percent error for the intermediate 
states, we have: 


= — (0.09 £0.03) sin’w 


ex = (4/1) (ur/mp)(e/hc)(me?/|Wo| )L 
= (und/upao) (0.05 +0.02). 


(15) 
and 
(16) 


IX. HIGHER ORDER TERMS 


There remain terms of three types which must still 
be investigated : 
(a) Second-order h.f.s. terms of the form 


ba~ —> (A p’)on(H p’) n0/En— Eo 


which are of order (e/fc)?m/M log(e?/hc)m/M and 
hence negligible. 

(b) Higher order corrections of H’ on the h.f.s. of the 
form 


oo~ > Bon Bas (H 5’) mo/ (E,— Ey) (En— Eo) 
n,m 


which are of order m/M, and 
(c) Corrections of H’’ on the h.f.s. of the form 


5e~— Dom’ (Hp’) mo/Ep— Eo 
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which are also of order m/M. However, when the terms 
(b) and (c) are taken together they practically cancel, 
and the high energy difference which remains is of 
order hc/e?(d/ao)? which is small enough to neglect. 


X. RESULTS 


We have found, in all, the following effects of the 
internal nuclear motion on the deuterium h.f.s. : 

From the unperturbed wave function which Bohr 
chose as his starting point, the relative correction 


€= — pyd/ppao(1.24-+0.08) (1) 


and, due to a modification of this wave function, the 
relative correction 


€v= und/pwpao0.155(1+ ét) +0.015 ], 
where ¢ is the fraction of exchange force and 


= for a Hulthen well, 
£=;55 for a square well. 


One would expect ¢ to be about 3 (Serber) or 3 


(symmetric), and ¢ to be about } or 3. We will choose 
& to be 0.16 for the purpose of assigning a number to 
our calculation; actually the difference between 0.16 
and either of the two extremes that can be constructed 
using the above numbers is about 0.04 and negligible. 

This gives 
€v = und/upao(0.18+0.02). (2) 


From the absence of an orbital interaction inside the 
distance p the relative correction 


€,= und/upao(0.05+0.02) (3) 
so that our final correction is 


e+ent+e,= —pnd/ppao_1.01+0.12 ] 
= +(1.83+0.22)x 10-4 (4) 


It is worth remarking that over 60 percent of the 
final uncertainty comes from the calculation of (2aR)s 
in VI, so that an improved knowledge of the S state 
wave function alone would make a much more accurate 
theoretical determination of the deuterium h.f.s. pos- 
sible. 

It must also be emphasized that we were forced to 
choose sin’#=0.04 in order for our non-relativistic 
calculation to be self-consistent, although this number 
is in considerable doubt, and of course adds to our uncer- 
tainty. 

Although our result is in fair agreement with the 
experimental effect, (1.7+0.1)X10~, the present 
accuracy of theory and experiment is not sufficient to 
exclude some deviation of the nucleons themselves from 
simple dipoles. An effect of order 


[1.83+-0.22—(1.7—0.1) ]x10-*=0.45x 10+ 


is in fact large enough to allow corrections due to a 
nucleon structure extending over distances of the order 
of the range of the nuclear forces. 
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It should be added that the discrepancy was calcu- 
‘lated using the value of up/up measured by Bloch, 
Levinthal, and Packard, who found 


K=up/up=0.3070126 +0.0000021. (5) 


However, Bitter and Siegbahn, measuring the same 
ratio, have found, respectively, 


K=0.3070210 +0.0000050 (6) 


and 
K=0.3070183 +0.0000015. (7) 


The result (7) is larger than (5) by about two parts 
in one hundred thousand, and would make the dis- 
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crepancy (using Nafe and Nelson’s determination of the 
h.f.s.) 1.510, which would be hard to account for on 
the basis of this calculation alone. 

In conclusion, then, we are not yet in a position to 
estimate structural effects. In order to do so, we need, 
on the one hand, a more accurate value for the deuteron- 
proton moment ratio, and on the other a better knowl- 
edge of the deuteron S state wave function. 
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Numerical Value of the Lamb Shift 
H. A. BETHE AND L. M. Brown 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
AND 
J. R. STEHN 
Knolls Atomic Power Laboratory, Schenectady, New York 
(Received October 10, 1949) 
The average excitation potential of the 2s state of hydrogen which occurs in the Lamb shift, is calculated 

numerically and found to be 16.646+0.007 Ry. This gives a theoretical value of 1051.41+0.15 megacycles 

for the Lamb shift, compared with the latest experimental value of 1062+5. It is not known whether the 

discrepancy of 10 Mc can be explained by relativistic effects. Simple analytical approximations are discussed 

which make plausible the high value of the average excitation potential and give a good approximate value 

for it. ; 

N this paper, we are reporting two independent and for states with /~0 
numerical calculations of the average excitation 874 of R 3 
. . . y Clj 

potential of the hydrogen atom which occurs in the AE(no, 1) =— —Ry(In me } 
formula for the Lamb shift.’ The first calculation was noe 3x ko(mo, 1) 8 21+1 
done in 1947 by one of us (J.R.S.) with the help of where 
Miss Steward, the second in 1949 by L.M.B. cy=1/(l+1) for j=/+}3 (2a) 


I. 


The formula for the Lamb shift of a hydrogen level 
mo, 1 has been derived by many authors? and is for 
S$ states 


Cy=— 1/l 


In these formulas, Z is the nuclear charge, mo the 
principal and / the orbital quantum number, a=e?/hc 
the fine structure constant, Ry the Rydberg energy, 
u=mce and ko the average excitation energy which we 


for j=l—}. 


~ wish to calculate. 


82! ae m SA 
AE(no, 0)=— = Ry( in" m2 +-—-) (1) 
ny 3m ko(mo, 0) 6 5 


1W. E. Lamb and R. C. Retherford, Phys. Rev. 72, 241 (1947) ; 
75, 1325 (1949). 

2.N. H. Kroll and W. E. Lamb, Phys. Rev. ‘75, 388 (1949); 
J. B. French and V. F. Weisskopf, Phys. Rev. 75, 1240 (1949) ; 
R. P. Feynman, Phys. Rev. 74, 1430 (1948), and correction in 
Phys. Rev. 76, 769 (1949), footnote 13; J. Schwinger, Phys. Rev. 
76, 790 (1949). 


This average energy is defined by* 
ko(mo, l 





) ’ 
In LX | (100 p2| 2) |?(En— Eo) 
Ry » 
E,—Eo 
=L| (mol | pe| m) |?(En— Ec) In » (3) 
n Ry 





3H. A. Bethe, Phys. Rev. 72, 339 (1947), quoted as A in the . 


following. The definition is in Eq. (6). 
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TABLE I. Oscillator strengths for hydrogen. 











Transitions from 2s 2p 
to np ns nd 
n=1 — — 0.138732 — 
3 0.43486 0.01359 0.69576 
4 0.10276 0.00305 0.12180 
5 0.04193 0.00121 0.04437 
large 3.664n- 0.102n-* 3.257n-3 











where (nol|pz|m) denotes the matrix element of an 
arbitrary momentum component #, corresponding to 
the transition from the “‘initial” state mo, 1, of energy 
Eo, to the final state n, of energy E,. Note that on the 
left-hand side the matrix element from the initial state 
1=0 is involved, regardless of the value of / for which 
ko(no, L) is to be calculated: This definition is necessary 
because the sum on the left would vanish (see A) if we 
- used 10 for the initial state. For s states, then, kp is 
actually the geometric average of the excitation energy 
E,—E, with the weighting factor Pno?(Z,— Eo); for 
other states, ko is defined in as close analogy to the s 
states as possible. The denominator Ry in the argu- 
ments of the logarithms could be omitted for s. states; 
for 10, it serves to make the argument dimensionless 
and appears again in Eq. (2); any other constant 
energy would serve as well, but Ry is most convenient. 

It is convenient to introduce the oscillator strength f 
by putting 


| (r001 | pz| m) |?= 3m(En—Eo)f(nol, n) (4) 
and to use the energy change in Rydberg units, 
y= (En— Ex)/Ry. (5) 
Then (3) becomes 


In(ko(no, 2)/Ry)Xfln, n)2=Sf(nd, n)v* Inv. (6) 


The left-hand side may be evaluated by sum rules 
(reference 3, Eqs. (9) and (10)) and gives 


Lf (mo, 0, n) = 16/ (3°). (7) 
For our case, %9= 2, therefore ) 
In(ho(2, 2)/Ry) =>03f(2, 1, m)v* Inv. (8) 


To evaluate this expression, we need the oscillator 
strengths for hydrogen. For transitions to the discrete 
spectrum, we have used the formula given by Bethe,‘ 
(Eq. (41.4)) and re-evaluated his Table 16 in which 
some numerical mistakes were found, some of which 
have been previously pointed out by other authors. 
The corrected values are given in Table I. For large 
n(=6), we found it sufficient to use 


g(2s, n)=$f(2s, n)?=0.3436n*(1+4n-*) 
g(2p, n)=3f(2p, n)=0.3149n-*(1+-4.24n-). 


(8a) 
(8b) 


‘H. A. Bethe, Handbuch der Physik 24/1 (Verlag Julius 
Springer, Berlin, 1933), p. 273. 
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As is seen from Table II, the discrete final states n 
contribute only about 2 percent of the sum in (8) for 
the 2s state. For the 2 state, their absolute contribution 
is similar while in this case the continuum gives an 
almost negligible contribution. In either case, no great 
numerical accuracy is required for the discrete states. 

For transitions to the continuum, we define the 
quasi-principal quantum number by 


E,=+Ry/n’. (9) 


Then the oscillator strength for transitions from the 2s 
state into an interval dv of the continuous spectrum is 


df(2s, n) =4y-4dv((4/3) +9) 


Xexp(—4n arc cot(n/2))/(1—e*"). (10) 


The summation over n in (8) should be replaced by an 
integration over dv. For transitions from the 2p state 
to the continuous spectrum 


df(2p, n) = (8/9)v*dv(3+y) 


Xexp(—4n arc cot(n/2))/(1—e?™"). (11) 


These formulas may be obtained from the expressions 
for the photoelectric absorption coefficient (reference 4, 
Eqs. (47.19), (47.20)), using the general relation be- 
tween absorption coefficient and oscillator strength, 


t= N22n’e(h/mc)(df/dE), (12) 


where JN is the number of atoms per cm’, z the number 
of electrons in the given shell,® and df/dE the oscillator 
strength per unit energy interval, i.e. (1/Ry)(df/dy). 
It should be noted that Eq. (47.20) of reference 4, like 
the original formula of Stobbe,® is too large’ by a factor 
of 2; this mistake has been corrected in (11). 

In Fig. 1 we have plotted the expression 


=3df/dv 


(13) 





Fic. 1. The weight functions for the determination of 
the average excitation energy. 


5 Note that v2 in reference 4 is }Ry. 

6M. Stobbe, Ann. d. Physik 7, 661 (1930). 

7 This was pointed out to one of the authors (H.A.B.) many 
years ago. It is most easily verified by comparing the oscillator 
strength df/dy just above and just below the energy E£,=0. 
It can also be verified by checking the sum rule analogous to (7), 
Zf(2p, n)v*=0, see Table IT. 
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vs. logy, for 2s and 2p. The integral under the 2s curve, 
after addition of the discrete spectrum, gives unity 
(Eq. (7)). The smallness of g for the 29 state is apparent. 
For the numerical integration, we have used the 
integration variable m instead of v, inserting 


y=141/n?. (14) 


It is easily seen that the integrand in (7) then behaves 
as dn for small n, and that in (8) as dn logn. Because 
of the singularity of logy at n=0, numerical integration 
is not feasible. However, it is easy to expand the 


TABLE IT. Results of numerical integration. 

















2s State 2p State 
Earlier Later Later 
Integration Integration 
Contribution to S: 
Discrete 0.02645 0.02645 — 0.081366 
Continuous 0.9736 0.97340 +0.081336 
Total 1.00005 0.99985 — 0.000030 
Contribution to (8) 
Discrete —0.0465 —0.04649 — 0.030669 
Continuous 2.8593 2.85840 +0.000685 
Total 2.8128 2.81191 — 0.02998 
Total/S 2.8127 2.81233 
Adopted In(ko/Ry) 2.8121+0.0004 —0.0300+-0.0002 
ko/Ry 16.646 +0.007 0.9704+-0.0002 








integrand (apart from the log) into a power series in n, 
which permits analytical integration. This procedure 
was used for ” up to 0.05, while from there to 0.1 it 
was used as a check on the numerical work: The results 
agreed within 0.00005 which is beyond the accuracy 
attempted (0.0001). 

The numerical integration was done by Simpson’s 
rule, using in the final calculation for the s state 
intervals® as follows: 


from n=0.05 to 0.1, interval 0.0125 
from n=0.1 to 0.2, interval 0.025 
from n=0.2 to1, _ interval 0.05. 


From n=1 to ©, we used s=1/n as a variable, choosing 
intervals of 0.05 for s. The fourth differences of the 
integrand were of the order of 1 percent of the integrand 
itself (usually less) so that the error in the result may 
be expected to be about 1 part in 10,000. The earlier 
calculation was done with twice the intervals; the 
results of the two calculations agree within 0.0009 unit, 
after correction of a numerical mistake of 0.0031 unit 
in the earlier integration, and of 0.0007 unit in the 
discrete contribution, both of which were subsequently 
discovered. The error in Simpson’s rule is roughly 
proportional to the fourth power of the interval used, 
so that the result of the second calculation should be 


8 The integrand was calculated at the intervals 4 stated. The 
integral from x to x+2h is then $4[f(x)+4f(x+h)+f(x+2h)]. 
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high by 0.00006, an error considerably smaller than the 
rough estimate of 1 part in 10,000 from the fourth 
differences. As a check, the sum in (8) without the 
logarithmic factor was also calculated (denoted by S); 
according to (7), this should give unity for 2s and zero 
for 2p. The deviation of 1.5 parts in 10,000 (Table II) 
for the s state indicates the accuracy attained; for the 
p state, the error is one-fifth of this. One can be doubtful 
whether it is more accurate to use the result (8) as it 
stands, or to divide it by the numerically calculated S; 
both results are given in Table II, and their mean is 
used as the final result. The probable error is taken as 
the whole difference between the two results; the main 
source of error is presumably in evaluation of the 
integrand (or of the discrete contribution) since the 
error from Simpson’s rule should be less than 0.0001. 
The probable error for the 2p state was estimated from 
the difference of the earlier and the later calculation 
which was 0.0002. 


Il 


These results can now be inserted into the Lamb 
effect formulas (1), (2). In the numerical factor in 
front, we should insert the Rydberg constant for 
hydrogen, rather than for infinite mass. This can be 
seen from the derivation ;* the velocity matrix elements 
in A Eq. (6) are the same whether the reduced mass 
or the full mass is used for the electron whereas the 
energy differences E,—E, are proportional to the 
electron mass and thus to Ryz. This can also be traced 
through A Eqs. (8) to (11). There is some doubt 
whether to use the reduced mass of the electron also in 
#=mc? in (1); we shall do so which may cause an error 
of 1/1840=0.0005 in the value of the parenthesis in (1). 
A larger uncertainty exists because of the neglect of 
relativistic corrections in (1) (see below). 

For a we take the value deduced from hyperfine 
structure® 


1/a=137.04140.005. (15) 


Then the constant factor in (1), the “Lamb constant,” 


is, when expressed in frequency units: 


(a! /3n)Ry = 135.549-0.015 megacycles. (16) 


The uncertainty arises entirely from that of a. The 
first term in the parenthesis in (1) is 


In(u/ko(2s)) = 10.5336— 2.8121 =7.7215-+0.0006. (17) 


The error includes 0.0004 from Table II, and 0.0005 
from the questionable use of the reduced mass in uy. 
The value quoted by French and Weisskopf, 7.6906, 
referred to the difference . 


In(u/ko(2s)) —In(Ry/ko(2p)) = 7.7215 —0.0295 = 7.6920, 


according to our present calculation, the small difference 
between this and 7.6906 being due to numerical mis- 


°H. A. Bethe and C. Longmire, Phys. Rev. 75, 306 (1949). 
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takes in our earlier calculation. The results are given in 
Table III. The error of the shift of 2s includes 0.11 Mc 
from the uncertainty of the Lamb constant (16), ie. 
mostly of a, and 0.08 Mc from that of In(u/ko(2s)), of 
which only 0.05; arises from the numerical calculation. 
For the p levels, the uncertainty is all due to the 
calculation of ko(2p). 

The measured Lamb shift is the difference between 
the shifts of 2s and 24, state, viz. 


L(2s)— L(2p,)= 1051.41+0.15 megacycles (18) 


in agreement with the calculated values previously 
given by French and Weisskopf, and Lamb and Kroll. 
The latest published experimental value" is 


L(experimental) = 10625 Mc. (19) 


The discrepancy between (18) and (19) is twice the 
experimental error, which probably has been generously 
estimated. It is possible that this discrepancy is due to 
the neglect of relativistic corrections in the derivation 
of formula (1). These may not be negligible because 
the wave function of the hydrogen ground state has 
large Fourier components of high wave number. A rough 
estimate shows that these corrections are of relative 
order a, but without the logarithmic factor which gives 
the main contribution to (1). Thus the rough estimate 
would give a correction of order 1 Mc, too small to 
explain the discrepancy. Moreover, superficial reasoning 
would lead one to expect a decrease of the theoretical 
value. However, an explicit calculation of the relativistic 
corrections is now very urgent and may give a different 
result. 

It has often been pointed out that a higher theoretical 
result would be obtained if the vacuum polarization 
effect were left out of (1), and that this effect can be 
separated from the main part of the Lamb effect in a 
relativistically invariant way. The vacuum polarization 
is represented by the term — in (1) and therefore 
contributes an amount 


— 27.110 Mc (20) 


to the Lamb effect. If it were excluded, the result would 
be 16 Mc higher than the. experimental value so that 
the agreement is not improved. 


Ill 


In this section, we shall try to give a qualitative 
understanding of the very large result, 16.646 Ry, which 
we found for the average excitation potential of the 
2s state. As was pointed out, Inkp is the average of 
In(Z,—£o) with the weight factor rf. If we take the 
average of E,— Ep itself, rather than of its logarithm, 
with the same weight factor vf, we get infinity. This 


1R. C. Retherford and W. E. Lamb, Phys. Rev. 75, 1325 
(1949). 
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TABLE III. Lamb shifts. 








2s 2pij2 





2p3/2 
First term in parenthesis 7.7215+0.0006 +0.0300+0.0002 +0.0300+-0.0002 
Total parenthesis 7.6707+0.0006 —0.0950-+0.0002 +0.0925+0.0002 
Level shift in megacycles 1038.53-+0.14 —12.88+0.03 +12.54+0.03 








is because we have (neglecting constant factors) 


X (En— Eo)"f~X (En— Eo)*| Pon? |?~Z| (OV /82)on|? 
ée! 
= ((@ V/dx)*)o0= 3((VV)*)o0= 4 | Sutera, (21) 
r* 


This integral diverges at r=0 as dr/?r? if Yo refers to an 
s state. If the angular momentum of the state yp is not 
zero, the integral is finite. Now since the average of 
E,—E/ is infinite (for an s state), it is understandable 
that the average of In(Z,—£,) is large. 

Further information can be obtained from the 
asymptotic behavior of the oscillator strength f, given 
by Eq. (10), for large frequencies; this is, considering 
(14): 

vdf = (8/3) v—tdv= (16/32)dn. (22) 


This shows that already the average of v'~(E,—E,)!, 
with the weight factor rdf, is infinite. The small 
contribution of the discrete transitions (Table II) is 
further evidence. 

The most concrete picture is obtained from Fig. 1 in 
which $*df/dv is plotted against logy. The maximum 
of the curve is seen to come at v=7 which is reasonably 
high, and the curve falls off much more slowly towards 
higher than towards lower v. The required average 
logko is simply the center of gravity of the curve of 
Fig. 1, and a value of 16.6 for ko looks entirely reason- 
able. 

It is easy to obtain simple analytic estimates of Inkp. 
This can be done by approximating the exact oscillator 
strength (10) by a simpler expression which can be 
easily integrated. Since we know already that the high 
frequencies are the most important, the simpler expres- 
sion must be a close approximation to f at the high 
frequency end but need not be so for low frequencies. 
The simplest approximation is to set 


dG=$r'df= (8/m)dne—", (23) 


which agrees with (22) for small m, and to choose a in 
such a way that the integral of (23) over all is unity 
as it must be according to (7). This gives 


(8/x) f avian (24) 
Then the average of an 
In(ko/Ry) = (Inv) = — 2(Inn) = — 20 f dne-™ Inn 
=2(Ina-+C)=2(In(8/n)+C), (25) 
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where C is Euler’s constant. Inserting numerical values, 
we get 


In(ko/Ry)=3.026, ko=20.6 Ry, (26) 
which is slightly larger than the correct values 
In(ko/Ry)=2.812, ko=16.65 Ry. (27) 


This simple calculation therefore gives the correct order 
of magnitude for hp. 

To get a closer approximation, we consider the 
asymptotic behavior of f in more detail. Expanding 
(10) in a power series in m, but keeping the power series 
in the denominator, one gets 


(8/m)dn 
1+-an+ (222—23)n?-+--- 
(8/m)dn 
" 143.ide ba See 





dG=3vdf= 





(28) 


The exponential in (23) gives instead 
(8/m)dn 
1+ (8/r)n+320-2n?+ --- 
(8/m)dn 
rs 1+2.55n+3.24n?+ --- ‘ 





iG=4rdf= 


(29) 





Obviously, this expression falls off too slowly with 
increasing ”. This error is compensated by a too-rapid 
decrease for very large m: Actually, g should behave as 
dv~n~—dn for n—~, whereas (23) gives an exponential 
decrease. It is therefore understandable that (23) gives 
too high a value for the average Inkp. 

To improve on the behavior for small m, we choose 


(8/mr)dn 
dG=— 
(1+-an)*} 


(30) 





linear term in m in the denominator of (28) is correctly 
given, as well as the integral. The latter condition 
requires . 

ka=8/n. (31) 


The former condition gives 
(k+1)a=rn. (32) 

The solution is 

k=8/(9?—8)=4.279, a=(x?—8)/r=0.5951. (33) 
The average of —Inzm is then 

kadn 

Gtonen Inan 
=Ina+W¥(k—1)—W(0) (34) 


—(Inn)=Ina+ f 


where Y(m) is the logarithmic derivative of the factorial 
function, ie. of '(m+1) (Jahnke-Emde’s definition). 
With our numerical values 


In(o/Ry) = (Inv) = — 2(Inn) = 2.7818 


ko= 16.148. (35) 


This is very close to the correct values (27), and 
somewhat smaller. Expansion of (30) for small ” gives 


(8/m)dn 
ale 1+ (k+1)an+}3(k+1)ka?n?+ --- 
(8/m)dn 
"ent 





(36) 





which is rather close to the correct expression (28), even 
in the quadratic term. (36) is still above (28) for small 
n, so that we might still have expected a too large 
result for Inky; it seems that the curve of (30) crosses 
the correct curve (10) three times. 

These calculations make the large value of the 
average excitation potential appear plausible. More- 
over, they make it likely that & is nearly independent 
of the principal quantum number: The asymptotic 


‘ expression for the oscillator strength for small n, 
and determine the two constants a and k so that the | 


including terms of relative order n, is independent of mo, 
except for a factor mp-* which also occurs in the sum 
rule (7). Therefore, all the information we used in 
determining the constants a and k in (30) is independent 
of mo, and the estimate (36) applies to all values of mp. 
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Teller-Richtmyer’s theory of the origin of cosmic radiation is discussed. It is found that the magnetic 
field (“trapping field”), which they postulate in order to explain the isotropy of cosmic radiation, must be 
toroidal and have an extension of about 0.1 light year. A field of this type may be produced by the motion 
of the solar system relative to interstellar matter. The theory gives the energy spectrum and total intensity 


of cosmic radiation. 





1. UPPER ENERGY LIMIT OF COSMIC RADIATION 


HE idea of Teller-Richtmyer! that cosmic radia- 
tion may be a local solar phenomenon was de- 
veloped in a recent paper.? Arguments were given for 
the existence of magnetic fields strong enough to confine 
cosmic radiation to the vicinity of the solar system. 
The acceleration of particles to cosmic-ray energies was 
supposed to take place in the solar magnetic field in the 
environment of the sun, but not on the sun itself. The 
supposed acceleration mechanism accounts at the same 
time for the magnetic storm effects on cosmic radiation. 
In the present paper the theory shall be further dis- 
cussed. 

In the cited paper® the acceleration was assumed 
to be due to “solar activity” disturbances of the solar 
dipole field. In order to calculate the order of magnitude 
of particle energies it is reasonable to start from 
Stérmer orbits in a dipole field. Assuming that the solar 
magnetic dipole has the moment a, the highest “mo- 
mentum” ~:(=Hp) of a particle moving in a periodic 
orbit is given by 

pi=aRo-* (1) 
(Ro=solar radius). This corresponds to a circular orbit 
close to the solar magnetic equator. This orbit is 
unstable, however, and consequently of little physical 
significance. The most important class of stable tra- 
jectories are trochoids in the equatorial plane. Usually 
the trochoids are superimposed by oscillations through 
the equatorial plane. The highest momentum trochoid 
in the equatorial plane is given by 


p.=a/(Ro*)(3—2V2)=0.172p1. (2) 


As this orbit requires that the velocity component per- 
pendicular to the equatorial plane is zero, it represents 
a special case, and in order to find orbits which can 
keep a great number of particles we must go still 
somewhat lower. On the other hand, special com- 
binations of sunspot fields with the general magnetic 
field may give stable orbits even above po. 

The energy V, in electron volts, of a particle with 
charge Ze is in the relativistic range 


Voit = 300Z p. (3 ) 


1E. Teller, Nuclear Physics Conference, Birmingham, 1948; 
Alfvén, Richtmyer, and Teller, Phys. Rev. 75, 892 (1949); R. D. 
Richtmyer and E. Teller, Phys. Rev. 75, 1729 (1949). 

2H. Alfvén, Phys. Rev. 75, 1732 (1949). 


Assuming the polar strength of the sun’s dipole field 
to be 25 gauss (as an average between the high values 
and the low values reported) we have a2=4.2X 10* gauss 
cm’ and 


p2=1.5X10" gauss cm. (4) 
This gives for protons 
V=4.5X 10" ev. (5) 


Hence the highest proton energy which at present 
could be generated in the solar field is of the order 
5X10" ev. This does not necessarily mean that no 
protons with higher energies could be present in cosmic 
radiation, because the radiation which we now receive 
is the accumulated effect of generation processes during 
may be as much as 100 million years. If the solar field 
has been stronger than now during some part of this 
time, higher energies may be observed. 

Higher energies could also be obtained under the 
present conditions by acceleration of multiply charged 
heavy atoms. A 30-fold ionized particle, such as has 
really been observed in cosmic radiation,? would be 
able to reach the energy 1.4X10" ev. The very rare 
case of a completely stripped uranium atom would 
bring us up to 4X 10" ev. 


2. MINIMUM ENERGY EMITTED FROM THE 
ACCELERATOR 


Let us confine the discussion to orbits in the equa- 
torial plane, which in any case gives the right order of 
magnitude. At a point at the solar distance R the 


‘maximum momentum of a trochoidal orbit is 


ps=aR~= pi(Ro/R). (6) 


A small increase in energy will change the orbit so that 
it goes to infinity. A small disturbance of the dipole 
field is able to produce the same effect. The main 
emission of particles from the accelerator will take 
place from orbits of this type. Particles with momenta 
smaller than #3 will of course also be accelerated, and 
during large disturbances some of them will have a 
chance of being emitted, but the main emission is likely 
to occur from orbits close to 3. 

3 Freier, Lofgren, Ney, Oppenheimer, Bradt, and Peters, Phys. 


Rev. 74, 213 (1948); H. L. Bradt and B. Peters, Phys. Rev. 74, 
1828 (1948). 
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a dipole field (although sometimes rather much dis- 
turbed), but at great distances the field Hr postulated 
by Teller and Richtmyer dominates. As the extension 
of the latter field should be much greater than the 
solar system dimensions, we may suppose it to be 
homogeneous within the solar system. At so large a 
solar distance that Hr dominates over the dipole field, 
particles do not drift around the sun in the way which 
is necessary for the acceleration process. Hence they 
are not accelerated or, in any case, the acceleration is 
not very effective. Still more important is that in the 
dipole field the particles oscillate through a stable 
equilibrium whereas outside it they are free to move 
away from the solar vicinity along the lines of force. 
The limit Rr between H7 and the dipole field is given 
by 
Hr~aRr. (7) 


Due to the finite extension of the dipole field there is an 
inferior limit », to the particles emitted from the 
accelerator. This is of the order 


ps=pi(Ro/Rr)’=aRr~. (8) 
Particles far below this limit will not be emitted if 
situated in the dipole field and if outside it, they will not 


O01 light year 7 








Fic. 1. Possible shape of the space in which cosmic 
radiation is trapped. 


be accelerated very much. It seems reasonable to iden- 
tify p4 with the low energy cut-off in the cosmic-ray 


spectrum, which earlier has been attributed to the’ 


cut-off by the solar magnetic field.t This enables us to 
estimate Hr. Equations (7) and (8) give 


HAr= a~*p,. (9) 


Putting the low energy cut-off equal to 510° ev 
(ps=1.7X 10" gauss cm) we get 


H7r=10-* gauss. (10) 


A more detailed calculation shows that this result 
depends very much upon the assumption of the orien- 
tation of Hr in relation to the solar dipole and may 
easily be in error by a factor 10. 


*L. Janossy, Zeits. f. Physik 104, 430 (1937); Cosmic Rays 
(Oxford University Press, London, 1948). 





Close to the sun the magnetic field is approximately 
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The limit Rr between the dipole field and Hr goes 
not very far from the earth’s orbit. 


3. MAXIMUM VOLUME OCCUPIED BY COSMIC 
RADIATION 


According to our assumptions the whole cosmic radi- 
ation should be generated near the sun, so that, for 
example, a sphere with the radius Rs, equal to the 
earth’s orbital radius encloses the whole region of 
generation. This must cause an anisotropy of the 
radiation observed on the earth. That this anisotropy 
is very small is explained by Teller and Richtmyer 
through the assumption of an extra-solar field Hr which 
traps the radiation and reflects it back again. Let us as- 
sume that the ratio of the radiation flux outward and in- 
ward through the sphere R, is (1+7)/(1—y)+1+27, 
so that y is a measure of the degree of anisotropy. Let us 
further assume that in average an emitted particle will 
pass through the sphere Rs WN times before being 
absorbed. As (V+1)/N=1+2y we have 


N=(2y)71. (11) 


It is possible to find a relation between y and the 
volume to which cosmic radiation is confined. The 
probability that a particle moving at random with 
velocity c within a volume U shall hit a surface tR,? 
during a small time Af is rR, *cAt/U. If the average life 
of a particle is T, the sphere R, will be hit NV times if 
N=nR,*cT/U, which gives 


U=20R,%Ty. (12) 


For the average life of a particle moving in interstellar 
space Fermi’ gives T=6X10" years=2X10" sec. On 
the other hand Kane, Shanley, and Wheeler‘® find for a 
particle trapped in the solar magnetic field T=5000 
years. Our value should lie between these, but much 
closer to the upper value, because the particle spends 
most of its time in interstellar space. If we only want an 
upper limit to U we could put T<2X10" sec. The 
anisotropy vy is certainly less than 10-*, probably even 
less than 10-*. With y<10~ and R, =1.5X10" cm 
we get 


U<0.8X 10° cm’. (13) 


(The cube of a light year equals 10* cm‘.) 

It should be observed that the calculation of U is 
based on the assumption of a stationary state. If, for 
some reason, the output of the cosmic-ray generator 
has been much lower during the time we have observed 
cosmic radiation than the average output the last 100 
million years, our calculations would be erroneous. 


4. PROPERTIES OF THE TRAPPING FIELD 


A sphere with the volume given by (13) would have 
a radius of about 3X10'* cm. In a field of the order 


5 E. Fermi, Phys. Rev. 75, 1169 (1949). 
6 Kane, Shanley, and Wheeler, Rev. Mod. Phys. 21, 51 (1949). 
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Fic. 2. Magnetic field disturbed by the motion of a body 
through a conducting medium. 


10-* gauss a particle with a momentum p=10" gauss 
cm has a radius of curvature which is not very much 
smalltr. Hence it is obvious that scattering of the cosmic 
rays by an irregular magnetic field could not possibly 
prevent the radiation from spreading to a much larger 
volume. 

If we assume the trapping field to be approximately 
homogeneous over a region of the order of 10'* or 10!” 
cm around the solar system, this field would no doubt 
prevent the radiation from escaping perpendicular to 
the field. In fact it would fill a circular cylinder with 
the radius of 2p. The maximum height of the cylinder 
must be 


L=U/4ap?=3R.%TyH 2'/p*. (14) 


With y=10-*, Hr=10~ gauss and p=10" gauss cm 
we find L=0.8X10" cm~0.1 light year. As we have 
chosen p in the upper part of the spectrum we cannot 
exclude the possibility of a higher anisotropy. Measure- 
ments on the high energy component alone are still 
somewhat uncertain and a value as high as y=0.1 
would perhaps not be in conflict with observations. 
This brings us up to L=10 light years as an upper 
limit. In a homogeneous field nothing would prevent 
the radiation from moving parallel to the field and 
spreading over a much larger distance. Hence the 
trapping field could not be approximately homogeneous 
over a distance of 10'®-10" cm around the solar system. 

If we drop the assumption of a homogeneous field, 
the radiation will be enclosed in a tube of flux of arbi- 
trary shape. The magnetic field prevents the radiation 
from leaking out through the walls of the tube but it 
is free to move along the tube parallel to the field. As 
the part of the tube which it occupies must not surpass 
the length Z there must be some “lock” at each end of 
the tube, which reflects back the radiation. This lock 
must be very effective because during its lifetime T a 
particle will reach the end of the tube a number of 
times ” which is of the order 


n=cT/2L= p?/(Rs*yHr’). (15) 


Even if we put vy as high as 0.1 and Hr=10~, mn sur- 
passes 10° for p=10" gauss cm. It seems quite impos- 
sible to find a mechanism which closes the ends of the 
tube so effectively that a particle has less than one 
chance in a million to pass. Certainly, if the field 
strength increases along the tube, particles moving 
toward increasing field will turn, but in order to make 
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all but one in 10° turn, the field must increase by a 
factor of 10°. This would bring us up to interstellar 
fields of the order 10 gauss which of course is impossible. 

The problem could also be considered in the fol- 
lowing way. In order to make a particle pass NV times 
through the earth’s orbital surface rR,*, the “hole” 
of the surface which locks in cosmic radiation must not 
be larger than tR,?/N, because a larger hole would 
mean that the radiation leaks out too rapidly. 

It is easily seen that a series of locks, each with a 
smaller efficiency, does not change the order of mag- 
nitude. 

The only possibility seems to be to assume that the 
lines of force are closed lines so that the flux tubes 
resemble toroids. 

In this case Z means the circumference of the toroid. 
The value of ZL which we have found, shows that the 
over-all dimension of the cosmic ray “doughnut” should 
be smaller than about one light year. An inferior limit 
is given by the diameter of the tube of force, which 
must at least equal 49. With H=10~ and p=10" this 
gives 4X 10'* cm. Thus the best guess of the size of the 
doughnut would be the order of 10’ cm (=0.1 light 


year). 
5. PRODUCTION OF THE TRAPPING FIELD 


In the earlier paper it was supposed that the trapping 
field postulated by Teller and Richtmyer was pro- 
duced by the magneto-hydrodynamic mechanism which 
should convert part of the kinetic energy of local mo- 
tions into magnetic energy. In a primary magnetic field, 
which may be extremely weak, the polarization due to 
local motions produces currents, which give rise to the 
trapping field. It is easily seen that these local currents 
through space should produce magnetic lines of force 
which are closed. This amplifies our conclusion that 
cosmic radiation is trapped by a closed field. 

There is a close analogy between this production of 
the trapping field and the production of sunspots 
according to the magneto-hydrodynamic theory.’ Due 


Vv 





@ 









Fic. 3. Current system produced by the motion of a conducting 
sphere through a conducting medium in a magnetic field Ho. The 
current system produces a magnetic field H. 


7H. Alfvén, M. N. R.A.S. 105, 3, 382 (1945); Ark. f. mat., 
astr. o. fysik, 34 A, 23 (1948). 
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to the presence of a general magnetic field, local motions 
in the sun produce local magnetic fields (which later 
give rise to sunspots). The local fields are toroidal and 
their strength is more than 100 times larger than the 
general field. 

The size of the trapping field as found in the pre- 
ceding paragraph shows that the current system must 
be confined to the environment of the solar system. In 
any case its extension is small compared to interstellar 
distances. Hence it seems likely that the whole phe- 
nomenon should be associated with the motion of the 
solar system relative to interstellar matter. A mechanism 
which may produce the trapping field shall be proposed 
tentatively. 

Suppose that a perfectly conducting body moves 
rectilinearly in a perfectly conducting medium in which 
a magnetic field is present. Let the field be homogeneous 
and perpendicular to the motion. Figure 2 shows quali- 
tatively what occurs. The moving body drags the lines 
of force with it. The first result (Fig. 2b) is an ampli- 
fication of the field in front of the body and a long tail 
of field behind it. Due to the elasticity of the lines of 
force the tail will break up as shown by Fig. 2c. When 
a stationary state is reached the moving body will be 
surrounded by a system of closed lines of force. 

The problem can also be treated in the following way. 
Seen from the moving body the surrounding medium 
moves with a velocity which we call v. As there is a 
magnetic field Hy in the medium, this is polarized seen 
from the body, so that there is an electric field E=vH/c. 
In the body this field produces a current, and when this 
current is closed through the surroundings, the current 
system of Fig. 3 is produced. It is easily seen that it 
produces a toroidal magnetic field. 

In the ideal case we have discussed the motion in the 
surrounding medium produced by the body has been 
neglected. In the real case the moving body should 
probably not be identified with the sun itself but rather 
with the sun and the interstellar matter in its environ- 
ment which it drags with it. Further the solar dipole 
field affects the phenomenon. The whole mechanism is 
no doubt very complicated and until a more detailed 
analysis has been made the results of this paragraph 
and the next are only tentative suggestions. 


6. THE INTENSITY OF COSMIC RADIATION 


As pointed out by Dungey and Hoyle® a magnetic 
field which traps cosmic radiation is subject to a 
pressure equal to the energy density of the radiation. 
This means that the magnetostatic pressure py = H?/8x 
outside the cosmic-ray doughnut must surpass the 
pressure inside it by the energy density of cosmic radia- 
tion, which amounts to w=4X10-" erg cm-*. The 
magnetostatic pressure of the trapping field may be of 
the same order of magnitude as w. In fact H7*/8r=w 


8 J. W. Dungey and F. Hoyle, Nature 162, 888 (1948). 
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=4X10-" gives Hr=3X10-* gauss, which is an 
acceptable value for the trapping field. 

When the solar system moves with the velocity »v 
through an interstellar medium with density #, the 
pressure py at the front should be of the order p= 0+”. 
Even this pressure may be of the same order as w and 
pu. In fact, if d=10-*% g cm~, an energy w=4-10-" 
corresponds to v= 10° cm/sec. which would be a possible 
value for the motion of the sun in relation to interstellar 
matter. 

It is possible that the order of magnitude agreement 
between w, px, and fy is not fortuitous. The value of 
Hr is not determined by the primary magnetic field, 
Hp, in interstellar space which was supposed to be its 
ultimate cause. Even an extremely weak primary field 
is enough to produce very large currents due to the 
good conductivity of interstellar matter. It is more 
reasonable that Hr is determined by the condition that 
the magnetic field in front of the advancing solar 
system should be strong enough to withstand the 
pressure due to the medium in which the motion takes 
place. This would give pu= py. 

The equality between py and w could be understood 
in the following way. Suppose that the sun generates 
so much cosmic rays that w surpasses pu. Then the 
magnetic field cannot keep the radiation and the cosmic- 
ray doughnut will expand until w has diminished again 
to pu. Thus the output of the solar generator does not 
determine the intensity but the volume filled by cosmic 
radiation. The intensity is ultimately determined by 
p;, so if the resistance of interstellar matter to the 
solar‘motion changes, this would affect the cosmic-ray 
intensity. 


7. THE ACCELERATION PROCESS 


According to the earlier paper* the acceleration is due 
to electric fields produced at disturbances of the solar 
magnetic field, or in other words to the betatron action 
of magnetic field variations. It is important to observe 
that in average such variations produce a cumulative 
increase of the particle energy. This is in principle the 
same effect as discussed by Fermi:> The interaction 
between a variable magnetic field and a particle tends 
to increase the particle energy. In our case the details 
of the process could be understood in the following way. 

In a dipole field charged particles move in Stérmer 
orbits. In the orbits of most interest in this connection 
the motion consists of a trochoidal motion perpendicular 
to the magnetic field superimposed by oscillations 
parallel to the field. If the regular dipole field is dis- 
turbed in such a way that from time to time the mag- 
netic field in some parts of it changes, the effect of this 
is twofold: 1. Particles passing a region with a static 
disturbance of the field are scattered from one Stérmer 
orbit to another. 2. Particles moving in a region where 
the magnetic field in it changes, increase or decrease 
their energy. : 
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Consider a number of particles moving in the dipole 
field. The first process tends to distribute them iso- 
tropically, so that in average their momenta fo are 
distributed in such a way that the motion parallel to the 
field accounts for p,/3 and the motion perpendicular to 
the field for 20/3 (in the relativistic case). Suppose that 
in a region, where some of the particles move, the 
magnetic field increases by a factor a®. This produces 
an increase by a factor a of the momentum perpen- 
dicular to the field, but it does not affect the motion 
parallel to the field. Hence the total momentum of a 
particle is 


p= po(§+2a/3). (16) 
Let the particles then be subject to scattering so that 
their momenta becomes equally distributed on the 
three degrees of freedom. Hence the “parallel’’ mo- 
mentum is 3)’ and the “perpendicular” momentum 3’. 
If later the field in which they move decreases by a 
factor 1/o’, their “parallel” momentum remains 
unchanged but their “perpendicular” momentum 
decreases by a factor 1/a. Hence the result of an 
increase of the field and a subsequent decrease back to 
the initial field strength is that the momentum has 
increased from Po to 


i -«)(~ 5+2(a+a-") 17) 
aie -v(; “7X3 +=)- _ mS 


This shows that if the magnetic field varies up and 
down an accumulated increase in particle momentum 
will occur. 

Consider a moment when the solar field is undis- 
turbed. Suppose that a certain disturbance occurs, 
after which the field goes back to its original conditions. 
The disturbance has increased the momenta of a group 
of particles by 





Ap=Ap. (18) 
At the same time it has thrown a number of particles 
out of their normal orbits in such a way that they have 
been emitted into interstellar space. The number of 
particles lost by emission is Bn, where x is the total 
number of particles. Further during the time between 
two disturbances a number of Cn particles is lost by 
absorption (in interplanetary matter or by collisions 
with celestial bodies). Hence the total change An is 


An=—(B+C)n. (19) 


A, B, and C are independent of m but may be functions 
of p. Supposing that a series of disturbances of the same 
type occurs we could find the spectrum of accelerated 
particles. Dividing (19) by (18) we obtain after 
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integration 


(- B+C “ay 
N= No exp Jr 


where mp is an integration constant. 
The spectrum emitted from the generator is 


B+C ~~ 
= Bng exp( - | a 


According to Kane, Shanley, and Wheeler® cosmic-ray 
particles in certain trapped orbit move some thousand 
years before being absorbed. As this time probably is 
much larger than the time of the acceleration process, 
it is reasonable to neglect C except very close to the sun. 

If there is an orbit with momentum ? at a solar 
distance R, there is also a similar orbit at R’ with the 
momentum p’=/(R/R’)*. If we suppose that the dis- 
turbance has the same character at R’ as at R, particles 
with the momentum ’ are affected in the same was as 
those with momentum ». Thus it is reasonable to 
assume that A and B are independent of p. This gives 


eo 
Ne=No p Bla 


where = mB is a constant. In a stationary state this 
emission should compensate the absorption in a tube 
of constant length but with a cross section proportional 
to p*. This gives the energy spectrum of cosmic radiation 


as 
N=Nop?-!4), 


where Np is a constant. Agreement with the observa- 
tional exponent — 2.8 is obtained if B/A=0.8. A theo- 
retical ‘calculation of B/A is probably rather com- 
plicated, but a qualitative discussion indicates that the 
quantity should be of the order unity. The formula 
should hold in a region extending to the neighborhood 
of the upper and lower limits given in Sections 1 and 2. 

It should be observed that particles moving in the 
trapping field far away from the sun could also be 
accelerated by a similar process if the trapping field 
varies. The difference is that no loss of particles is 
produced by the disturbance itself. Instead the loss is 
only due to absorption in interstellar matter. Hence this 
process is of the same kind considered by Fermi and 
should also lead to a power spectrum. The “injection” 
which leads to some difficulty in Fermi’s theory could 
be accomplished by the solar generator. 

If observations of cosmic rays should give energies 
definitely in excess of the upper limits given in Section 
1 this may be due to an earlier higher value of the solar 
dipole moment, but it may also be due to a subsequent 
Fermi acceleration in the trapping field. In both cases 
the considerations in Section 2 of the low energy cut-off 
would be erroneous. 
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By measurements of twofold, threefold, and fourfold coincidences with a Geiger counter telescope, the 
underground rays at 660 and 540 m w.e. (water equivalent) have been divided into two components. One of 
the components is ionizing, discharging the counters with almost 100 percent efficiency, and has a strong 
maximum in the vertical direction. The other component discharges the counters with a very low efficiency, 
producing numerous twofold coincidences but practically no threefold or fourfold coincidences. It is isotropic 
in direction and rapidly absorbed in lead. This second component is thought to be composed of y-raysof local 
radioactive origin. The telescope used in these experiments differed from that of Barnéthy and Forré in that 
it was protected from side showers by anticoincidence counters. The ratio of twofold to threefold coincidences 
was found to be about 1.4 instead of 20 as reported by Barnéthy and Forré at 1000 m wee. 





THE PROBLEM OF GREAT DEPTHS 


AS concerns the problem of cosmic radiation reaching 

great depths (some hundred m w.e.), it is assumed 
by most physicists that this radiation is a meson radi- 
ation (perhaps with some admixture of protons) 
accompanied by knock-on electrons, and cascade 
showers started by these.! Quite different views on this 
subject are given by Barnéthy and Forré* who assume 
that at depths greater than 500 m w.e. it is mainly non- 
ionizing radiation produced by the decay of u-mesons 
which penetrates there. They consider that our instru- 
ments at those depths are operated by secondaries of 
that non-ionizing radiation. 

These differences in views are derived from some 
anomalies observed by measurements of cosmic radia- 
tion at great depths. The best known anomaly is that 
giving the relation between the intensity of cosmic 
radiation and the depth. If we take the integral spec- 
trum of mesons as given by the relation: J=cE~’, and 
we also take the losses of energy of mesons to be propor- 
tional to the depth H which they have traversed, we 
obtain the relation: J=cH~-7. Now taking into account 
the experimental results, in the diagram log/ versus 
logH we get a line which is broken at about 300 m w.e.’ 
Up to 300 m w.e. we have the relation: J=cH8, and 
beyond that depth the exponent changes from the 
value 1.8 to 2.8. 

Lyons‘ considers an additional loss of energy of very 
energetic mesons by radiation as a cause of this change 
of dependence of the intensity on the depth. That loss 
must be accentuated below 300 m w.e. A closer analysis 
of this process proves that the losses of energy suffered 
by mesons which have traversed such depths are too 
small to explain this phenomenon. 

There are now in the literature of the subject two 
opinions* * on this problem based on a similar assump- 


1V. C. Wilson and D. J. Hughes, Phys. Rev. 63, 161 (1943). 
2 J. Barnéthy and M. Forré, Phys. Rev. 74, 1300- (1948). 

3 J. Clay and A. V. Gemert, Physics VI, 497 (1939). 

‘D. Lyons, Physik. Zeits. 42, 166 (1941). 

5K. Greisen, Phys. Rev. 73, 521 (1948). 


tion of meson decay. The introduction of meson decay 
influences the shape of the spectrum of the radiation at 
great depths. The mean range of decaying mesons is 
proportional to the energy. Then in the spectrum of 
decay products we shall have a lack of particles of the 
highest energies and this should be observed for energies 
for which the mean range of mesons is equal to or 
greater than the height at which mesons are produced 
in the atmosphere. In the spectrum of decay products 
of the form E-!-°, we get the factor E~ which explains 
the dependence observed, i.e., J/=cH~*, if we assume 
that all the radiation at great depths is produced by 
decay products of mesons. The main difference between 
Barnéthy and Forré and Greisen is that Barnéthy and 
Forr6é assume that at great depths we observe the 
neutral products of u-meson decay, Greisen on the 
contrary introduces into this problem the process of 
the decay of m-meson into yu-meson. He evaluates in 
this way the energy by which the spectrum changes 
from the form E- to E-?-’. This energy (E~ 10" ev) 
is necessary for the meson to traverse some hundred 
m w.e. With this supposition it is not necessary to 
consider the cosmic radiation at great depths to be 
composed of neutral meson-decay products. The 
u-mesons themselves are decay products. 

But Barnéthy and Forré in the paper mentioned 
report among many interesting results also a phe- 
nomenon which they interpret as an argument for the 
opinion that at great depths we have to do especially 
with neutral meson-decay products. This phenomenon, 
mentioned in 1939,° was communicated at the Cracow 
Cosmic Rays Conference in October 1947. They ob- 
served at the depth of 1000 m w.e. that the radiation 
there measured was able to give many times more 
double than threefold coincidences in the same tele- 
scope. The ratio of threefold to double coincidences in 
their measurements was 0.05. Barnéthy and Forré 
express the opinion that this phenomenon proves the 
existence at great depths of a scarcely ionizing com- 
ponent of cosmic radiation. For this component the 


6 J. Barnéthy and M. Forré, Phys. Rev. 55, 870 (1939). 
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probability of threefold coincidences ought to be 
smaller than that of double ones. 

The aim of this work, of which we are giving the 
provisional results in this paper, was to check this 
interesting phenomenon and to investigate more closely 
the properties of the radiation which produces it. 


DESCRIPTION OF THE APPARATUS 


Our measurements were performed in the salt mine 
at Wieliczka near Cracow. The deepest level at our 
disposal was 282 m below ground. The layers above the 
telescope consisted of rocksalt, sandstone, gray slit, and 
silt with grains of rocksalt, gypsum, and anhydrite. The 
water equivalent was estimated from samples taken 
from different layers at different levels. The measure- 
ments were carried out in horizontal passages (about 
2 m high) in the salt layers at two levels, 660 and 540 
m w.e. The work in the salt mine requires the apparatus 
to be built very thoroughly. Salt powder and moisture 
are deposited during the work and therefore the whole 
apparatus must be tightly closed. These difficulties may 
be easier overcome if we use all-metal counters with 
earthed cathodes. Because of the very large fluctuations 
of voltage in the mine, the apparatus had to be supplied 
with a stabilizer stabilizing the voltage within wide 
limits. The magnetic stabilizer* which we used was 
very helpful in this matter. The special conditions of 
work also needed some additional arrangements to 
make work continuous and safe (such as an automatic 
switch for too low voltage, a delayed switch for switch- 
ing on the high tension for register circuits, an electric 
clock starting by the above-mentioned delayed switch, 
etc.). 

The measurements on the ratio of threefold to double 
coincidences were performed with an apparatus much 
improved in comparison with that of Barnéthy and 
Forré. The telescope consisted of three G-M counters 
1, 2, and 3 (Fig. 1). The middle counter 2 was of larger 
dimensions than the two others. The telescope was 
protected against side showers by six anticoincidence 
counters. The double coincidences D of the counters 1 
and 3, and the threefold coincidences T of the counters 
1, 2, and 3 were registered simultaneously by two 
separate P.O. registers. In this way we have even for a 
not very great number of D coincidences a fairly small 
statistical error of the ratio T/D. This is very im- 
portant here because of the very low intensity of cosmic 
radiation at the depths in which we have worked (the 
number of T coincidences at the lowest level is at the 
rate of about 1/hr.). In order to measure the double 
coincidences D, the resolving time of our apparatus had 
to be rather small. It was 2.6 usec., which we obtained 
in such a way that the rectangular pulse coming from 
the counter amplifier was differentiated with a small 
time constant in the circuit of the grid of the Rossi 


* The authors are greatly indebted for the design and the con- 
struction of this to Mr. T. Czayka of the Cracow Mining Academy. 
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valves.? The G-M counters we used were of the all-metal 
type filled with the usual argon-alcohol mixture.’ The 
dimensions of the counters were: 





Fic, 1. Arrangement of 
counters. 























counters 1 and 2 4.365 cm’, 
counter 3 and anticounters 5.270 cm’. 


The number of pulses per minute of these counters in 
the laboratory were about 650 for smaller,and 900 for 
larger counters. The number of pulses per minute at 
the lowest level in the mine were about 70 and 100, 
respectively. After protecting the counters 1 and 2 by 
5 cm Pb at the lowest level, the background rate 
dropped to 16/min. The low background rates of the 
counters were very convenient for our measurements. 


THE MEASUREMENTS OF THE RATIO OF THREEFOLD 
TO DOUBLE, AND OF FOURFOLD TO THREEFOLD 
COINCIDENCES 


In our preliminary measurements performed at two 
depths (660 m w.e. and 540 m w.e.) we found more 
double than threefold coincidences, proving in this way 
qualitatively even for those depths the existence of the 
effect found by Barnéthy and Forré at 1000 m w.e. We 


did not find, however, any difference between the 


number of threefold and. fourfold coincidences. The 
results of the measurements are given in Tables I, II, 
and III. In all tables in the number of D coincidences 
there are subtracted the accidental coincidences. 


INVESTIGATIONS OF THE PROPERTIES OF THE 
RADIATION CAUSING THE EXCESS OF DOUBLE 
OVER THREEFOLD COINCIDENCES 


Let us write the number of double, threefold, and 
fourfold coincidences in the form :* 


D=NN+J, T='NN+J, F=MN+J, 


where J is the intensity of the ionizing component of 
the radiation going through the telescope, for which we 
assume the efficiency of the G-M counter to be 1.0, 
N the intensity, and A the efficiency of the G-M counter 
for the non-ionizing component. From our measure- 
ments of the ratio F/T, it follows that WN<J; in 
other words, the number of threefold coincidences 
produced by non-ionizing component is negligible as 
compared with the number of threefold coincidences 
produced by the ionizing component. Then we may 
consider T as the intensity J of the ionizing component 


7M. Miesowicz and L. Jurkiewicz, Acta Phys. Polonica IX, 54 
(1947). 
8 J. Clay and C. Levert, Physica IX, 158 (1942). 
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and write: 


T T T 


D N4+T A+T 





where A gives the number of double coincidences due 
to the non-ionizing component. Table IV gives a com- 
parison of the values of A and T for two depths. 

If A is considered as a measure of the intensity of the 
non-ionizing component of cosmic radiation, we should 
have its strong dependence on the depth and its high 
relative intensity. The ionizing component, however, 
shows that the intensity decreases in accordance with 
the measurements of other authors. For the absorption 
coefficient we get from our figures the value 2.1 which, 
taking into account our rather poor evaluation of the 
water equivalent, is quite consistent within the limits 
of error with the values given by other authors. 

The other characteristics of the component A cor- 
respond in general to those found by Barnéthy and 
Forré for radiation recorded by double coincidences. 
For the investigation of the angular dependence of the 
component A, the measurements of threefold and double 
coincidences in a horizontal position of the telescope 
have so far been carried out. The results are given in 
Table V. 

From the figures given in Table V we can see that for 
the horizontal position of the telescope the number of 
threefold coincidences is negligible and the number of 
double coincidences is, within the limits of error, of the 
same value as A. This is an evidence for the isotropic 
character of the component A. 

Then we investigated the influence of lead put 
between the counters on the ratio of T/D. The figures 
are given in Table VI. 

From these figures we can see that the component A 
is absorbed with an absorption coefficient of about 0.5 
cm Pb. 


TABLE I. Vertical telescope at a depth of 660 m w.e. 











Number of 
coincidences Average rate 
and time per hr. 
Threefold coinc. T 321 1.34+0.05 
Double coinc. D 443 1.86+-0.06 
Time (in hr.) 239.46 


Ratio of threefold 


to double coinc. T/D=(72.5+2.7) percent. 








TABLE II. Vertical telescope at a depth of 540 m w.e. 


EFFICIENCY OF THE COUNTERS FOR THE 
COMPONENT A 

Barnéthy and Forré, who evaluated the ratio T/D 
at 1000 m w.e. and found the value 0.05, interpret this 
figure as the efficiency of the counters for the radiation 
giving the coincidences. We think that this would be 
correct only in the case when the telescope has not also 
registered a number of ionizing particles for which the 
efficiency of the G-M counters is equal to 1.0, and for 
which the numbers of double and threefold coincidences 
are the same. For the efficiency \ of the counter for 
radiation causing the excess of double coincidences, we 
have \<Z/D. On the other hand, in these circum- 
stances we cannot.at all evaluate the specific ionization 
as Barnéthy and Forré do. They give the value of 0.04 
ion/cm N.T.P. air for this radiation. It is not known 
beforehand whether this radiation reacts on the counter 
producing ions in the gas of the counter or whether it 
gives secondaries in the walls of the counter and those 
initiate the discharge in it. In the first case, however, 
the efficiency of the counter would depend on the 
specific ionization of the gas contained in it, but in the 
second case it would depend on the probability of 
emitting secondaries in the walls entering the counter. 

For rough evaluation of the efficiency of the G-M 
counters for the radiation A, we compared the number 
of counts of a single counter caused by the radiation 
which is absorbed by 5 cm Pb with the number of 
double coincidences A. We have at 660 m w.e., for a 
counter of a length of /=65 cm and a diameter of 
a=4.3 cm, the number of counts without screening 
80/min., with a screen of 5 cm Pb from all sides 16/min., 
the number of counts due to the radiation absorbed in 
5 cm Pb 64/min. If we assume that this radiation is 
isotropic for all the sphere, we have a dependence 
between the number J of counts and the flux 7 of the 
radiation and an efficiency \ of the counters for this 
radiation of the form: 


N=ral[1+(a/2)) nj, 
we get from it \j=0.022/sterad. cm? min. 


TABLE III. Vertical telescope at a depth of 540 m w.e. 











Number of 
coincidences Average rate 
‘ and time per hr. 
Fourfold coinc. F 354 2.09+0.07 
Threefold coinc. T 356 2.10+0.08 
Time (in hr.) 169.3 


Ratio of fourfold 


to threefold coinc. F/T=0.995+0.04 











Number of 
coincidences Average rate 
and time per hr. 
Threefold coinc. T 454 2.08+-0.07 
Double coinc. D 660 3.01+0.08 
Time (in hr.) 218.6 


Ratio of threefold 


to double coinc. T/D=(69.0+2.2) percent 


TABLE IV. Comparison of the values of A and T for 
two depths. 








Coincidences caused by Coincidences caused by 





Depth non-ionizing comp. A ionizing comp. 7 
540 m wee. 0.93 /hr. 2.08/hr. 
660 m w.e. 0.52/hr. 1.34/hr. 
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TABLE V. The telescope in a horizontal position at 540 m w.e. 
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TABLE VI. The telescope in a vertical position at 540 m w.e. 








Number of coincidences 


Thickness of lead 











and time Rate per hr. in mm T/D A A/A(0 cm Pb) 
Threefold coin. T 1 0 0.690 0.93 1.00 
Double coin. D 110 0.91 5 0.795 0.49 0.53 
Time (in hr.) 129.6 10 0.906 0.19 0.20 
15 0.930 0.13 0.14 
50 0.989 0.02 0.02 


Let us now assume the probability of double coin- 
cidences due to this radiation without any discussion of 
the particulars of the mechanism of this process. Let us 
take )’ as the efficiency of the telescope for the double 
coincidences for this radiation, i.e., \’ is the probability 
that the particle or photon which discharges the first 
counter enters the second one and discharges this also. 
If the radiation is isotropic and comes from the solid 
angle determined by the telescope, we get by simple 
integration for the number of double coincidences A: 


A=) ja?(I/h) arctan(I/h), 


where h= 18 cm is the distance between the counters in 
the double coincidence telescope. We get from this 
equation, \’=0.005, a value 10 times smaller than that 
given by Barndéthy and Forrd. 


’ CONCLUSIONS 


The results of this work therefore show the following 
properties of the radiation giving the excess of double 
over threefold coincidences: (1) It is scarcely ionizing. 
(2) It is isotropic. (3) It is absorbed by about 50 percent 
in 0.5 cm Pb. All these properties seem to prove that 
this radiation is of photon character, and the absorption 
coefficient and the efficiency of the counter for this 
radiation also suggest that we may have here some 
y-radiation with energy (~1 Mev) of perhaps natural 
radioactive substances. 








It remains to explain the mechanism of the coin- 
cidences given by such radiation. Probably we may 
have to do here with an example of some interesting 
compound Compton effect. As a matter of fact it might 
be possible that a photon entering the first counter and 
discharging it might enter the second counter and give 
off another electron operating the counter. 

It is possible to see from our evaluation of the 
efficiency of the counter for that radiation, assuming 
that the discharge in the counter is started by photons, 
that we get quite a reasonable figure for the efficiency 
for double coincidences. Of course, in this case, \’ <X' 
because the loss of energy of photons in the first counter 
causes a drop in the efficiency, and the photons are 
dispersed causing in this way also an additional inef- 
ficiency. 

The authors are very grateful to the Science Depart- 
ment of the Ministry of Education for financial aid 
which has made it possible to carry out this work. 
The authors are also obliged to the Polish Academy of 
Sciences and Letters for supplying our laboratory at 
Wieliczka in lead. The authors would also like to take 
this opportunity of thanking Managers of the Salt Mine 
at Wieliczka and all miners for their kind cooperation 
we have received in all our experiments at Wieliczka. 
Appreciation is also expressed to Mr. S. Wojt6éw and 
Mr. A. Mikucki for their valuable help. 
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Surface resistance and the change of surface reactance of three superconducting metals (Sn, Hg, Pb) 
have been measured. The results were evaluated in terms of the penetration depth \ of Londons’ theory 
(Figs. 6, 8) and the limiting values of \ for T=0 were obtained (Table I). 





HE surface impedance of the normal (non-super- 

conducting) metals at such low temperatures that 

the mean free path of the electrons is larger than the 

skin depth has been studied in great detail by Pippard,! 

Reuter and Sondheimer,’ and others. The general 

validity of the theory seems to be well established 
(Maxwell,? Nowak‘). 

An analogous treatment for the superconducting 
metals has been given by Maxwell, Marcus, and Slater® 
and some use of the theory for the interpretation of 
experimental results has already been made.* Following 
the Londons’ phenomenological theory of superconduc- 
tivity,* two kinds of electrons, which react independ- 
ently to the high frequency field, are assumed to exist 
below the transition temperature. Superconducting elec- 
trons appear in increasing number with decreasing 
temperature and do not exhibit any interaction with 
the metallic lattice. The finite (although very small) 
resistivity which is observed in a high-frequency field is 
due to the normal electrons which are still present at 
temperatures below the transition. The fraction of the 
persisting normal electrons is contained as a substantial 
parameter in the theory® and can be obtained from the 
measurements (under further assumptions which will 
be stated below). 

It cannot be decided with certainty from the available 
experimental data whether or not the fraction of the 
normal electrons tends actually to zero with 7-0 as is 
required by the theory. The presence of the super- 
conducting electrons, however, manifests itself by a 
very definite and measurable change in the reactive part 
of the surface impedance (Fig. 1). The results may be 
interpreted in terms of the penetration depth A for the 
static field; and this is actually done in this paper in order 
to facilitate the comparison with other investigations. 


EXPERIMENTAL TECHNIQUES 


The microwave-measurement techniques used for ob- 
taining the Q’s and the resonant frequencies were quite 


* This work has been supported in part by the Signal Corps, 
the Air Materiel Command and the ONR. 

** Now with Arthur D. Little, Inc., Cambridge, Massachusetts. 

1 A. B. Pippard, Proc. Roy. Soc. A191, 370, 385, 400 (1947). 
i: = E. Reuter and E. H. Sondheimer, Proc. Roy. Soc. A195 

3 E. Maxwell, thesis, M.I.T., Cambridge, Massachusetts (1948). 

*W. B. Nowak, thesis, M.I.T., Cambridge, Massachusetts 
(1949); R.L.E. Technical Report No. 97, May 1949. 

5 Maxwell, Marcus, and Slater, R.L.E. Technical Report No. 
109; also Phys. Rev. 74, 1234 (1948). 

6 F, London and H. London, Physica 2, 341 (1935). 


straightforward and are described in detail in another 
paper,’ together with a description of the low tempera- 
ture equipment. 

The resonators used were of the coaxial, quarter- 
wave-length type, shown in Fig. 2. They were inserted 
in a wave guide (immersed in the liquid helium bath) 
and coupled to the field in a suitable manner. The simple 
form of the resonators made it possible to cast the tin 
and lead resonators in glass molds in vacuum so that the 
surface obtained was smooth and clean. The mercury 
resonators were frozen from liquid metal in a polished 
steel mold in a dry helium-gas atmosphere. Some diffi- 
culty was experienced with lead, as the metal adhered to 
the glass surface. To prevent this adhesion it was neces- 
sary to apply a small amount of silicone greage on the 
glass surface and during the removal of the silicone film 
from the metal (with degreasing agents, diluted HCl 
and distilled water) the surface was oxidized (and per- 
haps etched). Spectroscopically standardized, 99.995 
percent pure tin and 99.998 percent pure lead (supplied 
by Johnson and Matthey Ltd., London) were used. The 
mercury was a chemically pure metal (Mallinckrodt), 
triple distilled in vacuum. 


EVALUATION OF MEASUREMENTS 


The surface impedance may be defined as a ratio of 
the tangential components of the electric and the mag- 





Fic. 1. Shift of the resonant frequency of a tin cavity in passing 
from the normal to the superconducting state. 


71. Simon, R.L.E. Technical Report No. 126. 
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Fic. 2. Quarter-wave-length coaxial resonator (tin, No. Sn-5); © 
dimensions are in mm. 


netic fields at the surface of the metal: Z=R+jX 
=E,(0)/H,(0). The aim of the measurements is to 
obtain R and X as functions of temperature. To this 
end the resonator made of a metal under investigation 
is cooled down and its Q and resonant frequency fo are 
measured. While R can be obtained directly from the 
measured Q, it is not practicable to obtain X from the 
measured resonant frequency due to the fact that fo is 
determined primarily by the geometrical shape and 
dimensions of the resonator whereas the intrinsic im- 
pedance of the metallic walls enters into the calculations 
only in a secondary way and to a very small extent. 
During the cooling, moreover, the geometrical dimen- 
sions change to a great extent in a nonlinear manner. 
This change prevents measuring the absolute value of 
X in the temperature region covering the non-super- 
conducting state. 

By passing the transition temperature and entering 
the superconducting state the change in surface im- 
pedance (especially in the real part) is very large and 
the thermal contraction has already “leveled off” and 
is negligible. This permits measuring the change Af of 
the resonant frequency caused by the change of the 
surface reactance with fair accuracy. With the use of a 
result derived by Slater* it can be shown? that Af and 
AX are related by an equation 


AX = —4rpoKAf, 


where K is a constant determined by the dimensions of 
the resonator. For a coaxial, quarter-wave-length reso- 
nator (Fig. 2) 


K=c(couo)-4(InD/d)[2Ao/D+2Ao/d+8 InD/d} "Ao, 


where D, d are the diameters (Fig. 2), Ao is the reso- 
nant wave-length and c is the velocity of light (the 
m.k.s. system of units is used throughout the paper). 
Furthermore, 


R=2mpoK fo. 


The surface resistance R may be obtained on one hand 
from the measured value of Q. On the other hand R can 
be computed from the classical formula R= (27w9010-")! 
which is valid as long as the mean free path of the 
conduction electrons is small compared to the skin depth 
(o denotes the d.c. conductivity). The computed values 
of R at 300°K agreed closely with the measured values 
in the case of tin and mercury (Table I). This agreement 
was considered as a proof that the effect of surface 


8 J. C. Slater, Rev. Mod. Phys. 18, 475 (1946). 
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roughness was negligible. The discrepancy in the case 
of lead was attributed to a contamination of the surface. 

In order to evaluate the measured values of R and 
AX in terms of the static penetration depth \ the theory 
of Marcus® has been applied. The basic assumption of 
the theory is that of the Londons’ theory, i.e., of the 
coexistence of the “normal” and “superconducting” 
electrons below the transition point. The fraction 
fnr=n,/n, (m, is the number of the normal electrons 
and is the total number of free electrons) of the elec- 
trons which remain in the normal state at a given tem- 
perature below transition is supposed to behave in 
accordance with the Reuter and Sondheimer theory? of 
the anomalous skin effect. Then the normalized surface 
resistance and reactance are given by the following 
expressions: 


R/Ra=fn?'L1(8)/T(0) J, 
X/Xn=fn?!*LT1(8)/11(0) J. 


R, and X,, are the values of Rand X in the normal state 
just above the transition point. Functions J(8) and 
I,(8) have been computed and tabulated by Marcus. 
The variable 6 reduces in the case of perfect reflection 
of the electrons on the metal boundary (case p=1 of 
the Reuter and Sondheimer theory) to 


B=27/16(5n/d)*fn*, 


where 6,=R,(2mwo)!X 10’ is the effective skin depth 
just above the transition. 

Generally, f, decreases with temperature rather 
rapidly, as may be inferred from the direct measure- 
ments of X in static fields. We will use the assumption 
that the superconducting electrons are appearing in the 
same rate as the normal ones disappear, so that the 
total number remains constant, ie., 2,+”2,=n=con- 
stant. It can be then shown from the Londons’ theory 
that f, is related to \ by means of a formula 


fn=1—(Ao/A)?= 1— (Ao/Sn)?(6n/A)?, 


where Xo denotes the zero-temperature limit of X. 


TABLE I. Experimental results for tin, mercury, and lead.* 











Sn Hg Pb 
7300 8.70 X108 23.2 106 4.65 X10 ohm !cm7 
1/R200, 15.3 9.55 9.50 ohm! 
measured 
1/R300, 15.6 9.17 11.4 ohm 
calculated 
/Rn, 143 101 136 ohm-! 
measured 
Q300, measured 299 205 205 
Qn, measured 3200 2500 3070 
bn 19.6 X1073 27.2 X1073 20.5 10-8 meter 
fo 9050 9200 9100 Mc/sec. 
(Af/fo)T =2°K 1.85 X107¢ 2.24 X1074 1.95 X1074 
(Af/fo)T =0°K 2.0 X1074 2.4 X1074 2.0 X10~4 
extrapolated 
do 4.65 X1078 7.3 X10 5.4 X10-* meter 








®¢300 is the d.c. conductivity at room temperature (taken from Inter- 
national Critical Tables); Rsoo is the surface resistance at room témperature; 
Q300 and Qn are the unloaded Q's of the resonators used at room temperature 
and at a temperature just above the transition point respectively; dn is the 
effective skin depth computed from the measured value of Rn; fo denotes 
the resonant frequency; Af/fo, the normalized frequency shift; and Xo is 
the limiting value of the static penetration depth for T =0, 
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Fic. 3. Normalized surface resistance as a function of 5/A for 


various values of the parameter 6,/Ao computed from the theory 
in reference 5. 
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Fic. 4. Normalized surface reactance computed from 
the theory in reference 5. 


Two sets of curves were prepared, plotting R/R, and 
AX/X,L=(X—X,)/Xn=X/Xa—1] as functions of 
(6,/A) for different values of the parameter (6,/Ao) 
(Figs. 3 and 4). By comparing the measured values of 
R/R, and AX/X,, (as functions of the temperature) 
with the theoretical values from the curves, we obtain 
the desired dependence of \ on the temperature. R, and 
6, are known from the measurements in the normal 
state, Ao has to be known, or we can obtain it from the 


SIMON 


measurements of AX if we assume the validity of a 
formula of Reuter and Sondheimer, i.e., Xn=V3Rn (in 
classical case, i.e., at sufficiently high temperatures is 
X=R). Then 


AX/Xn=— (2/V3)QnAf/fo. 


For very low temperatures, i.e., for 6 large, J1(8) can 


be shown to have a limit #[2V8(4/3)! cos(1/3)}" and 
the theoretical value of AX/X,, has therefore a limit 


lim 7-yo(AX/Xn)=1.060(5n/do)—1, 


which is plotted in Fig. 5. Now, if we can extrapolate 
the measured curves of (Af/fo) versus T towards T=0, 
we obtain the limiting value of (AX/X,,) and by using 
the curve in Fig. 5 we get (5,/Ao) and eventually Xo. 
We can then use the curves of Figs. 3 and 4 to obtain 
the dependence of \ versus T from both resistive and 
reactive measurements. 


EXPERIMENTAL RESULTS 


The results obtained for tin, mercury, and lead are 
summarized in Table I and the A versus T curves are 


Bn 
Xo 





<o 19 
(Bao 
Fic. 5. Diagram for determination of the parameter 5n/Ao from the 
extrapolated total change of the surface resistance. 
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Fic. 6. Penetration depth A as a function of temperature 7. 
X and R denote the curves obtained from reactive and resistive 
data, respectively. 








tir 


th 
slc 


po 
of 


de 
th 


2 


Ca: 


ral 
-] 


cold 





SURFACE IMPEDANCE OF SUPERCONDUCTORS 


- plotted in Fig. 6. The measured curves of R/R, and 
Af/fo versus T are shown in Fig. 7 for the case of tin, 
where the most complete data were obtained. 

Our values of Xo are consistently lower than the values 
usually adopted (Ao~7.5X10-* m). This fact might be 
due to the approximative character of some of the 
assumptions which have been made in applying the 
theory. In particular no experimental verification of the 
validity of the relation X,=vV3R, could be obtained 
with our measurements. If the value of X, were closer 
to the classical value, i.e., if Ra<Xn<V3Rn we might 
obtain higher values of Ao. As a matter of fact, if we 
use a value, e.g., Ao=7.5X10-* m for tin, and enter the 
curves in Figs. 3 and 4 with the measured values of Fig. 
7 for the respective value of the parameter 6,,/Ao= 2.6, 
we obtain a good agreement with the curves of Pippard 
and Maxwell (Fig. 8). The value of Xo in the case of 
mercury lies closer to the usually adopted value, but 
this result might be due to the fact that the d.c. conduc- 
tivity is not constant below the transition-point and 
thus 6, tends to decrease with lower temperatures. 

The two curves shown in Fig. 6 for each metal and 
marked by R and X (for resistive and reactive data, 
respectively) ought actually to coincide. The deviation 
of the X-curve in the case of mercury was probably 
caused by an accidental break-in of the helium vapor 
into the resonator during the low temperature run, 
whereas the large discrepancy of the R-curve in the case 
of lead was attributed to the surface imperfection which 
manifested itself by an anomalous behavior also in the 
non-superconducting state. 

Another quantity which can be compared with the 
theory was obtained in the case of tin, i.e., the initial 
slope of the resistance-curve just below the transition 
point. From a plot of Fig. 7 in expanded scale, a slope 
of 14+2 per degree K was obtained. This is in fair 
agreement with the observation of Pippard at 1200 
Mc/sec.! from which we can derive a slope of 48 per 
degree K. Ratio of these slopes is 3.4, whereas from the 
theory one should expect a change amounting to the 
-power of the ratio of the frequencies, which is in this 
case equal to 3.84. If we compare our slope with that of 
Maxwell,’ which is 8.0 at 24,000 Mc/sec. we obtain a 
ratio 1.75, whereas the ratio of frequencies raised to the 
3-power is 1.92. 
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Fic. 7. Normalized surface resistance (circles) and the change in 
resonant frequency (dots) as functions of temperature for tin. 
d 
Sn 


© PIPPARD |200 Mc/sec. 
24 MAXWELL 24000 Mc/sec. 
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Fic. 8. Penetration depth \ as a function of temperature (for 
tin) compared with the results of Pippard (see reference 1) and 
Maxwell (see reference 3), when a value of \»=7.5X10~* cm is 
used for the evaluation of the data. 
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Experiments by Lark-Horovitz and collaborators on the Hall effect and resistivity of germanium semi- 
conductors have shown that the simple theory of lattice scattering alone cannot explain the temperature 
dependence of the resistivity. Another probable source of resistance is scattering by ionized impurity 
centers. This resistance can be calculated by using the Rutherford scattering formula. Evaluation of the 
collision terms in the Lorentz-Boltzmann equation of state is made by assuming that scattering of an 
electron by one ion is approximately independent of all other ions. This results in a resistivity given by 


(in ohm cm): 


p=2.11X 10?«*7—4 In { 14+ 36x2d?(kT)*e~4} , 


where d is half the average distance between impurity ions and « the dielectric constant of the semiconductor. 





XPERIMENTS on the electrical properties of 
germanium semiconductors yield curves for re- 
sistivity as a function of temperature which cannot be 
explained by the theory of lattice scattering alone. The 
temperature behavior of the mobility indicates the 
existence of another scattering mechanism, especially 
at low temperatures.’ It was pointed out by Lark- 
Horovitz{ that another obvious source of resistance is 
scattering by the ionized impurity centers. This contri- 
bution to the resistivity is calculated here. Due to their 
relatively small density, the conduction electrons in a 
semiconductor obey Maxwell-Boltzmann statistics. 
Since the electrons have thermal energies and corre- 
spondingly large wave-lengths, their motion can be 
considered free and their scattering by the impurity 
ions is given by the Rutherford formula. The problem 
is then one of calculating the resistivity arising from 
Rutherford scattering of electrons (or holes) by a 
random distribution of impurity ions. 

The system of free electrons in a semiconductor acted 
upon by a constant external field is in a state of dynamic 
equilibrium when a steady current is flowing. This 
implies that the number of particles per unit volume of 
phase space remains constant in time. From this condi- 
tion it is possible to derive the form of the distribution 
function when there is an applied field by following 
the classical development of Lorentz.? 

Consider a small volume of phase space dr around 
X, Vy By Vzy Vy, Vz. Then f(x, ¥, Z, Vz) Vy) Vz)dT is the number 
of particles in dr at time ¢. There are two ways in 
which this number may change: by acceleration by the 
electric field and by collisions. In a homogeneous iso- 
tropic medium, with uniform field E, applied in the z 


* Now at Brooklyn College, Brooklyn, New York. 

t Now at Massachusetts Institute of Technology, Cambridge, 
Massachusetts. This paper was completed in 1943 and its pub- 
lication was delayed by a number of circumstances. 

1 Lark-Horovitz, Middleton, Miller, and Walerstein, Phys. 
Rev. 69, 258 (1946). K. Lark-Horovitz, Contractor’s Final 
Report NDRC 14-585 (November, 1945), pp. 27-33. 

Personal communications. 

2A. A. Lorentz, Theory of Electrons (G. E. Stechert and Com- 

pany, New York, 1923), pp. 266. 


direction, the rate of change due to the field is given by :° 


af E,e of 
(— Me cant 





Ot aritt 


(1) 


b] 
m Ov, 


where 0f/dv, is to be evaluated in the particular volume 
of phase space under consideration. The rate of change 
due to collision is given by: 


(0/8) coltision= b—a, (2) 


where 5 represents the number of particles entering a 
unit volume of dr in unit time as a result of collisions 
and a represents the corresponding number leaving in 
a similar manner. In the steady state: 


700.7 * 


or, using (1) and (2): 


E,e Of 
—=b—a. (4) 
m Ov, 





The calculation of the collision term is simplified by 
assuming (1) infinite mass for the scattering center, (2) 
perfectly elastic collisions, and (3) that scattering of an 
electron by one ion can be treated to a first approxima- 
tion as independent of all other ions. As a result of the 
second assumption, only the direction of the electron 
velocity changes in a collision. It is convenient to 
introduce the spherical coordinates v, 0, ¢ instead of 
Vz, Vy, V2. According to the third assumption, the electron 
is scattered by one ion at a time, i.e., by the one to 
which it is closest. If 2d is the average distance between 
nearest neighbor impurity ions, then, to this approxi- 
mation, an electron is scattered by a particular ion 
only when it comes within distance d of that ion. As a 
result, one can express the number of electrons scattered 
out of unit volume of dz in unit time into the solid 


3 Reference 2, p. 268. 
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IMPURITY SCATTERING IN SEMICONDUCTORS 


angle dQ’ at 6’, y’ as: 
f(r, 0, p)No(8, 6’)vd0’, 


where N is the number of impurity ions per cm’, o(0, 6’) 
the Rutherford scattering cross section, v the relative 
velocity of the electron and the scattering center (which, 
by the first assumption, is just the electron velocity). 
The term a is the integral of the above expression over 
6’, y’. From the previous considerations, however, it is 
apparent that the integration is not to be carried out 
over all 6’. The limitation on impact parameter is 
equivalent to a limitation on 6’ which can be expressed 
by the relationship: 


tan[(6’— 6)/2]=Ze?/(xmv*), (S) 


where x is the dielectric constant of the medium and 6 
the impact parameter. For the largest possible impact 
parameter, d: 


6’— 0= (6’— 0) min= 2 arc tanZe?/(xmv'd). (6) 


This gives the lower limit for integration over 6’. Since 
this formula and the Rutherford scattering cross section 
depend only on the change of direction or @’—98, it is 
possible to choose axes to set @ equal to 0°. The expres- 
sion for a is then: 


is 
a=Nof 
6’ =0' 


The term 3d is evaluated in much the same manner as a. 
The final result for b—a is: 


b—a=Nof 
0’ =0! 
—f(v, 0, g) JodQ’. (8) 


When substituted in (4) this gives the integral equation: 
Eve ( of ) 
m \ 00, 
T 2 
= Nv f 
8 


The form for the solution of this equation used by 
Lorentz and others in conductivity problems is sug- 
gested by physical considerations. The effect of applying 
the field is to superimpose on the random thermal 
motion a small net drift of electrons in the direction 
opposite to the field (in the field direction for conduction 
by holes). This suggests for the new distribution 
function the expression: 


f=fo—v:x(v) = fo—v coséx(v), 


f soe, eo@ae. 


min® ¢’ =0 


Qa 
f Crt, 0, ¢’) 
ee 


min ¢ = 





[f(2, 0, ¢’) —f(2, 0, ¢) JodQ’. (9) 


'=6'min” 9’ =0 


(10) 
where 


fo=A exp(—mr?/2kT); A=n(m/2mkT)}, (11) 
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n being the number of conduction electrons per cm* 
and x(v) a function to be determined. 

Since the additive term is much smaller than fo, it 
can be neglected in evaluating (0f/dv,) at v, 0, ¢. 
Integration of b—a is completely straightforward. From 
Eq. (9) one obtains the following expression for x: 


mA E, exp(—mv?/2kT) 
x(v) = ; (12) 
wNekT \nG 





where 
G=14+ Km?vtde—*. (13) 


From x(v) either the mean free path for this type of 
scattering or the resistivity can be obtained simply. To 
obtain the former, one uses? 


x(v) = (1/v)eE.[ (Afo)/ (de) ] 
l(v) = °m?o*/aNe' InG. 


(14) 
which gives 
(15) 


To obtain the resistivity, we use :* 


oe) td Qe 
j=cE,=—e f f J vx cos*@’ sin6’dvd6’dy’. (16) 
»=0" 6’ =0% y’ =0 


From (16), after integration over 6’, y’, one gets 


17) 








2«?m?A ‘i v’ exp(—mv?/2kT)dv 
o= ° 
3NERTS, <0 In(1-+12m?n*d2e-*) 


This integral converges. Since the logarithm is a slowly 
varying function, a good approximation to the value 
of the integral can be obtained by substituting for the 
logarithm its value at the maximum of the function in 
the numerator. This maximum occurs at 


v= 6kT/m. 


The simplified integral is readily evaluated. This yields 
a resistivity (in ohm ¢m) (all constants in c.g.s. units): 


p=9X 10" rihe?m)2—-7/2x-2(RT)-3 
XIn{ 1+ 360°d?(kT)e}. 


(18) 


(19) 


When there is no intrinsic* conductivity, ” is equal to 
N, the number of ionized impurity centers and hence V 
and m do not explicitly appear in Eq. (19). So the 
dependence on the density of impurity centers occurs 
only in the logarithmic term, through the factor a’. 
Generally the temperature behavior of the resistivity 
due to impurity scattering is more strongly influenced 
by the 7-? in Eq. (19) than by the 7? term in the 
logarithm, and hence this resistivity rises as the temper- 
ature decreases. This increase is due to the decrease of 
mean electron velocity with drop in T and the conse- 
quent increase in the scattering effect of the impurity 


* Reference 2, p. 272. 
* Observed at higher temperature, due to electrons in the 
conduction band equal in number to the holes in the full band. 
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ions. On the other hand, for an impurity semiconductor, 
the resistivity due to lattice scattering generally de- 
creases with decreasing temperature because of the 7! 
dependence of the mean free path.® Hence, the im- 


5A. Sommerfeld and H. Bethe, Handbuch der Physik XXIV 
(1933), Vol. 12, p. 560. 
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portance of the impurity ion scattering resistivity in 
determining total resistivity increases as temperature 
decreases. °® 


6K. Lark-Horovitz and V. A. Johnson, Phys. Rev. 69, 258 
(1946). K. Lark-Horovitz, Contractor’s Final Report, NDRC 
14-585 (November, 1945), pp. 36-41. 
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The pulsed ultrasonic method has been applied to the determi- 
nation of the stiffness coefficients for beryllium. The constants 
Cu=30.8X 10" dynes/cm?, ¢3;=35.7 were evaluated from com- 
pressional wave velocities in single crystals by extrapolating 
a plot of the effective stiffness coefficient versus sin?@ (@ being the 
angle between the hexagonal axis and the direction of wave 
propagation) to the points @=2z/2 and 0. The values ¢i2= —5.8, 
C4s=11.0 were derived from an analysis relating the average 
effective stiffness stiffness coefficients for compressional and shear 
waves with the shear modulus and Lame’s constant. The latter 
data were calculated from measurements of longitudinal and 
transverse body wave velocities in polycrystalline metal. To find 


1. INTRODUCTION 


HE literature contains the stiffness coefficients of 
only three hexagonal metals, these being mag- 
nesium, zinc, and cadmium.! Some recent work on the 
preparation of large beryllium crystals has made avail- 
able several adequate-sized single crystals of beryllium 
for ultrasonic velocity measurements from which the 
Cj constants were determined.? 

It was found that essentially all of the crystal speci- 
mens were so oriented that measurements along ideal 
directions were virtually precluded. This condition 
eliminated any hope of obtaining the best possible 
accuracy, and, therefore, redetermination would be 
warranted when better crystals could be had. Never- 
theless, the values for the cys of beryllium are deter- 
minable to the order of accuracy common to the other 
hexagonal metals. 

The method employed for evaluating the stiffness 
coefficients of beryllium is unique and has not been 
reported previously. It is based upon the following 
experimental data: 

(1) Compressional and shear wave velocities in 
polycrystalline metal. 

(2) Compressional wave velocities in single crystal 

* This paper is based on work performed at the Metallurgical 
Project, Massachusetts Institute of Technology, under Contract 
No. W-7405-eng-175 for the AEC. 


1R, F. S. Hearmon, Rev. Mod. Phys. 18, 409 (1946). 
2L. Gold, Rev. Sci. Inst. 20, 115 (1949). 


the coefficient ¢;;=0.87, the established values for the other 
constants were employed in the general relation for the effective 
stiffness coefficient of the form C;=f(c;x’s, 8). 

Several criteria have been used to assess the validity of the cj, 
data: (1) The ratio of €1:/C33 is in accord with the c/a ratio for 
the hexagonal close-packed structure of beryllium; (2) the com- 
pressional and shear wave anisotropy factors of ¢33/C1=1.16 
and ¢44/$(Ci1—¢12) = 1.68, respectively are in harmony with the 
observed transmission properties of polycrystalline beryllium; 
and (3) the experimental and theoretical curves for the directional 
variation of the effective compressional stiffness coefficient agree 
quite well. 


specimens having their crystallographic axes differently 
oriented with respect to the direction of propagation. 
Deriving the coefficients from this information requires 
the conditions, (1) the crystal belongs to classes 21-27 
of Voigt’s designation, thus having five independent 
constants, (2) the crystal is not too anisotropic. 

The first of these conditions permits one to consider- 
ably simplify the expressions for the various wave 
velocities ;? the functions v=/f(a, B, 7, cjxs, p) can be 
reduced to v=F (0, cjx’s, p) where 0, the angle between 
the hexagonal axis and the direction of wave propaga- 
tion, takes the place of the three direction cosines a, B, 
and . The second condition makes possible certain 
extrapolation and approximations which will be de- 
scribed in detail. If the crystal is too anisotropic it 
becomes very difficult to obtain velocity data for poly- 
crystalline specimens because of the poor multiple echo 
patterns.‘ Beryllium exhibited excellent patterns, so it 
appeared reasonable at the outset to infer that it was 
not a highly anisotropic crystal. The significance of 
this feature will be accounted for later. 


2. EXPERIMENTAL ASPECTS 


Apparatus for the pulsed-ultrasonic measurements 
was of the nature already described in a number of 


3H. E. Mueller (private communication). 
4W. P. Mason and H. J. McSkimin, J. Acous. Soc. Am. 19, 
464 (1947). W. Roth, J. App. Phys. 19, 901 (1947). 
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STIFFNESS COEFFICIENTS FOR BERYLLIUM 


publications.® The data were taken at room temperature 
with microsecond pulses at 10 mc. It was found that 
the optimum procedure for obtaining good velocity 
data required, (1) the use of salol films both for the 
longitudinal and transverse modes, (2) recording range 
readings on the scope pattern at the first discontinuity 
in the linear sweep produced by an echo. The oil film 
coupling between transducer and specimen gave rise to 
relatively large fluctuations in the echo intervals, 
principally because of its tendency to distort the pulses 
and make readings difficult. Apparently, better repro- 
ducibility of the echo intervals is achieved by reading 
to the very front edge of the pulse rather than a fixed 
db down from the bottom of the pulse. 

Two possible ways of arriving at an average value 
for the range intervals were employed. For the poly- 
crystalline specimens, where a number of good echoes 
could be obtained, it was convenient to plot the range 
readings versus the echo number and then to compute 
the average echo interval from the slope. This procedure 
is not practical where a large number of echoes are 
observed, whence for the single crystals differences in 
range for the various echoes were averaged numerically. 

Velocity measurements for the single crystals were 
limited to compressional waves because of uncertainty 
in interpreting the multiple echo patterns for the shear 
waves; since two shear modes are excited simultane- 
ously, it is difficult to resolve the pattern into the shear 
components, particularly when the velocities of propa- 
gation are not widely divergent.* 

The orientation of the beryllium crystals was deter- 
mined by the well-known back-reflection Laue tech- 
nique, followed by stereographic projection. The angle 
between the hexagonal axis and the axis of the specimen 
is accurate to about 1-2°, a value which is sufficient 
for the over-all accuracy of the final data. 


3. RESULTS FOR POLYCRYSTALLINE BERYLLIUM 


Data was taken on a wide variety of samples of 
extruded flake, vacuum-cast lump, etc. There did not 
appear to be any significant divergence of results, in 
spite of the fact that preferred orientation was un- 
doubtedly present in some of the specimens. This is 
substantial evidence for the relative isotropy of beryl- 
lium. In general, better patterns were manifest for 
longitudinal vibration than for transverse vibration; 
pulse distortion was more pronounced for the shear 
waves, a condition which makes the shear velocity 
measurement of lower accuracy. 

Some rough estimates of the attenuation for com- 
pressional and shear oscillations, indicated that the 
latter was somewhat larger. If one interprets this as 
“scattering” losses at the crystal boundaries, then it 
can be inferred that beryllium has a higher degree of 


5J. R. Pellam and J. K. Galt, J. Chem. Phys. 14, 608 (1946). 
H. B. Huntington, Phys. Rev. 72, 321 (1947). 

* Mode separation is facilitated when the crystal constants 
have been established previously. 
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shear anisotropy than compressional anisotropy.® This 
conclusion is a useful one for checking the cj, values as 
will be demonstrated. 

Table I summarizes all the data one can obtain from 
ultrasonic propagation measurements in an isotropic 
substance. The compressional velocity is seen to be in 
excellent accord with the Sawyer-Kjellgren reported 
value ;’ the manner in which S-K obtained this value 
is not clear, but presumably it was based upon the 
composite oscillator technique. Quite recently Squire 
et al. have reported ultrasonic velocity measurements 
in beryllium ;* their values agree very well with the 
table values. 

The elastic constants were computed by means of 
the standard relations of elasticity theory.° Young’s 
modulus for the static stress-strain method agrees very 
well with the dynamic value. The compressibility value 
is in fair agreement with those obtained by the high 
pressure technique.!® Considering the differences in 
experimental approach, the agreement is much better 
than anticipated; very likely, the result obtained by 
the ultrasonic method is more reliable. 

The values for Poisson’s ratio is surprisingly low. 
By combining the literature values for the compressional 
velocity and the compressibility, the comparative 
figures listed were derived from the relation 


= (3—0/Bp)/(3+27Bp), (3) 


where »v; is the compressional velocity, 8 the compressi- 
bility and p the density of beryllium. Thus, it is reason- 
ably certain that the Poisson ratio for beryllium is the 
lowest for any of the known metals and alloys. 

As an item of general interest, it was thought worth- 
while to calculate the theoretical value for the char- 
acteristic temperature of beryllium for comparison with 
the value derived from specific heat measurements. 
The relation used is the classical Einstein-Debye 


equation 
9N 1 i 


~ | ae V (1/0:)+(2/0,) 


where Ymax, the characteristic frequency of the crystal 
lattice, is related to the characteristic temperature © 
by the relation O=(h/k)vmax. The various symbols 
defined and evaluated are 


(3.1) 





Vmax 


N—atoms per cell=2 _ 

V—volume of unit cell= 16.0 10-* cm? 
vy—longitudinal waye velocity = 1.26 X 10° cm/sec. 
v,—transverse wave velocity = 0.888 X 10° cm/sec. 
h—Planck’s constant= 6.64 X 10-2" erg-sec. 
k—Boltzmann’s constant= 1.37 X 10~"* erg/*k. 


- 6W. P. Mason and H. J. McSkimin, J. App. Phys. 19, 940 
(1947). 

7C. B. Sawyer and B. J. Kjellgren, Ind. Eng. Chem. 30, 501 
(1938). 

8 Rice Institute Progress Report N6onr-224 Task Order No. 3, 
October 1, 1948. 

9A. E. H. Love, Mathematical Theory of Elasticity (Dover 
Publications, New York, 1944). 

10P, W. Bridgman, Proc. Am. Acad. 68, 27 (1933). Richards, 
Hall, and Mair, J. Am. Chem. Soc. 50, 3304 (1928). 
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Taste I. Data for polycrystalline beryllium. 








For extruded flake metal 


1.265 10° cm/sec. 
1.26 10° cm/sec. 





Compressional velocity 
S and K value (method not reported) 


Shear velocity 0.888 X 10° cm/sec. 
Young’s modulus 2.965 X 102 dynes/cm? 
(4.300 107 Ib./in.?) 

Lit. value (stress-strain method) 4.26X 107 lb./in.?) 
Shear or rigidity modulus 1.465X 10" dynes/cm? 
Bulk modulus 1.014 10" dynes/cm? 
Compressibility 0.985 X 10-” cm?/dyne 

Bridgman value (high pressure tech.) 0.874X10-" 

Richard ef al. (high pressure tech.) 0.95X 10-” 
Poisson’s ratio 0.0122 

Based on Bridgman value 0.0754 

Based on Richards value 0.035 
Lamé’s constant 0.038 X 102 dynes/cm? 
Characteristic temperature 

From Debye-Einstein rel’n 1430°K 

From specific heat data 1000°K 








Calculation gives ¥max= 2.96 10"8/sec. and @= 1430°.K 
The specific heat value is 1000°K. 


4. RESULTS FOR SINGLE CRYSTALS 


Four single crystals with dimensions of the order of 
1 in. diameter and 1-2 in. in length were employed for 
the compressional velocity measurements. Data for 
three of the specimens are included in Table II. 

It is evident that the velocity is comparatively 
insensitive to crystal orientation ; the values listed were 
computed from the relation 


v= 1.670X 10°(1/2Ay) (4) 


which converts the radar scope range readings to 
velocity values, / being the specimen length and Ay the 
range interval. The results for the fourth specimen are 
omitted since they were found subsequently to be 
questionable when the data were used in arriving at 
the CixS. 


5. BASIC STIFFNESS COEFFICIENT RELATIONS AND 
THE DETERMINATION OF ¢1, AND c;; 


The body wave velocities in a hexagonal crystal of 
classification D*g, can be expressed as follows: 


Ci 4 Cty ; Cte 3 
y= (=) > v= (=) >» w= (=) ’ (5.1) 
p p p 


Cty =$(C11— C12) Sin’?0-+-C44 Cos?O 
Ci2= $U (cut C44) Sin?0-+ (Css+C44) cos?@— (Ci, 6) ] (5.2) 
r= 4 (C1rt+caa) sin20-+ (cast+ca4) cos*O+ e(cjx, 6) ]. 


The angle between the direction of wave propagation 
and the hexagonal axis is 6. For the function (cj, 6) 
one has 


where 


P(Cix, 8) = { (C11— Cas)? sin*@-+- (¢33— C44)” cos‘? 
+2 sin?6 cos?6[_(c11— C44) (Cas— C33) 


+ 2(¢1s +c)? ]} 4, (5.3) 
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It is evident that a plot of c; versus 6 should permit 
extrapolation to 6=2/2 and O where c;=cy: and ¢33, 
respectively. Since only three reliable points were 
available, some misgiving as to the reliability of such a 
solution for ¢1; and ¢33 was at first manifest ; however, 
several considerations established a modicum of confi- 
dence in this approach. 

A review of the results for the metals cadmium, zinc, 
and magnesium indicated that extrapolation is apt to 
be more accurate if one plots c; versus sin?@. Moreover, 
since beryllium is comparatively isotropic ci: should 
not be too different from c33 and also the extrapolation 
at the end points should be gradual. Figure 1 shows 
the c; versus sin?@ plot with the extrapolation values for 
Cu and C33 identified. 

If one interprets the significance of the c;, constants 
along the c and a axes of a hexagonal crystal, additional 
confirmation of the derived values for beryllium is 
possible. Effectively, ci: and css; are measures of the 
bonding strength along the a and c axes, respectively. 
Hence, in hexagonal crystals of similar electronic con- 
figuration, it is apparent that the ratio ¢1:/cs3 should 
have some correlation with regard to the axial ratio c/a. 
Figure 2 is what may be conveniently termed an 
anisotropy plot for hexagonal metals. It is surprising 
how closely the four points lie on a straight line. For 
the ratio c/a=1.63, corresponding to the axial ratio 
for the ideal hexagonal close-packed structure, ¢1:/¢33 
=1. This is in accord with the idea that the cohesive 
forces along the [001] and [210] directions should be 
the same when the H.C.P. structure is truly attained; 
where the c/a ratio is loss than 1.63, cy, should be less 
than ¢33 which is the state of affairs for beryllium. 

Thus, the inference can be made that the greater the 
deviation from the ideal c/a ratio for close-packing the 
more anisotropic will the metal be with regard to body 
wave propagation. The predicted position for cadmium 
not being in very good agreement with the experi- 
mental value might indicate errors in the determination 
of cy, and ¢33; it would be of interest to redetermine 
these values. 


6. DETERMINATION OF Cizy Cisy AND Cua 


In principle, the cross constants should be determi- 
nable from Eqs. (5.2) and (5.3). By selecting points 
from the curve of c; versus sin?@ in Fig. 1, one might 
attempt to evaluate the cross constants C12, C13, and C44. 
This approach, however, is not practicable because of 
the transcendental nature of the equations involved. 


TABLE II. Data for single crystals of beryllium. 











Range 
Length interval v1 X108 cn X10 
Specimen (inches) (yards) cm/sec. dynes/cm? 0 
(1) 1.714 1100 1.30 3.14 §2° 
(2) 1.283 800 1.34 3335 i 
(3) 1.533 990 1.29 3.09 67° 
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Fic. 1. Variation of the values of c; for beryllium 
with sin?@ (experimental). 


Now for the polycrystalline data there are the 


relations 
Cj=QutaA, C:=u, (6) 


where p is the shear modulus and \ Lamé’s constant. 
These average values are related to the c, constants 
as Clearly 
12¢" 
af (C1 t+C44) sin?6+ (css +C4s) cos?6d6 
T*"0 


12 ¢7 
+5-f (Ci, 6)d0 (6.1) 
0 


Tv 


2 /2 
umf [3 (cu— C12) sin?0+- C44 cos?6 ]d6, (6.2) 
0 


T 
Ge is essentially (6.1), but with a minus sign in front 
of the second integral. 

Making use of the fact that beryllium is at least 
moderately isotropic, we assume’ that 0,=%;2 so that 
we can write - 

Cy = Cig= re (6.3) 
This assumption is vital in the procedure for finding 
expressions for ¢; and é; in terms of the stiffness coefh- 
cients. Several criteria form the basis of latter checking 
the soundness of (5.6), as well as the entire line of 
attack. These are: 

(1) The theoretical curve for c; based upon the cz 
values should agree with the experimental curve of 
Fig. 1. 

(2) The cross constants C12, C44, C13 must be small 
compared to ¢,; and c33 because Poisson’s ratio is low. 

(3) The transverse velocities must be comparable 
when evaluated from the cy, data. 

Proceeding then with the analysis 


C1 = 40 4(cu—C12) +44 ] (6.4) 


and 


1 a/2 
LHe cua)+ou]=- f [ (C11 +€44) sin?0 
70 


1 x/2 
+ (C33-+C44) cos?@d0—— J (cx, 0)d0, (6-5) 
0 


T 
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from which one obtains 


1 a/2 
-f (Cir, 6)d0= 3 (e+ Cist 2c44) = 313 (C11 — C12) +644 ] 
0 


=43(¢ss+¢12). (6.6) 


The integral in (6.6) would be quite impossible to 
evaluate by direct integration. Clearly, relation (6.3) 
circumvents this barrier and permits ready solution of 
é;. The relation for é; is accordingly 


G:= FL eutcist2(csstCas) J. (6.7) 


From relations (6), (6.4), and (6.7) one can write 
down the simultaneous equations 


es 2(¢sst+ Cas) =4(2u+A) 


$ (C11 — C12) + C44= 2p. (6.8) 


Putting in the values for ci, ¢33, wu and A these become 


Qcuten= 1.62 
Loree 2.78 (6.9) 
which give the solutions 
Cu=1.10, c= —0.58. (6.10) 


The remaining constant ci; can next be calculated 
from (5.2) and (5.3), using the values for the identified 
Cis and selecting some value for c; and 6. The result is 


Ci3= 0.87. 


7. DISCUSSION OF DERIVED c;, VALUES 
FOR BERYLLIUM 


Table III is a comparison of the stiffness coefficients 
for bervllium with those of magnesium, zinc, and 
cadmium. The data of Wright, Bridgman, and Gruen- 
eisen-Goens were the result of the static measurements 
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Fic. 2. Anisotropy plot for hexagonal metals showing 
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Fic. 3. Variation of ¢; for beryllium with sin*@ (theoretical). 


on many crystals; it is evident that the differences 
between the various sets is generally much greater for 
the cross constants. This would seem to indicate 
greater likelihood of error in C44, C12, and ¢13, and is apt 
to be the case for the beryllium values. As a rough 
assessment of the over-all accuracy of the beryllium 
constants, it would be reasonable to believe that they 
are of the same order of accuracy as the other data in 
Table III. 

Confirmation of the general correctness of the stiffness 
coefficients is revealed in Fig. 3 which gives the theo- 
retical c; plot calculated from the listed values. The 
sin*@ plot if compared with Fig. 1 will be seen to fit the 
experimental curve quite gratifyingly; the end points 
would, of course, have to match, but the fact that the 
entire curve is in accord indicates the validity of the 
calculations. The c; versus 6 curve demonstrates why a 
better extrapolation for the cy, and css constants is 
possible with sin’?@ as the abscissa. If the former had 
been used, the c33; value would have been found to be 
somewhat higher. 

Recalling that beryllium is relatively more isotropic 
for compressional waves than shear waves, we now 
compare the ratios ¢33/ci, and 1/2(¢11—¢12)¢44 which are 
a measure of the degree of anisotropy—being unity for 
complete isotropy. Thus 


C44 
¢33/C1u= 1.16, — 
3(¢11— C12) 


= 1.68 (7) 





TABLE III. Stiffness coefficients for hexagonal metals 
(cj, valuesX 10" dynes/cm?). 











Metal cu C33 cu cis cis Source 
Mg 5.65 5.87 1.68 2.32 1.81 Wright 
5.94 5.94 1.14 2.03 2.03 Bridgman 

Zn = 16.1 5.42 4.00 4.32 4.37  Grueneisen-Goens 
15.9 6.21 4.00 3.23 4.82 Bridgman 

Cd 121 5.13 1.85 4.81 4.42 Grueneisen-Goens. 
10.9 4.60 1.56 3.98 3.75 Bridgman 

Be 30.8 35.7 110 -—58 8.7 
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Fic. 4. Variation of body wave velocity with orientation. 


which corroborates the observed transmission properties 
of polycrystalline beryllium. 

Finally, Fig. 4 shows how the body wave velocities 
vary with orientation. The compressional velocity curve 
is quite flat as compared to the two shear velocity 
curves. Although the shear waves have velocities which 
differ as much as approximately 20 percent for propa- 
gation along the a axis, the average velocities agree to 
within roughly 10 percent. 


8. CONCLUSION AND ACKNOWLEDGMENT 


The stiffness coefficients for beryllium have been 
evaluated in a manner which necessitated cross checking 
of all sorts. It has been shown that the results are in 
conformity with a number of experimental facts and 
basic principles. The need for accurate measurement 
of the coefficients for beryllium is certainly unquestion- 
able, but the same may be said for the other hexagonal 
metals. 

The author is indebted to a number of individuals 
for helpful discussions and services rendered. The 
single crystals of beryllium were the result of a crystal 
growing research project sponsored by Professors Cohen 
and Kaufmann of the Massachusetts Institute of 
Technology Metallurgy Department. The equipment 
used for the ultrasonic velocity measurements was 
furnished by the Massachusetts Institute of Technology 
Research Laboratory of Electronics, thanks to Dr. J. 
K. Galt. The advice of Mr. D. L. Arenberg in regard 
to the technique of ultrasonic measurements was 
invaluable. 

Professor H. E. Mueller was kind enough to outline 
the simplification of the hexagonal relations for the 
body wave velocities. The essential details are given 
in the Appendix. 


APPENDIX 


The relation for the body wave velocities in crystals has been 
derived by Christoffel." Solutions of the cubic equation 


C-hC+IC—1;=0 (8) 
u K, B. Christoffel, Ann. di Matematica (2) 8, 193 (1877). 
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define the compressional and two shear velocities. I,, J; and Js 
are the invariants 


T= kirtheotkss 
To= kitkoot Rooksst kirkss— (R12*+ kos?+ his*) (9) 
T3= kikeoksst+ 2hi2kiskes— (Ristksst histhoot kosthi1). 


For the Voigt classes 21-27, the c;,’s are 
C1=C22, Cos=Ci3, Cas=C55 


Cos= 3(¢11—¢12) (10) 
with all other stiffness coefficients but ¢c33 zero. The k’s are then 


kiur=¢i1(e?+62/2)— 612(6*/2)+cuy* 

koo= ¢11(a?/2+-6?) —€12(a?/2)+Cuy’ 
has=Cas(a?+6*) + C3377 (11) 
kio=3(Cutci2)aB 

his= (Cistcu)ay 

hos= (Cis t+Cas)BY, 


where a, 8, and ¥ are the direction cosines for the angles between 
the direction of wave propagation and the orthogonal axes 
corresponding to the direction [001], [120], and [100] in the 
hexagonal system. 

Solution of Eq. (1) at this point looks hopeless. If we transform 
(11) to Eulerian angles, it can be shown that the invariants will 
not contain the azimuthal angle, and that, therefore, the roots of 
(8) will only contain the angle between the hexagonal axis and 


the direction of wave propagation. Making the substitutions 


a=cosg sind 
B=sing sin@ (12) 
= cos@ 


the k’s can be written as 


ku=[A+B cos*g] sin?0-+¢4 cos*é 
koo=[A-+B sin*y ] sin?@+-ca, cos?0 
kas= Cas Sin?0-+¢33 Cos*O (13) 
ki2=B cosg sing sin*0 
kis= (¢13+C44) cosy cosé sind 
kos= (Cis +44) sing cosé sind, 
where 
A=4(eu—¢12), B=}(¢utc1). 


Using relations (13) in (9) one has 


I,=2A sin*0+ B(cos*e+sin*¢)+ 244 cos*0-+-C44 Sin?0-+- C33 COS"0 ; 
I,=(sin‘6)[A?+ A B+ (B? sin? cos*¢g) ]+-c44 cos*é 
oo (2A +B)eus cos?6 sin?0-++- (Cas sin?6-+-¢33 cos*6) 
X [2css cos?#-+ (2A +B) sin?6]—(B? sin‘@ cos*¢ sin*y) 
+ (c1a+¢44)? cos*@ sin*@; (14) 
13= ((cas sin?0+-¢33 cos*6)[[B? sin’@ sin*g cos*g+---])+--- 
+(2(¢1s+¢44)?B cos*@ sin‘@ cos*¢ sin?) 
— ((Cag Sin?0-+-C33 cos*6) B? sin‘ cos*y sin*¢) 
—((¢1s+¢44)? cos?@ sin*6[ 2B sin?@ sin?y cos*y+--+]), (15) 


where the terms in {_) cancel, eliminating the ¢ terms. Relations 
(5.2) and (5.3) follow directly as the solutions of Eq. (8). 
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A Note on the Quantization of Dissipative Systems 


WESLEY E. BrittTIn 
University of Colorado, Boulder, Colorado 
(Received September 16, 1949) 


The work of E. Kanai shows that the quantization of dissipative systems by use of a Hamiltonian for- 
malism involving the time explicitly leads to results in disagreement with experience. We discuss the quanti- 
zation of dissipative systems in a manner such that the time does not enter explicitly. It is shown that in 
the Heisenberg representation the only kind of dissipative forces consistent with the formalism are those 
which are functions of the coordinates alone. There exists no Schrédinger representation unless the forces 


are non-dissipative. 





KANAI' has shown that it may be possible to 

® put the equations of motion for a dissipative 

system into Hamiltonian form and then quantize them 

in the usual way. For example, the Hamiltonian of the 
damped oscillator may be taken to be 


H=(1/2m)e—*'P?+- (1/2) mw*e*'2?, (1) 


where P=me*™'Z, with the corresponding canonical 
commutation relation 
Lx, P]=th (2) 
or 
[x, £]=the-*'/m. (3) 


The quantized system has no stationary states, and 
the expectation values of various dynamical variables 
behave in a manner agreeing with the correspondence 
principle. However, Eq. (3) which is equivalent to 


AxAz > he-**/m (4) 
violates the uncertainty principle for an oscillator, 
Axhé >h/m. (S) 


Equation (5) is valid for the oscillator even when 
damping is taken into account, but to get the correct 
result one must treat the coupled system—oscillator 
plus radiation field.? Kanai conjectures that it is prob- 
ably impossible to express adequately the interaction 
between the electron and its own field by means of 
simple dissipative forces. 

The reason for the violation of the usual principle of 
uncertainty would appear to stem from the explicit 
dependence of H and P on the time. The purpose of the 
present note is to show that the quantization of dissi- 
pative systems not involving the time explicitly can be 
carried out consistently in the Heisenberg representa- 
tion only if the generalized forces are functions of 
position, and not at allin the Schrédingér representation. 
We thus support Kanai’s conjecture, and it seems 
probable that although the classical description of a 
dissipative system is complete, a complete quantum 
mechanical description can only be had by considering 
the dissipative system as a sub-system of a non- 


1E. Kanai, Prog. Theor. Phys. 3, 440 (1948). 
2See for example H. Bauer and J. H. D. Jensen, Zeits. f. 
Physik 124, 580 (1948). 


dissipative system. The observables of the sub-system 
can then be inferred from the quantum mechanical 
behavior of the larger non-dissipative system. 

Assume that the motion of the dissipative system can 
be described classically by the general Lagrange equa- 
tions 


t=1,---,f, (6) 


where 
L=L(q,q) and F,;=F,(q, 9). 


Define the momentum P; conjugate to g‘ by 





where we assume 
| dL 
J = det || 40. (8) 
dgiag? 














Define the Hamiltonian H(q, P) by 
| H(q, P)=Pq'—L, (9) 


where repeated indices indicate summation from 1 to f. 
Then Eqs. (6) may be expressed in ‘Hamiltonian 
form,’ 

g'=(0H)/(@P;), P:=—(6H)/(@q)+0: 


anal 1, a “hs 
where 0;=(,(9; P)=F:{q, G(q, P)}. The equation of 


motion of any dynamical variable A(qg, P) which does 
not depend explicitly upon time may be written 


dA/di=(A, H]+(0A/0P,)Qi, (11) 
where the Poisson bracket [A,H] of A and Z is 
defined by 


0A 0H OA 0H 
Se me mm ee, (12) 
0g' OP; AP; 0q' 





[4,4 


The passage to quantum theory is brought about in 
the Heisenberg representation by replacing the dynam- 


8 The reason for introducing the Hamiltonian is so that the 
theory will have the form of usual quantum theory if the F; are 
zero 
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ical variables by time dependent operators. The Heisen- 
berg operators must satisfy the classical equations of 
motion and the commutation relations. The commuta- 
tion relations follow from the requirement that the 
operator corresponding to [A, B ]etass is 


AB-—BA [A,B] 
ih =th 





Thus denoting the Heisenberg operators by A(t) 
(q(t), Pi) ]=ihé;, i, j7=1,---,f, (13) 


and 





aA(t) 
H(t) ]+ih—0(2). (14) 
OP (t) 


The commutation relations (13) must be consistent 
with the equations of motion (14), thus 


or 
+Lq'(d), [P;(0), H(t) ]+ihQ;(t) ]=0. (16) 
Therefore 


[gi(), Q;(t) ]=0, 1, j= a,.< “sf. (17) 


Since the generalized force Q;(¢) commutes with each of 
a complete set of commuting operators, it must be a 
function of them,‘ 


05) =0;(q(). (18) 


The only dissipative systems which may be treated by 
the above formalism, therefore, are those for which the 
generalized forces are functions of the coordinates. 
The Heisenberg representation is characterized by 
time-dependent operators A(/) and a time-independent 
state vector ~o. The Schrédinger representation is 
characterized by time-independent operators Ao and a 


4P. Dirac, Quantum Mechanics rane University Press, New 
York, 1947), third edition, p. 78. 


time-dependent state vector y(t). The two representa- 
tions are related by a time-dependent unitary transfor- 
mation 7(?), 

VH)=Tho, Tt=T-. (19) 


The expectation value of a dynamical variable A for a 
given state is given by 


(A)= (Yo, A (yo) = (W(), A (4), (20) 


where (y, ¢) represents the scalar product of the two 
vectors y, yg. From 
A(t)=TTAoT, (21) 
and the definition 
KH=th InT, (22) 
we obtain 
th(dA (t)/dt)=T+[Ao, (d3C/dt) |T. (23) 


Therefore, using the Heisenberg equations of motion, 
(Ao, Ho ]+ih(0A0/dP,°)0,°=[Ao, (d3e/dt)]. (24) 


Put 
G=dKx/dt— Ho; (25) 
then 
[A 0) G] = ih(OA o/ OP;")0;°. (26) 
Let Ao=Qo', then according to (26), 
[go', G]=0, (27) 
and 


Let Ao=P;’, then 
[P,8, G]=—iAL (0G/aq’)] 


= WN); 


Q;= ~ [(@G/dqo’) |, j= 1, ies oJ (29) 


Therefore there exists no Schrédinger representation 
for dissipative systems according to the present formal- 
ism, since (29) shows that the only forces consistent 
with the formalism are those derivable from a scalar 
potential G(q). 


or 
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Mass Spectrographic Identification of Radio- 
active Lanthanum Isotopes* 


R. A. NAUMANN,** F, L. REYNOLDS, AND I. PERLMAN 


Radiation Laboratory and Department of Chemistry, University o 
California, Berkeley, California 


December 12, 1949 


WO neutron deficient isotopes of lanthanum, one new and 

the other previously tentatively assigned, have been given 

mass assignments by the technique of dispersing the isotopes on a 

photographic plate with a mass spectrograph. These and other 

light isotopes of lanthanum were prepared and some of their 

radioactive characteristics determined by absorption methods 
and with a low resolution beta-ray spectrometer. 

In some experiments, pure CsNO; was irradiated with 30-Mev 
alpha-particles and this was followed by the isolation of the 
lanthanum fraction. The mass spectrograph showed a single 
radioactivity at mass number 135; and by following the decay of 
this line on the photographic plate through a slit arrangement, a 
19-hour half-life was obtained. This confirms the mass assignment 
previously made by other methods.! Since this irradiation should 
have produced La'* and La™ as well as La"™5, it was inferred that 
La86 and La™ have half-lives less than about 20 minutes since it 
required several hours to make the exposure on the mass spec- 
trograph. The isotope La"* had previously been reported as a 
2-hour positron emitter,! but the observed activity has since been 
shown to be F'® which partially went through the particular 
chemical separation employed. A search was made for La!®6, and 
it proved to be the 10-minute period reported by Maurer? from 
the irradiation of barium with deuterons. The assignment was 
made to La’ since the ratio of the 10-minute period to the 19-hour 
period increased with decreasing alpha-particle energy on cesium 
in the range below 30 Mev, as would be expected for the (a,m) 
reaction in relation to the (a,2m) reaction. Furthermore, the 
preparation of this activity in good yield by Maurer? using 5.8-Mev 
deuterons on barium would now point to La™* in view of the 
present knowledge of La!*8, La!*7, and La"5, unless one assumes the 
10-minute activity to be a metastable state of one of these iso- 
topes. Very recently Robertson, Carss, and Pool, using separated 
stable barium isotopes as targets, have definitely proved this 
period to be associated with La!*, The characteristics of La’ 
which we determined are a half-life of 9.5 minutes, positron of 2.1 
Mev determined with the spectrometer, and x-rays in high 
abundance from which it is estimated that about 4 of the decay 
is by positron emission and 3 by electron-capture. 

The irradiation of cesium with 50-Mev alpha-particles resulted 
in a new lanthanum activity of 4.0-hour half-life. This activity 
has positrons of about 1.2 Mev, a conversion electron line of 0.26 
Mev determined with the spectrometer, a harder gamma-ray of 
0.8 Mev measured by lead absorbers, and K x-rays in high yield. 
This activity apparently decays predominantly by electron- 
capture since the positrons were only a few percent as abundant 
as the x-rays. 
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The 4-hour period was assigned to La! by the mass spec- 
trograph method. Figure 1 shows the original photographic plate 








uae | che 
133135 139 


Fic. 1. Mass spectrographic analysis of radioactive lanthanum isotopes 
by — technique. (Exposures for transfer plates T: and 7: given in 
the text. 


(A) and two transfer plates (J; and T2) made by exposing suc- 
cessively blank photographic plates with the receiver plate. The 
upper picture, A, shows the receiver plate with the line for stable 
lanthanum at mass number 139 (actually measured as the singly 
ionized oxide), and two other lines at 135 and 133. The middle 
plate, 71, is the first transfer plate exposed for 24 hours after 
analysis showing that the lines at 133 and 135 are caused by 
radioactivities. The bottom plate, 72, made by a 72-hour exposure 
following the first one, shows only the 19-hour La™® since the 
4-hour La" had decayed. 

Our thanks are due Mr. B. Rossi, Mr. J. Vale, and the members 
of the groups operating the 60-inch and 184-inch cyclotrons, and 
Mr. J. G. Conway for showing the CsNOs used to be spectro- 


graphically pure. 


* His work described in this paper was performed under the auspices of 
the A 

** Now at Princeton University, Princeton, New Jerse: 

1J. B. Chubbuck and I. Perlman, Phys. Rev. 74, 982 2 (1948). 

2W. Maurer, Zeits. f. Naturforschung 2a, 586 (1 '947). 

3 Robertson, Carss, and Pool, Bull. Am. Phys. Soc. 24, No. 7, 14 (1949). 





Measurement of the Earth’s Magnetic Field at 
High Altitudes at White Sands, New Mexico* 


S. F. SINGER 


Applied Physics Laboratory, Johns Hopkins University, 
Silver Spring, Maryland 


AND 
E. MAPLE AND W. A. BOwEN, JR. 
Naval Ordnance Laboratory, White Oak, Maryland 
December 19, 1949 


N Aerobee! rocket containing a total field magnetometer was 
fired at the White Sands Proving Ground, New Mexico 
(geomagnetic latitude 41° North) on April 13, 1948, at 1441 MST. 
The rocket reached a height of 372,000 feet (114 km) above sea 
level. Telemetered data gave the value of the earth’s magnetic field 
during flight. The magnetometer measured the sum of the squares 
of three perpendicular components of the field so as to give an 
output independent of its orientation and thus obviate the need 
for stabilization of the instrument inside the rolling and precessing 
rocket. The magnetic effects of the rocket and instrumentation 
were quite small and were canceled by means of a system of com- 
pensating coils placed around the magnetometer. The residual 
error was mainly due to the inherent orientational error of the 
magnetometer itself and produced a roll-modulation of amplitude 
less than one milligauss. In analysis of the data, this error was 
averaged graphically over each roll period (about 1 second). A 
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system of magnetic calibrations applied periodically during the 
flight checked the magnetometer for possible drift or change in 
sensitivity. The over-all accuracy of the corrected data is esti- 
mated to be 1.0 mG or better. 

The principal results of this first flight are: 

(i) The field strength decreases with altitude in accordance with 
calculations based on potential theory. The experimental data 
(Fig. 1) show a decrease in the magnetic field with altitude which 
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Fic. 1. Decrease of earth’s magnetic field (from actual field near the 
surface) vs. altitude above sea level. Aerobee A-6 Flight, White Sands, 
New Mexico, April 13, 1948. Calculated curves adjusted to fit experimental 
points at 100 km. 


agrees within 2 milligauss with the inverse cube fall-off based on 
the simple approximation that the earth’s field can be described 
by that of a dipole. The accuracy of the determination of the 
missile altitude is +1 km. The experimental decrease from sea 
level to 114 km is 28 mG, the calculated decrease 26.9 mG. It can 
be seen from Fig. 1 that the experimental data are in somewhat 
better agreement with a calculation of the altitude variation near 
White Sands based on harmonics up to the sixth degree? as used 
in achieving an empirical description of the magnetic field at the 
earth’s surface. 

(ii) No evidence could be obtained, either for or against the existence 
of circulating current sheets in the upper layers of the atmosphere 
in view of the smallness of the expected effect at the latitude of the 
experiment. This experiment was the first step in an attempt to 
obtain direct evidence concerning the existence and nature of 
circulating current sheets in the upper atmosphere. These current 
systems have been proposed in order to explain the regular diurnal 
variation of the magnetic field at sea level and are by some theories 
assumed to be located primarily in the E layer of the ionosphere.’ 
This first flight at geomagnetic latitude 41°N was intended chiefly 
as a test of the method and instrumentation. The discontinuity 
expected in passing through the postulated current-layer is only 
10 to 20 gamma (0.1 to 0.2 mG)‘ compared to a decrease in the 
main field of 28 mG over the total flight. This effect is too small to 
be detectable by the present equipment. However, a flight is 
forthcoming at a more favorable location. At the geomagnetic 
equator the expected discontinuity is 2 to 3 mG compared to a 
decrease in the main field of only 13 mG. 

A fuller account of this work is being submitted to the Journal 
of Geophysical Research. 

We wish to thank the Navy Bureau of Ordnance and the ONR 
for their support of this project and the U. S. Naval Unit at the 
White Sands Proving Ground for its capable performance of the 
field operations involved in firing the Aerobee. We would like to 
express our appreciation to Drs. J. A. Van Allen and L. R. Maxwell 
for their active encouragement, to our associates at the Naval 
Ordnance Laboratory, in particular Dr. E. A..Schuchard for 
advice on magnetometer problems and Mr. C. J. Aronson, and at 
the Applied Physics Laboratory to Dr. F. L. Verwiebe and to 
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Messrs. J. F. R. Floyd, L. W. Fraser, J. E. Sugrue, and B. J. 
Chaffee. 

We are particularly indebted to Dr. E. H. Vestine of the 
Department of Terrestrial Magnetism, Carnegie Institution of 
Washington for helpful advice on problems of the geomagnetic 
field. 


* Supported by the Navy Bureau of Ordnance and the ONR under 


Contracts NOrd 7386 and NRO81-017. / . 
1 For a general description of the Aerobee Sounding Rocket as a vehicle 
for research in the upper atmosphere, see: J. A. Van Allen, L. W. Fraser, 


. and J. F. R. Floyd, Science 108, 746 (1948). 


2 EF. H. Vestine, I. Lange, L. Laporte, and W. E. Scott, ‘“‘The geomagnetic 
field, its description and analysis,” Department of Terrestrial Magnetism, 
Carnegie Institution of Washington, Publication 580 (1947). 

3 Terrestrial Magnetism and Electricity, edited by J. A. Fleming (McGraw- 
Hill Book Company, Inc., New York, 1939). 

4E. H. Vestine, APL/JHU CM-480 (1948). 





The Beta-Rays of K*° * 
P. R. BeLt,** Boyp WEAVER,*** anp J. M. Cassipy 


Oak Ridge, Tennessee 
December 8, 1949 


HE beta-spectrum of K“ has been measured from an enriched 
sample by use of the scintillation spectrometer. Enriched 
material was prepared by electromagnetic separation at Y-12. The 
sample used consisted of 12.2 mg of KC] mounted on 0.5 mg/cm? 
polyethylene. The surface density of the sample was estimated to 
be 2.5 mg/cm?. The K* content of the potassium in this sample 
was 1.31++0.05 percent as measured at Y-12 by mass spectrometer. 
An anthracene crystal used as the scintillation phosphor was 
cemented to an RCA C-7132 photo-multiplier. The crystal was 
covered with an aluminum foil light reflector 0.1-0.2 mg/cm? 
thickness. The factor relating pulse height to energy was obtained 
by calibration with the conversion line of Cs’. 

The pulse distribution obtained with and without an absorber 
between the crystal and the sample is shown in Fig. 1. The dif- 
ference between the background curve and that with sample and 
absorber is too small to measure accurately. 
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Fic. 1. Pulse distribution with and without absorber. 
(K® 12.2 mg 1.31 percent.) 
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_ The data were corrected for the resolution of the instrument by 
the method of Owen and Primakoff! and a Fermi-Kurie plot made. 
Figure 2 shows the result as the upper curve. The line is quite 
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concave to the energy axis above 700 kev and the end point is 
1.36+0.05 Mev. 

The correction term for the third forbidden axial vector or 
tensor interaction produces the lower curve in Fig. 2 when applied 
to the data. This curve is about as good a fit to a straight line in 
the higher energy half of the spectrum as was obtained from P® 
measured under the same conditions. 

* This document is based on work performed under Contract No. W-7405, 
eng. 26 for the Atomic Energy Project at Oak Ridge. 

** Oak Ridge National Laboratory, Oak Ridge, Tennessee. 


*** Y-12 Research Laboratory, Oak Ridge, Tennessee. 
1G, E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948). 





Phase Relations in He*-He‘ Solutions 


B. WEINSTOCK, D. W. OsBorNE, AND B. M. ABRAHAM 
Argonne National Laboratory, Chicago, Illinois 
December 12, 1949 


i a previous letter the depression of the lambda-temperature 
of Het by the addition of He* was reported,! but the question 
of whether the lambda-transition remains second order, as pro- 
posed by Stout,? or becomes first order with the consequent 
existence of two liquid phases below the lambda-temperature, as 
proposed by de Boer,’ remained unanswered. It is possible to 
decide between these two possibilities by means of vapor pressure 
measurements. To this end, the vapor pressures of 20.3 mole 
percent and 25.5 mole percent solutions of He® in He‘ have been 
measured. 

Before examining the experimental results, consider the phase 
diagram for He*-He‘ solutions according to the calculations of 
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de Boer,’ as shown in Fig. 1. In the regions labeled I and II a 
single liquid phase exists in equilibrium with the vapor; in the 
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Fic. 1. Phase diagram of He?-He‘ solutions according to J. de Boer. 


region labeled I+-II two liquid phases are present in equilibrium 
with each other and with the vapor. If this diagram is correct, it 
can be seen that when a 20.3 percent He’ solution is cooled to 
1.2°K, a temperature below the lambda-temperature given by 
curve AB, two liquid phases are in equilibrium, and the com- 
positions of the liquids are given by the intersection of the dashed 
horizontal line with the curves AB and AC. When a 25.5 percent 
He’ solution is cooled to 1.2°K the same two liquid phases appear; 
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Fic. 2. Vapor pressures of 20.3 percent and 25.5 percent solutions 
of He? in Het. 


their concentrations are the same as for the 20.3 percent solution, 
but their relative amounts are different. It follows that the vapor 
pressures of the 20.3 percent and of the 25.5 percent He’ solutions 
must be equal at 1.2°K and indeed at any other temperature in 
the region I+II. The same conclusion can be reached directly by 
application of the phase rule, for if two liquid phases and a vapor 
phase are present in equilibrium in a two component system there 
is only one degree of freedom, and hence the vapor pressure must 
be a function of the temperature alone and independent of 
concentration. 

The vapor pressure data are plotted in Fig. 2. It can be seen 
that the vapor pressures of the two solutions are not equal at any 
temperature down to the lowest temperature studied, 1.04°K, 
which is well below the lambda-temperatures previously measured, 
namely 1.65° and 1.56°K,! and also below the lambda-temperatures 
‘given by the curve AB in Fig. 1. These data eliminate the pos- 
sibility that two liquid phases coexist in equilibrium with the 
vapor below the lambda-temperature, at least down to 1.04°K 
and in the concentration range 0 percent to 20 percent He*.* 
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Since there is only one liquid phase present above and below 
the lambda-temperature, the concentration of He in liquid I, 
which is stable above the lambda-temperature, must be equal to 
that in liquid II, which is stable below the lambda-temperature. 
Further, it can be deduced thermodynamically that the transition 
must remain second order. It can easily be shown that for any 
arbitrary variation dx in the He® concentration the condition for 
equilibrium between the two liquid phases is 


ASdT—AVdP=0, (1) 


where AS and AV are the differences in molal entropy and 
volume, respectively.‘ Hence, 


AV (dP/dx)r=0. (2) 
Since the experimental data show that (dP/dx)r is not zero, 
AV=0, (3) 
and similarly from (1) 
, AS=0. (4) 


Equations (3) and (4) are the conditions for a second-order 
transition. 

The vapor pressure measurements show these solutions deviate 
from ideality above their lambda-temperatures, in the sense that 
the vapor pressures are higher than given by Raoult’s law. Below 
their lambda-temperatures the non-ideal behavior becomes more 
marked, increasing rapidly as the temperature is lowered. The 
latter observation is in qualitative agreement with the model 
suggested by Taconis, Beenakker, Nier, and Aldrich,® although the 
quantitative behavior appears to be different. These measure- 
ments will be extended and reported in greater detail in a sub- 
sequent paper. 

The authors are indebted to Professors J. W. Stout and Lester 
Guttman for many stimulating discussions on this problem. 

* It should be remarked that a narrow temperature region with two 
liquid phases, on the order of a few hundredths of a degree wide, is not 
ruled out by the data, but this possibility is considered to be unlikely. In 
any case, such a situation would be practically indistinguishable from a 
second-order transition. 

1 Abraham, Weinstock, and Ci. 0 a Rev. 76, 864 (1949). 

2J. W. Stout, Phys. Rev. 76, 864 (1949). 

3 J. de Boer, Phys. Ry 76, 852 (1949). 

4See for example J. W. Stout, Phys. Rev. 74, 605 (1948), (8), or 
E. A. Guggenheim, Thermodynamics (North-Holland Publishing eee 


Amsterdam, 1949), pp. 188-9. 
5 Taconis, Beenakker, Nier, and Aldrich, Phys. Rev. 75, 1966 (1949). 





Effects of Electrical Forming on the Rectifying 
Barriers of n- and #-Germanium Transistors 
J. BARDEEN AND W. G. PFANN 


Bell Telephone Laboratories, Murray Hill, New Jersey 
December 12, 1949 


HE amplifying properties of transistors made with n- or 
p-germanium can be improved by an electrical forming or 
power treatment of one of the point electrodes. W. H. Brattain’ 
discovered that transistor action in m-type germanium having a 
resistivity of the order of one to ten ohm-centimeters can generally 
be improved by passing large reverse currents through the col- 
lector. Later, it was discovered that transistor action in p-type 
germanium could be greatly enhanced by passing a large forward 
current through the emitter.? Since this initial work, other 
members of the Bell Telephone Laboratories’ staff have con- 
tributed to our knowledge of the effects of various forming treat- 
ments. The purpose of the present note is to present some quali- 
tative data on forming and to give a tentative interpretation of 
the results in terms of modifications of the rectifying barrier layer 
at the contact. 
The forming treatments which we shall describe involve appli- 
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cations of direct current in either the forward or reverse direction 
for times of the order of seconds or less. The extent of the changes 
caused by forming depends in part on the surface treatment of 
the germanium and in part on the material used for the point 
contact. We have used phosphor bronze points on surfaces which 
were ground and etched. 

Transistor action depends on the presence of an inversion layer 
or change of conductivity type in the barrier layer of the emitter 
contact. In the case of m-germanium, there is evidence that such 
a barrier layer exists at the free surface, independent of the 
contact, and hence effective emitter action is obtained without 
electrical forming. Such a barrier layer is shown schematically in 
the energy level diagram of Fig. 1a. The position of the Fermi 
level at the surface, closer to the filled band than to the conduction 
band, is determined by the energy levels of electrons in surface 
states. 

Since the same surface treatment has been used for both - and 
p-germanium, the surface states and position of the Fermi level 
at the free surface of p-germanium are expected to be similar to 
those for m-germanium, as shown in Fig. 1b. Unless a barrier 
layer is formed by the metal contact, little or no rectification to 
p-germanium is to be expected. It is, indeed, found that a metal 
point contact to p-germanium makes a poor rectifier unless there 
is some electrical forming or power treatment. 

Forming may affect the surface layers, and thus the height of 
the barrier layer, ¢., as well as the distribution of donor and 
acceptor ions in depth in the vicinity of the contact. While it is 
believed that both effects occur, we shall be concerned with 
forming methods in which the principal results can be interpreted 
in terms of changes in ¢,. Changes in ion concentrations may 
predominate with heavy forming such as may be produced by 
large current pulses. That the germanium and its surface layers 
are affected is indicated by the fact that a formed point may be 
replaced by another point, with little change of characteristics.’ 
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Fic. 1. Energy level diagrams showing effects of electrical forming on the 
rectifying barriers at contacts with n- and p-germanium: (a, b)—unformed; 
(c, d)—formed by negative current; (e, f)—formed by positive current. 
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The observed changes in characteristics produced by forming 
are given in Table I for both m- and p-germanium. The conven- 


TABLE I. Changes in comes of rectifying junctions produced by 
orming. 








n-Germanium p-Germanium 





Forming Forward Reverse Forward Reverse 
current current current current current 
Unformed Large; mostly Small; good Small; mostly Large; poor 

holes; good rectifier holes; poor rectifier 
emitter of emitter of 
holes electrons , 
Negative Hole current Greater; Electron Little change 
smaller collector current 
formed increased, 
emitter 
formed 
Positive Little change Smaller Little change Greater 








tional direction of current is positive for flow of positive charge 
from point to germanium. This is the forward rectifying direction 
for n-type semiconductors and the reverse for p-type. These 
qualitative changes can be interpreted in terms of changes in ¢, 
if we assume that a positive forming current increases @, and that 
a negative forming current decreases $s. These changes are in the 
directions which would result from the movement of donor or 
acceptor ions from the interior of the germanium to the surface 
under the influence of the field of the forming current. 

As illustrated in Figs. 1a and 1b, which respresent unformed 
points, there is a good rectifying junction with m-germanium and 
a poor one with #-germanium. Because of the inversion layer, the 
forward current in the former case consists largely of holes, 
although conduction electrons are normally in excess in the 
interior. A decrease in ¢s, caused by a negative forming current, 
as shown in Fig. 1c, enhances the electron current in the reverse 
direction in m-germanium and improves the point as a collector. 
This is accompanied by a decrease in hole current in the forward 
direction. For p-germanium, as shown in Fig. 1d, a negative 
forming current may produce an inversion layer of n-type con- 
ductivity, and thus increase the emission of electrons. The reverse 
characteristic, while altered in shape, is not changed greatly in 
magnitude. A positive forming current decreases ¢,, aS shown in 
Figs. le and if, making the reverse current in -germanium 
smaller and impairing the rectification in p-germanium. 

Actually, there are probably large variations in ¢. over the 
contact area, and the changes of ¢, indicated in Fig. 1 should be 
interpreted merely as giving the trends in a qualitative way. For 
example, it is necessary to have only a few “low spots” in the 
barrier to give a relatively large reverse current through a point 
contact to -germanium, and a few spots with an inversion layer 
may be sufficient to make a reasonably good emitter function in 
p-germanium. 

1J. H. Bardeen and W. H. Brattain, gare, Rev. so Cis 049). (1949). 


2W. G. Pfann and J. H. ag" Phys. Rev. 76, 459 
* Experimental results of W. H. Brattain and G. R. P 





Composite of Experimental Measurements of the 
Energy-Distribution among Beta-Particles 
from Tritium 


E. P. Cooper* AND F. T. RoGERs, Jr. 
U. S. Naval Ordnance Test Station, Inyokern, California 
December 5, 1949 


HE beta-decay of tritium (radiohydrogen, 1H’), though of 
very long life, is evidently “allowed,” and is characterized 

by an extraordinarily low energy. Since there has occasionally 
been some doubt as to the validity of the Fermi theory of allowed 
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transitions in the low energy region, as for instance for Cu%, it is 
of considerable interest to see how well the theory agrees with the 
observed beta-spectrum of tritium. For Cu“ it was necessary! to 
consider relativistic and screening effects on the electron wave 
function in order to obtain essential agreement with the Fermi 
theory in the low energy part of the spectrum, and energies of the 
order of 0.1 Mev were “low.” For H®, the whole spectrum lies at 
such extremely low energies (<20 kev) that relativistic effects 
must be negligible. Further, since the effect of screening is not 
important if (27/137)(Z/8), the ratio of the wave-length of the 
outgoing electron to the radius of the K-shell, is small in compari- 
son with unity, screening should not appreciably affect the H® 
decay. (For a 10-kev electron from H® 2%Z/1378~0.23, whereas 
for a 0.1-Mev electron from Cu 27Z/1378~2.4.) Obviously the 
beta-decay of tritium represents a simple and relatively critical 
test of the theory in the low energy limit. 

Several direct determinations have recently been made of the 
energy-distribution function for the H* beta-particles. Curran, 
Angus, and Cockcroft®* have published four sets of data, and 
Byatt, Rogers, and Waltner* one. Hanna and Pontecorvo have 
published data for the upper-energy region,’ and so have Graves 
and Mayer.® All these investigators report essential agreement 
with the Fermi theory in the particular energy regions used. To 
show the basic consistency of these measurements and, taken 
together, their ultimate degree of accord with the Fermi theory, 
we have constructed a composite of the various published spectra. 
From Fermi plots (using the non-relativistic Coulomb field factor) 
of each set of data, scale-factors were obtained which would adjust 
and normalize that set to a common pair of variables; after the 
adjustment of each set, averages were taken at convenient 
intervals, a very few points being discarded on the basis of appli- 
cable statistical criteria. The composite so obtained is shown by 
the points in Figs. 1 and 2, together with the spectrum as pre- 
dicted by the Fermi theory. Even though the published data are 
not in all cases corrected for “resolution,” this method of striking 
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Fic. 1. The continuous beta-spectrum from tritium. The points are 
averages of the several sets of extant data. The average deviations are 
equal to or less than the radii of the points as plotted, except where othes- 
wise indicated. 
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Fic. 2. High energy portion of the continuous beta-spectrum from tritium. 
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an average would seem to be largely valid for distributions if not 
for end-point energies. 

In view of the great difficulty of measuring the beta-spectrum 
of H’, the concordance of adjusted data is remarkable. In terms of 
average deviations from the mean, it appears that the shape of the 
distribution function is now known to a precision of about 3 
percent from 0.5 to 5.5 kev, about 1 percent from 6 to 11 kev, 
about 5 percent from 11.5 to 17.5 kev, and about 25 percent on up 
to within 2 percent of the end-point energy. Equally remarkable 
is the fact that the ueviations of the composite from the theoretical 
spectrum are generally comparable with (in most cases less than) 
the corresponding average deviations of the measurements, except 
at the very lowest and highest energies where the measurements 
are very uncertain. A Fermi plot of the points in Figs. 1 and 2 is 
extremely satisfying from 2.5 to 18 kev; although the point at 
0.9 kev is somewhat low, the points at 1.8 kev and above 18 kev 
are high (this last one about 100 percent). 

* Foothill Laboratory, Pasadena, California. 

1C. S. Cook and L. M. Langer, Phys. Rev. 73, 601 (1948). 

2 Curran, Angus, and Cockcroft, Phil. Mag. 40, 53 (1949). 

3 Curran, Angus, and Cockcroft, Phys. Rev. 76, 853 (1949). 

4 Byatt, Rogers, and Waltner, Phys. Rev. 75, 909 ( oy 8 

5G. C. Hanna and B. ig Phys. Rev. 75, 983 (19 


49). 
6 E. R. Graves and D. I. Mayer, Phys. Rev. 76, 183 (1949), and private 
communication. 





Natural Ferromagnetic Resonance 
A. J. E. WELCH AND P. F. NICKs 
Imperial College of Science and Technology, London, England 
AND 
ALAN FAIRWEATHER AND F, F. ROBERTS 


Post Office Research Station, Dollis Hill, London, England 
October 28, 1948 


HILE studying the magnetic properties of a number of 
magnesium ferrites, and related spinels, evidence was 
obtained in a few cases of a resonance with sufficiently small 
damping to produce a peak in the curve of permeability versus 
frequency for unmagnetized samples. Figure 1 shows the results 
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Fic. 1. Natural ferromagnetic resonance. © © © are points measured on 
Mg ferrite sample. 


found for a particular magnesium ferrite. In the region where the 
resonance occurred, the measurements were carried out in terms 
of standing-wave observations in a coaxial line containing the 
sample adjacent to the short-circuited end. Care was taken that 
higher modes, which might propagate within the sample, were not 
excited. The results may be interpreted in terms of an extension 
of the Landau-Lifshitz theory! as amended by Kittel.? It may be 
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deduced from Kittel’s formula, 


x wort rA2yo+ jwr 


Xo wort A2wo— w+ jwd(1-++- p20) 


that the real part of x, Re(x), can only be become negative if A< wo 
but that it can exceed its static value xo only if A<wo/u. Now, 
in fact, it has been found that all ferrites which are appreciably 
ferromagnetic show negative values of Re(x) over some part of 
the range 1000 Mc/sec. to 10,000 Mc/sec., but hitherto none has 





_been found with the positive peak in Re(x). Where the positive 


peak has occurred in our results it has been superimposed upon 
a basic curve of falling x, as seen from Fig. 1. The complete sus- 
ceptibility can thus be regarded to a second approximation as the 
sum of two parts, each part represented by an equation of the 
above form. In the example given, the basic part contributes 
about three-fourths of the total low frequency susceptibility, has 
a resonance frequency, wo/27, of about 140 Mc/sec., and a 
damping ratio X/wo of about 0.5; the remaining one-fourth of the 
LF susceptibility has a resonance frequency of about 1500 Mc/sec. 
and a damping ratio of about 0.1. The observed shape of this 
resonance, however, appears to be much less sharp than that 
required by the formula; the addition of a third component enables 
a better fit to be obtained. 

If Frenkel’s form? of the absorption is used in place of Kittel’s, 
the general frequency behavior is similar, but Re(x) is then 
negative for w>wo for all values of the relaxation time r, while 
Re(x)/xo exceeds unity at some frequency only if r>2/wo. A 
slightly better fit to the observed points is obtainable with two 
components of Frenkel’s form than of Kittel’s, and the relaxation 
time for both components is near 10~® sec 

At low frequencies the formula gives a loss component which 
varies with frequency in the same way as an eddy current loss, and 
it has been found that the measured apparent eddy current loss of 
several ferrites is of the order of magnitude predicted by the for- 
mula from high frequency measurements. 

It has also been observed that the application of a sufficiently 
strong transverse static magnetic field restores the 10,000 Mc/sec. 
susceptibility to about one-fourth the ZF value. This suggests 
that the first term (which is dominant at low frequencies) is 
insensitive to external fields, whereas the second term behaves as 
implied in Kittel’s analysis, i.e., wo increases with increase of the 
static field. 

The interpretation of the two resonance frequencies in terms of 
internal fields would seem to imply rather smaller fields than have 
hitherto been suggested but the precise magnitudes involved would 
seem to depend considerably on the geometry assumed for them. 

Acknowledgment is made to the Chief Scientist of the Ministry 
of Supply and to the Engineer-in-Chief of the General Post Office 
for permission to make use of the information contained in this 
letter. 

1 Landau and Lifshitz, Physik Zeits. Sowjetunion 8, 153 (1935). 


2C, Kittel, Phys. Rev. 73, 155 (1948) and other papers. 
3 J. Frenkel, J. Phys. U.S.S.R. 9, No. 4, 299 (1945). 





Beta-Spectrum and Decay Scheme of «;Tb'” 


S. B. Burson, K. W. Biair, AND D. SAXON 
Argonne National Laboratory, Chicago, Illinois 
December 22, 1949 


HE £-spectrum of Tb! has been investigated in the Argonne 

180° spectrometer. The purified sample of Tb,O;7 from Oak 

Ridge was bombarded in the Argonne heavy water pile for about 

90 days and allowed to cool for about one month. The activity of 

a portion of the sample was then followed for ~3 months indi- 
cating a half-life of 711 day. 

The source of ~0.1 mg/cm? was prepared on a Nylon backing 
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TABLE I. Internal conversion electrons in Tb!®. 

































































E Line assignment y-energy 
31.0+0.35 kev K(m) 84.9 kev 
76.0 +0.7 L(y1) 85.1 
83.8 +0.7 M(y¥1) 85.3 

144.5+1.5 K(y2) 198.4 
192.3+1.6 L(y2) 201.4 
246.1+1.8 K(y3) 300.0 
832 +4.5 FRU 886 
877 +4.5 L(ya) 886 
920 +4.7 K(ys) 964 
962 +5.0 L(ys) 971 
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Fic, 1. Momentum distribution for Tb! beta-radiation. 


of ~0.1 mg/cm*. The counter window was of several layers of 
Nylon totaling 0.08 mg/cm?. A spectrometer resolution of 2 
percent in Hp was used. 

The momentum plot of the spectrum is shown in Fig. 1. The 
lines in this plot may be assigned to conversion electrons from 
several gamma-rays of Dy as given in Table I. 
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Fic. 3. Proposed decay scheme for 6sTb!™. 


The gamma-ray energies of 85, 200, and 300 kev agree well with 
those previously reported by Cork, Shreffler, and Fowler.! The 
gamma-ray of 212 kev reported by these authors was not observed. 

The peaks on the momentum plot at approximately 640 and 
690 gauss-cm corresponding to energies of 34.8-++0.8 and 39.8+1.0 
have been assigned to Auger electrons. 

The Kurie plot of the Fermi theory is shown in Fig. 2. The plot 
appears to consist of three linear portions down to an energy of 
~230 kev below which there is an upward trend. Extrapolations 
of the linear portions of the plot give 6-end points of 860+10, 
521+10, and 396-10 kev. 

A search for positive radiation yielded no evidence for a positron 
decay. In view of this and the above energy values of the 6’s and 
y’s the decay scheme of Fig. 3 is proposed. 

Values from the extrapolated linear portions of the Kurie plot 
were replotted on the momentum diagram (the dashed lines) with 
corrections being made at the extreme low energy end for the 
window absorption. Comparison of the areas under the curves 
corresponding to the three betas indicated the relative intensities 
of the three to be Bgeo: 8521: Bags: : 1.00:0.96:0.39. 


1 J. M. Cork, R. G. Shreffler and C. M. Fowler, Phys. Rev. 74, 240 (1948). 





The Beta-Spectrum of He‘ * 


V. PEREZ-MENDEZ AND H. BROWN 
Pupin Physics Laboratories, Columbia University, New York, New York 
December 19, 1949 


HE beta-ray spectrum of He® has been investigated in a 
beta-spectrometer for gaseous emitters.! 

This spectrum was first investigated by Bjerge,?* using a cloud 
chamber. Subsequent absorption measurements by Sommers and 
Sherr‘ gave an energy end point of (3.50.6) Mev. Rustad5 found 
an end point of (3.2+0.2) Mev, and a half-life of (0.84+0.02) sec. 
Holmes® gives a half-life of (0.823+0.013) sec. The spectrum is of 
considerable theoretical interest because of the low ft value and 
the high maximum energy. 

The He’ is produced by a (n,a) reaction by bombarding finely 


divided beryllium powder with fast neutrons from the cyclotron. 
‘In order to obtain high specific activity of He®, it was necessary 


in this experiment to employ a modification of the internal probe 
technique used previously with gaseous targets. By placing the 
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beryllium inside the cyclotron chamber, the volume of powder 
usable is limited, but the solid angle subtended by it at the neutron 
source is considerably increased (to about 8 percent of 47). 
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Fic. 1. Schematic diagram of probe for production of Heé. 


To this end, a hollow chamber (Fig. 1) was designed, of ap- 
proximate dimensions 3 in. <3 in. 1} in. It was constructed from 
a copper block and soldered onto a 1-in. brass pipe so as to fit 
through the lock into the cyclotron chamber. The beryllium 
metal powder was of extremely fine grain size (of the order of 1 
micron) ; it is held in place by two porous stainless steel screens, 
which are soldered to frames inside the chamber. 

To produce neutrons from the deuteron beam of the cyclotron, 
a press-fitted Be-Cu plate was soldered onto the probe at an angle, 
with the Be face out. Helium gas was used as a carrier, and was 
circulated continuously through the probe. 

Because of the short lifetime of He*, the counting circuits were 
operated automatically by a series of relays in connection with 
a motor driven cam-shaft. This apparatus turned the cyclotron 
on for about 2.5 sec.; } sec. after the cyclotron was turned off, the 
monitor and spectrometer counters were turned on for a period of 
2 sec.; after another }-sec. time interval the entire cycle was 
repeated. 

The active gas was pumped into a source chamber which was 
separated from the spectrometer chamber of a semicircular 
focusing magnetic spectrometer by a Saran window. The monitor 
determined the amount of activity in the chamber; by subtracting 
backgrounds and taking the ratio of the spectrometer counter 
reading to monitor counter reading the He® spectrum was ob- 
tained. The window thickness was about 1.8 mg/cm? and the 

’ thickness of the gaseous source about 0.1 mg/cm?. 

Because of the comparatively low intensity obtained, wide slits 
were used and the resolution of the spectrometer was about 6 
percent. One of the spectra so obtained, plotted in a Fermi plot, 
and without correcting for resolution or window absorption, is 
shown in Fig. 2. The tailing off at the high energy end is due to the 
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Fic. 2, Fermi plot of the He beta-spectrum, uncorrected for resolution 
and window absorption. E is the total energy in units of mc®. f is the Fermi 
function 7?F(Z, E), N the number of electrons per unit momentum range. 
(N/f)4 is plotted in arbitrary units. The value given for 7} is that of Holmes. 
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poor resolution. The end point, obtained from an average of such 
plots following subtraction of the energy loss (~5 kev) in the 
source window near the end point, is Hp>=7.30 mc*, corresponding 
to a maximum energy of (3.215+0.015) Mev. Furthermore, the 
spectrum seems to be allowed at least down to 200 kev, which 
corresponds to a range of 95 percent of the spectrum. Using 
Holmes’ value of the half-life, one obtains a value of ft for He® of 
570+3 percent, which is the smallest value known. Both the low 
ft value and the allowed shape of the spectrum tend to confirm 
the Gamow-Teller selection rules, assuming that He® has a spin 
of zero. 

We wish to thank the U. S. AEC, which aided materially in the 
performance of this research. 

* Assisted by the AEC. 

1H. Brown and V. Perez-Mendez, Phys. Rev. 75, 1276 (1949). A forth- 
coming paper will describe this instrument in detail. 

2T. Bjerge and K. J. Brostrom, Kgl. Danske Vid. Sels. Math.-Fys. 
Medd. 16, No. 8 (1938). 

*T. Bjerge and K. J. Brostrom, Nature 138, 400 (1936). 

4H. S. Sommers, Jr. and R. Sherr, Phys. Rev. 69, 21 (1946). 


5 B. M. Rustad (private communication). 
§ Holmes, Proc. Phys. Soc. London 62, 293 (1949). 





An Anomalous Dielectric Effect of Vacuum- 
Sputtered CaF, Layers 


ErRKKI A. LAURILA 


Technical Physics Laboratory, Finland Institute of Technology, 
Helsinki, Finland 


December 22, 1949 


SSUMING that crystal defects have an influence on dielectric 
properties of ionic crystals, I have investigated the properties 
of vacuum-sputtered layers of CaF. It is well known that just 
after sputtering, the layers are composed of small separate crystals 
which slowly change into a compact crystalline layer. In my 
experiments I observed an anomalous effect which is perhaps to be 
interpreted as a result of the crystal defects, but which is greater 
than expected. The experiments indicate that just after sput- 
tering, the effective dielectric constant ¢ of the fluorspar was of 
the order 150-6000. In a few hours or days the dielectric constant 
diminished to a value of the normal magnitude of 7-10. Simul- 
taneously the resistance of the layer, which at first was relatively 
small, increased to a value corresponding to the conductivity of the 
normal crystalline CaF 2. 
The layers were formed on a glass plate as a plate condenser as 
indicated in Fig. 1. The thickness of the CaF, layer was measured 
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Fic. 1. Glass plate condenser. 






































optically, and the capacitance of the plate condenser by a common 
a.c. bridge and from the discharge curve of the condenser. The 
a.c. resistance was estimated by loss-angle measurements. The 
d.c. resistance was measured with a Wheatstone bridge or 
estimated from the discharge curve. Some typical results are 
shown in Table I. 
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TABLE I. Characteristics of CaF layers. 








Time 





Thickness after Capaci- A.c. re- D.c. re- : ’ 
A.u. sput- tance sistance sistance Dielectric 
(107 cm) tering pF kQ kQ constant 
1000 0 5.0 1.25 550 
30 sec. 1.5 8.5 165 
5 min. 2 oy eo 
24 hr. 1.1 18.0 } 
48hr. —0.22 > 1000 24 
3000 0 3.0 7 990 
10 min. pe 2.45 895 
2 hr. 1.7 3 1 100 ~ . 
18 hr. 0.03 1 } K 
14day 0.03 200 > 1000 9.9 
10000 0 4.0 1.35 4400 
1 min. 2.4 2.20 2600 
5 min. 2.0 2.90 70 2200 
15 hr. 0.017 310 700 19 
7 day 0.005 >1000 >1000 5.5 








In ten such condensers examined the thickness of the CaF: layer 
varied between 1000 and 20000 angstrom units. The precision of 
the measurements is too small to draw any definite conclusions. 
It seems, however, that the evaluated dielectric constant increases 
with increasing thickness of the CaF: layer and probably ap- 
proaches asymptotically a certain limiting value. It is also clearly 
seen that the a.c. resistance is considerably smaller than the d.c. 
resistance. This fact may be interpreted by a hesteresis phe- 
nomenon. Also the slope of the discharge curve makes this inter- 
pretation probable. 

Finally it should be pointed out that a CaF: condenser several 
days or weeks old resumes the anomalous high capacitance when 
moistened by water. 

The experimental work was carried out by Mr. E. Vesa. The 
investigation continues. 





The Response of the Anthracene Scintillation 
Counter to Monoenergetic Electrons* 
Joun I. Hopxins** 


Oak Ridge National Laboratory, Oak Ridge, Tennessee 
December 12, 1949 


T has been determined previously that the light pulse produced 
by an electron striking a phosphor substance such as anthra- 
cene is approximately proportional to the energy of the impinging 
electron over limited ranges of energies.4? One desires to know 
how the pulse height for monoenergetic electrons varies with energy 
from an energy of a few kev up to an energy of several Mev. 
A 180 cm single-lens 8-ray spectrometer with an aperture of 
approximately 0.3 cm was used to supply the monoenergetic 
electrons. It was equipped with a sliding baffle so that the y-ray 
and external background could be determined and the correction 
of counts made at each pulse height setting. Approximately 50 
microcuries of Cs'*? evaporated on toa thin Formvar film served 
as a source of electrons. The energy of the conversion electrons 
(630 kev) was used to determine the spectrometer constant. The 
end plate of the spectrometer at the counter end was made of soft 
iron and had at its center a mica window having inch diameter 
and 1 mg/cm? thickness. An anthracene crystal 1.3 cm in thickness 
was attached with Canada balsam to the photosensitive area of an 
RCA-5819 photo-multiplier tube. The crystal was then covered 
with a 0.2-mil light-reflecting aluminum foil and mounted directly 


in front of the window. A soft iron shield surrounding the scintil- _ 


lation counter, in conjunction with the end plate of the spec- 
trometer, served to prevent variations in magnetic field in the 
region of the photo-multiplier tube. 


The output from the photo-multiplier was fed into a pream- 
plifier and linear amplifier’ combination and counts recorded on a 
scaler. The output from a pulse generator was used to check the 
amplifier for linearity and to determine the zero of the pulse 
height dial. 

Counts per second versus pulse height data were recorded for 
each chosen energy and the differential curves plotted to determine 
the pulse height giving the maximum number of counts per second. 
Some typical curves are shown in Fig. 1 where the counts per 
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Fic. 1. Counting rate as a function of electron energy. 


second have been normalized and plotted against the energy of 


‘the electrons in kev. These curves are within the expected sta- 


tistical variation of the counts per second. It is estimated that the 
energy corresponding to a maximum number of counts per second 
for these curves is determined to an accuracy of +1.0 kev near 
100 kev and to +4.0 kev from 400 to 665 kev. 

In Fig. 2 is shown the pulse height variation with energy. It is 
noted that there is a slight deviation from linearity below 125 kev. 
Absorption data for electrons given by Glendenin‘ were used to 
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Fic. 2. Pulse height as a function of electron energy. 
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account for energy losses due to the absorption by the mica 
window, air space, and aluminum foil. Possible unaccountable 
errors in this experiment may be due to (1) background varia- 
tions, since the spectrometer was located in the pile building, 
(2) magnetic variations near the photo-multiplier tube and (3) 
generator hash in the magnet current at times. 

Work is being continued to further investigate the pulse height- 
energy variation in the low energy range and in the energy range 
above 650 kev. 

Many thanks are due P. R. Bell for his constant advice and 
the Oak Ridge National Laboratory for the experimental 
facilities afforded. 

* This document is based on work performed under Contract No. W-7405, 
eng, 26 for the Atomic Energy Project at Oak Ridge National Laboratory. 

On leave from Vanderbilt University, Nashville, Tennessee, 1949-1950. 

1H. Kallmann, Natur und Technik (July, 1947). 

2M. Deutsch, M.I.T. Technical Report No. 3 (December, 1947). 


3 W. H. Jordan and P. R. Bell, Rev. Sci. Inst. 18, 703 (1947). 
4L. E. Glendenin, Nucleonics 2, 12 (1948). . 





Energy Bands and Mobilities in 
Monatomic Semiconductors 
W. SHOCKLEY AND J. BARDEEN 


Bell Telephone Laboratories, Murray Hill, New Jersey 
December 12, 1949 


OR a cubic crystal subject to a homogeneous strain, ¢;;, the 
linear shift in energy band with strain may be expressed in 


the form 
E=£E£ot28ij6j;= Lot E14, (1) 


where A= e1+€22+€33 is the dilation since all terms containing 
€;; with ij must vanish by symmetry. The shifts in the energy 
levels corresponding to the top of the filled band, Ey, and the 
bottom of the conduction band, E., produced by a periodic dilation 
of a lattice wave are shown schematically in Fig. 1(a). As illus- 
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Fic. 1. (a) Shift of energy bands with varying dilation. (b) Shift of energy 
bands with varying electrostatic potential. 


trated, the bands may shift in opposite directions. In crystals with 
the diamond structure, such as Ge and Si, the energy gap, Ea, 
decreases with a positive dilation; in others, such as Te, the shift 
is in the opposite direction. The difference between the shifts in 
E, and Ey is equal to the shift in Eg: 


Eie=Ei-— Ey. (2) 


On the other hand, a varying electrostatic potential makes the 
bands move up and down together, as in Fig. 1(b). 
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The theories of Peckar' and of James* may be extended to show 
that the effective mass concept may be applied to gradual shifts 
in energy bands produced by distortions as well as by a varying 
electrostatic potential.? In both cases, the position of the energy 
band may be used as an effective potential for the electron pro- 
vided that the variation is sufficiently gradual. This is the case 
for shifts caused by lattice vibrations of long wave-length which 
interact with electrons of thermal velocities in semiconductors. 

It is thus possible to calculate scattering by lattice waves by 
taking as the interaction potential, U(r), the shift in energy band 
resulting from dilation, £,A(r): 


U(r) =£, A(t). 


The matrix element involved in scattering, 


Mw= f ve*U (evade =f expli(k—k’)-r]JEA(dr (4) 
vanishes unless k’=k-+tq, in which case 
| Mex |?=E:*| q-Ag|?, (5) 


where A, is the complex amplitude of the lattice wave of wave 
vector q. The interaction constant C used by Sommerfeld and 
Bethe and by Seitz‘ is equal to (3/2)Ei; that used by Wilson is 
equal to £;. 

The expression for mobility, u, derived in the usual way, may 
be expressed in the form: 


p= 2(2x)"eh*pc;?/3m,5!2(koT)22E 2 
= (3.2X 10-5) pc?/T?E? cm?/volt sec. (6) 


In deriving the numerical factor we have set the effective mass 
ratio equal to unity and expressed E; in ev. The product of the 
density, p, and the square of longitudinal wave velocity, ¢;, can 
be expressed in terms of the elastic constants. 

Equation (6) may be used to derive |£,-| and |Ey| from 
mobilities of conduction electrons and holes, respectively. The 
calculations for diamond, Si, Ge, and Te, together with relevant 
data, are given in Table I. The anisotropy of Te has been neglected. 


(3) 


TABLE I. Derivation of shift of energy bands with dilation from mobility 
data and comparison with shift of energy gap with dilation. 














Diamond Silicon Germanium Tellurium 
pc X10712 (c.g.s.) 10.88 2.0¢ 1.556 0.5¢ 

pn (electrons) d 300¢ 3500! 530¢ 

(cm?/volt sec., 295°K) 

up (holes) >2005 100¢ 1700! 5306 

ave sec., 295°K) 

Un 45 X105 15X105 180X105 27 X105 
p >10X105 5 X105 86X105 27 X105 
Ere| (ev) 8.8 6.5 1.7 2.4 
Ey} (ev) <30 11.3 2.4 2.4 
E1ce| +| Esy| <39 17.8 4.1 4.8 
Eig| (ev) ? ~30i ~Si 5.03 











® Longitudinal velocity in [110] direction calculated from elastic con- 
stants. See R. F. S. Hearmon, Rev. Mod. Phys. 18, 409 (1946). 

+ Calculated from elastic constants measured by McSkimin, Mason, and 
Bond on single crystal sample prepared by K. M. Olson. 

¢ Estimated from compressibility. 

4C, C. Klick and R. J. Maurer, Phys. Rev. 76, 179 (1949). 

© Reference 5. 

f Unpublished data of J. R. Haynes. 

® Vivian A. Johnson, Phys. Rev. 74, 1255 (1948). 

5 K. G. McKay (private communication). 

i See text. 


If Ei. and E,y have opposite signs, as in Fig. 1(a), we should have 
|E:e| =| Z1e| +|Z,yl. (7) 


Various independent estimates of | Z,¢], given in the last row of 
the table, are in reasonable agreement with (7). These estimates 
were obtained as follows: 

Silicon. The variation of Eg with temperature, derived from 
intrinsic concentration,’ combined with the thermal expansion 
coefficient. 

Germanium. (a) As for Si, (b) change of intrinsic conductivity 
with pressure,* (c) change of resistance of m— p junction with 
pressure.” 
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Tellurium. From analysis of Bridgman’s data on variation of 
intrinsic conductivity with pressure.* The high mobility of elec- 
trons and holes in germanium is thus correlated with a small shift 
in energy gap with dilation. 


1S. Peckar, J. Phys. USSR, 10, 431 (1946). 

2 Hubert M. James, Phys. Rev. 76, 1602 (1949). 

3A proof, together with a direct calculation of the pertinent matrix 
element without making use of the effective mass concept, will be given in 
a forthcoming paper by the authors. 

See A. Sommerfeld and H. Bethe, Handbuch der Physik, Vol. XXIV, 1; 

A. H. Wilson, The Theory of Metals (Cambridge University Press, London, 
1936); Frederick Seitz, Phys. Rev. 73, 549 (1948). 

5G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 

6 P. H. Miller and Julius Taylor, Phys. Rev. 76, 179 (1949) and personal 
communication from Professor Miller. 

7 Unpublished measurements of G. L. Pearson. 

8 John Bardeen, Phys. Rev. 75, 1777 (1949). 





Color Centers in Calcium Fluoride and 
Barium Fluoride Crystals 


ALEXANDER SMAKULA 


Engineer Research and Development Laboratories, The Engineer Center and 
Fort Belvoir, Fort Belvoir, Virginia 


November 25, 1949 


HE color centers produced photochemically (x-rays, ultra- 
violet light) or additively (metal vapor, electrons) have been 
investigated by Pohl! and his school mainly in monovalent ionic 
crystals, such as, alkali halides. The first results on color centers 
produced by x-rays in calcium fluoride (CaF) and barium fluoride 
crystals (BaF 2) are presented in this note. 

Natural and synthetic crystals of calcium fluoride and synthetic 
crystals of barium fluoride were used. The thickness of the crystals 
was between 0.5 and 1.0 cm. Hard x-rays (200 kv, 10 ma) were 
used to produce a uniform coloration throughout the entire 
crystals. The exposure time varied from 0.5 to 5.0 hours. Im- 
mediately after exposure to x-rays, the transmission of the 
colored crystals was measured with a Beckman spectrophotometer 
in the spectral region from 2200A to 10,000A. No change in 
coloration occurred during measurements. 


The absorption spectrum of color centers in calcium fluoride 


WAVE-LENGTH A INA 
10 000 § 000 £000 3000 2500 2000 
T 








075 ry 
\ 
\ Van 


°o 
u 
So 





| 

| 

ak So 
| 


° 
~m 
wn 





ABSORPTION COEFFICIENT K INCM™ 


| | 
} \/ 




















10 20 30 40 50x10° 
WAVE NUMBER V INCM™’ 


Fic. 1. Absorption spectrum of color centers in calcium fluoride (CaF 2) 
crystal [k =(1/d) logio(Io/I); 200 kv, 10 ma, exposure 5 hours]. 


crystals is reproduced in Fig. 1. The three absorption bands fall 
at 5800A, 4000A, and 3350A. A strong increase of absorption 
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Fic. 2. Absorption spectrum of color centers in barium fluoride (BaF) 
crystal [k =(1/d) logio(Io/J); 200 kv, 10 ma, exposure 0.5 hour]. 


toward shorter wave-length indicates a fourth band with a 
maximum below 2200A. 

In Fig. 2 is given the absorption spectrum of color centers in 
barium fluoride crystal. As for calcium fluoride, three absorption 
bands are seen at 6700A, 4800A, and 3800A. A fourth band below 
2200A is also apparent. As compared with calcium fluoride the 
bands are shifted to longer wave-lengths and they overlap to a 
greater extent. 

The formation of absorption bands with increase of exposure 
time is shown in Fig. 3. All three bands show saturation with 
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Fic. 3. Change of the absorption band intensity of calcium fluoride with 


increase of exposure time to x-rays (200 kv, 10 ma). 1. Absorption band at 
5800A, 2. Absorption band at 3350A. 3. Absorption band at i 


increase in exposure similar te the saturation of the coloration of 
alkali halides.? 
In additively colored natural calcium fluoride crystals Mollwo* 
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found two bands, one at 5250A and the other at 3700A. The ad- 
ditive color centers can be produced at high temperatures only. 
The absorption bands were obtained only if the crystals are cooled 
down to room temperature very rapidly. When they were cooled 
slowly no absorption bands were found. By proper cooling the 
shape and position of the band in the visible could be changed 
(probably resulted in the formation of colloids). 

As compared with alkali halides, the absorption spectra of 
colored calcium and barium fluorides show some similar and some 
different properties. These similar properties can be noted: 
saturation of coloration with exposure time; half-widths of absorp- 
tion bands; and bleaching by heat or light. 

The differences are as follows: Only two bands appear in alkali 
halides after a small exposure to x-rays, as was the case here; one 
is the strong band, called the F-band after Pohl;! and the other a 
weak band, called the M@-band after Seitz* (the M-bands were dis- 
covered by Ottmer' and later investigated by Molnar‘). In calcium 
fluoride and in barium fluoride, at least four bands can be seen. In 
alkali halides the F-band can be transformed into the M-band by 
exposure to the light absorbed by the former. In calcium fluoride 
and barium fluoride, the transformation of one band to another 
one seems to be impossible, at least at room temperature. The rela- 
tionship, 2d?=constant (v=frequency of the F-band, d=lattice 
constant) which has been found by Mollwo’ for F-bands of alkali 
halides is not valid for any of the bands of calcium fluoride and 
barium fluoride. 

From preliminary experiments on bleaching by heat and light 
one can assume that the absorption bands of the color centers in 
calcium fluoride and barium fluoride are independent. Although 
the nature of color centers may be generally the same as in alkali 
halides, electrons trapped in lattice defects, further investigations 
are necessary for their quantitative explanation. 

Grateful acknowledgment is given Mrs. R. K. Wilkinson for 
transmission measurements. 

1R. W. Pohl, Physik. Zeits. 39, 36 (1938). 

2A, Smakula, Géttengen Nachrichten 110 (1929). 

3 E. Mollwo, Géttengen Nachrichten 1, 79 (1934). 

4F, Seitz, Rev. Mod. Phys. 18, 348 (1946). 

5 R. Ottmer, Zeits. f. Physik 46, 798 (1928). 

6J. P. Molnar, ‘‘The absorption spectra of trapped electrons in alkali 


halide crystals,’’ M.I.T. thesis (1940). 
7 E. Mollwo, Géttengen Nachrichten 97 (1931). 





Gamma-Rays of K* 
P. R. BELL AND J. M. Cassipy 


Oak Ridge National Laboratory,* Oak Ridge, Tennessee 
December 8, 1949 


HE gamma-ray emitted by K* has been reported as 1.55 
Mev by absorption in lead, and no evidence for softer 
gamma-rays was found.!.2, The scintillation spectrometer has been 
used to investigate the K*° gamma-radiation and to search for 
annihilation radiation associated with possible positron emission. 
The gamma-rays produce Compton electrons in an anthracene 
crystal and the spectrum of these Compton electrons is measured 
by determining the pulse distribution from an RCA C-7132 photo- 
multiplier to which the anthracene crystal is cemented. 

Figure 1 shows the arrangement of the sample (which was 1300 g 
of normal KC]) and the anthracene crystal and photo-multiplier. 
The beta-rays were absorbed by the }-inch aluminum wall sur- 
rounding the crystal. The entire assembly was shielded by 2 
inches of lead. 

The gamma-ray was compared with the low energy gamma-ray 
from Na*(1.38 Mev),? the gamma-ray of Zn*5(1.12 Mev)‘ and the 
conversion line of Cs'*7(0.632 Mev).° The Na* sample was placed 
on top of the KCI container leaving the KCI in place. The dis- 
tribution of pulses from the K* and part of the distribution 
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Fic. 1. Arrangement of apparatus and distribution of pulses. 


produced by Na*™ are also shown in Fig. 1. The background 
counting rate was quite negligible. 

The maximum energy of the Compton electrons was determined 
in two ways: (1) the maximum slope of the break and (2) the half- 
counting rate point (in the case of Na™ the counts due to the 
upper gamma-ray were subtracted). 

The results of several determinations are given in Table I. 
A search was then made for annihilation radiation. Figure 2 shows 


TABLE I, Energy of Compton electrons. 























Energy from 
Com n 
radiation Maximum slope Half-counting rate 
Na™ 1.47 Mev 1.49 Mev 
Na* 1.39 Mev 1.42 Mev 
Cg 1.47 Mev 1.48 Mev 
Zn& 1.47 Mev 1.46 Mev 
average 1.45 +0.04 Mev 1.46+0.04 Mev 
120 1.2 
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the part of the gamma-ray spectrum in which a step should be 
found if annihilation radiation were present. Also shown is the 
curve obtained for the Zn® spectrum in this region. Zn® has about 
5 annihilation quanta per 100 gamma-rays. The number of 
annihilation quanta per gamma-ray in K“ must be less than half 
the number from Zn®. Therefore the number of positrons emitted 
must be less than 1 percent of the K capture transitions to the 
excited state of A*°. This lack of positron emission makes it im- 
probable that there is any large number of K captures to the 
ground state of A“. 

* This document is based on work performed under Contract No. W-7405, 
eng. 26 for the Atomic Energy Project at Oak Ridge National Laboratory. 

10. Hirzel and H. Waffler, Helv. Phys. Acta 19, 216 (1946). 

2 E. Gleditsch and T. Graf, Phys. Rev. 72, 640 (1947). 

3K. Siegbahn, Phys. Rev. 70, 127 (1946). 

4 Jansen, Laslett, and Pratt, Phys. Rev. 76, 430 (1949). 


5 Peacock and Mitchell, Phys. Rev. 75, 1272 (1949). 
6 Good and Peacock, Phys. Rev. 69, 680 (1946). 





Zenith Angle Dependence of 
Extensive Air Showers 


H. L. KRAYBILL 
Sloane Physics Laboratory, Yale University,* New Haven, Connecticut 
December 12, 1949 


ROM the altitude dependence of extensive air showers one 
can calculate the zenith angle dependence of the showers at 
a given depth, under the following assumptions: (1) The shower 
primaries are isotropic at the top of the atmosphere, (2) the multi- 
plication and disappearance of the shower particles in the atmos- 
phere is a function solely of the mass of matter traversed and not 
of the path length or density, (3) the lateral spread of shower 
particles at a given depth is inversely proportional to air density 
in accordance with cascade theory, (4) the particles in the showers 
have the same direction as the primary particle which produced 
the shower, and (5) the value of , defined as d logC/d logA , where 
C is the counting rate and A is the counter area, is known for 
showers incident from the vertical. 

By use of an altitude curve! obtained by the author, the zenith 
angle dependence was calculated for an atmospheric pressure of 
50 cm of Hg. The shower detector consisted of three Geiger 
counters uniformly spaced in a straight line. Spacing between 
adjacent counters was 1.4 meters. The effect of counter geometry 
was taken into account, although the calculated zenith angle 
dependence is only weakly sensitive to the counter geometry. The 
value of was assumed to be constant and equal to 1.5 between 
sea level and 50 cm of mercury.? By the use of a generalized Gross 
transformation! the zenith angle distribution was then obtained as: 


2.2C(t/cos@) — (¢/cos@)C’(t/cos@) 7 
os cos?: 


C(é) is the observed counting rate as a function of altitude. 
M(t, 6) is the rate of showers per steradian which would be counted 
at thickness ¢ and zenith angle @, by an isotropic detector having 
the same vertical sensitivity as the counter arrangement. 

Numerical application of this formula to the altitude curve 
gives a zenith angle dependence for the axes of the air showers 
which can be approximately represented by cos®@ between 0° and 
40°, but which decreases somewhat more rapidly than cos*# at 
larger zenith angles. : 

An experimental test of the above zenith angle distribution was 
attempted at Climax, Colorado, at a pressure of 49.5 cm of 
mercury, by using the directional sensitivity of long cylindrical 
counters. When the axes of such counters are vertical, their 
counting rate is strongly sensitive to the breadth of the zenith 


M(t, 6)= 





0. 


THE EDITOR 


angle distribution of the showers. The counting rate of these 
counters with their axes horizontal is less sensitive to the zenith 
angle distribution. Table I lists the horizontal-to-vertical counting 


TABLE I. Values of the horizontal/vertical counting ratio (R), calculated 
for various assumed zenith angle distributions. The values were computed 
for cylindrical counters with a sensitive area of 2.44 cm X33 cm. 








Assumed angular distribution Calculated value of R 





cos*@ 1.86 
cos®é 33 
cos*? 16 
cos!59 4.21 


angular distribution at 50 cm 
of Hg, calculated from altitude 
curve of reference 1 2.56 








ratio for counters of lateral cross section 2.44 cm by 33 cm, having 
the same disposition in a horizontal plane, calculated for various 
assumed zenith angle distributions of the showers. 

The counting rates of the counters shown in Fig. 1 were deter- 
mined at Climax. The horizontal-to-vertical ratios (R) are shown 
in Table II. These ratios are not sensitive to the counter arrarge- 
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Fic. 1. Vertical view of arrangement of horizontal and vertical counters, 
used to test zenith angle distribution of extensive air showers at Climax, 


Colorado. The coincidences ACE, AEG, ACEG, BDF, BFH, BDFH, were 
recorded. Sensitive area of each counter is 2.44 cm by 33 cm. 


TABLE II. Counting rates of the counter arrangement shown in Fig. 1. 











Time Coincidence type Counts Rate 
220 ACE 1621 7.37 +0.18* 
220 AEG 1563 7.1140.18 
220 BDF 765 3.47 +0.12 
220 BFH 738 3.35 +0.12 
220 ACEG 1018 4.63 +0.15 
220 BDFH 474 2.15 +0.10 

Coincidence ratios R 
ACE/BDF 2.12 +0.08* 
AEG/BFH 2.12 +0.09 

ACEG/BDFH 2.15 40.12 








* This is the standard deviation due to statistical fluctuations. 


ment. The best experimental value of R is 2.12+0.07. This is the 
value of R to be expected for a zenith angle distribution of about 
cos‘@. This value is lower than the value of 2.56 which was cal- 
culated from the altitude dependence. 

The cause of the above difference is not clear. Some of it is due 
to scattering of the shower particles in the air and to multiplication 
in material surrounding the counters. The counters were enclosed 
in boxes of 0.8-mm sheet iron, under a canvas tent in the open air. 
The tent was 10 feet from a metal shack about 15 feet square by 
10 feet high. However, the fact that R did not vary with the 
counter geometry indicates that the shack did not appreciably 
affect its value. 

Narrow showers‘ incident at large zenith angles would tend to 





ee 
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favor the vertical counters and produce the discrepancy observed. 
However, the narrow showers have appreciable effect only at 
counter spreads less than 90 cm. Thus the arrangements AEG 
and BFH of Fig. 1 are not affected by narrow showers from any 
direction. 

I am indebted to the Climax Molybdenum Company for the use 
of their facilities while carrying out this experiment, and to the 
University of Chicago for lending some of the equipment which 
was used. I also wish to thank Professor C. G. Montgomery for 
helpful discussions. 

* Assisted by the Joint Program of the ONR and the AEC. 

1H. Kraybill, Phys. Rev. 76, 1092 (1949). 

2G. Cocconi and V. Cocconi ‘Tongiorgi, Phys. Rev. 75, 1058 (1949). 


3L. Janossy, Zeits. f. Physik 101, 129 (1936). 
4J. Wei and C. G. Montgomery, Phys. Rev. 76, 1488 (1949). 





The ‘1947 Values”? of the Atomic Constants and 
the Revision of the Faraday Constant* 


JessE W. M. DuMonpD 
California Institute of Technology, Pasad 
December 5, 1949 


California 





T is well known that the two precision determinations of the 

Faraday by electrochemical methods (1) by the silver vol- 

tameter,! (2) by the iodine voltameter* fail to agree by considerably 
more than their estimated probable errors warrant. 


Fag=9650.5 e.m.u./g (physical scale),* 
F,=9652.2 e.m.u./g (physical scale).* 


Nevertheless, Fag has long been the value accepted, perhaps in 
part because it has been regarded as correct by definition. 

It seems to the writer that such an empirical definition is 
unfortunate and this universal constant should preferably be 
defined in a fundamentally significant way, i.e., as the quantity of 
electricity, Noe, (No=Avogadro’s number and e=the electronic 
charge) or the charge associated with one gram-atomic weight of 
singly ionized atoms. Fortunately, in this more fundamental sense 
of the Faraday it can now be, and recently has been precisely 
measured. J. A. Hipple, H. Sommer, and H. A. Thomas at the 
National Bureau of Standards* determine by means of their newly 
developed “omegatron” the charge-to-mass ratio e/Ma* for 
gaseous H* ions. After multiplication by the isotopic weight of H* 
(1.007580-+0.000003) they obtain the Faraday (in the sense here 
proposed). A preliminary result is 


F=9652.8+0.8 e.m.u./g (physical scale) 


indicating that the iodine Faraday (rather than the silver) was 
nearer the truth. 

The Faraday can be computed from certain spectroscopic data 
without appeal to electrochemistry and R. T. Birge was the first 
to point out‘ that when this is done one obtains a value somewhat 
higher than Fag (though less accurately). Now both Fag and Fy; 
were determined before the discovery of isotopes and it occurred 
to the writer of this letter as early as 1940 that the facts (1) that 
iodine is isotopically pure and (2) that silver consists of two isotopes 
in nearly equal abundance might explain the F1—Fag dis- 
crepancy. 

In 1948, E. R. Cohen and the writer published® a least-squares 
analysis (here designated D and C ’48) of the existing data on the 
atomic constants. Some eleven different precision measured values 
each representing a different function of the four unknowns, F, 
No, m, and h, formed the basic input data from which an over- 
determined set of observational equations was adjusted by least- 
squares to obtain compromise output values of the above four 
unknowns. The adoption of four unknowns F, No, m and hk 
(instead of three, e(=F/No), m and h) for the least-squares ad- 
justment (designated in the paper as the “new viewpoint”) was 
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a new departure in such analyses (expressly introduced because 
of the uncertainties in F) which led to a complete reclassification 
of several of the eleven input data. Other important influences 
beside the direct electrochemical data were thus free to operate 
in the least-squares adjustment leading to the output value of F. 
For the direct electrochemical data on F the average of Fa, and 
F; was used in D and C ’48. The final least-squares-adjusted 
output value for F obtained from this analysis came out 


F=9652.2+0.7 e.m.u./g (physical scale) 


in close agreement with F; rather than Fag. 

Largely because of this higher output value of F there has been 
a perhaps natural reluctance among some physicists to accept the 
revised values obtained in D and C ’48 (some 33 values of dif- 
ferent important constants and conversion factors were there 
computed). A chief purpose of this letter is to point out that the 
new corroboration from the work of Hipple and his associates now 
largely removes the cause of this reluctance. Also, since D and C 
’48 appeared, further evidence® in favor of the higher Faraday 
has been obtained as a by-product of a measurement? of the wave- 
length of the annihilation radiation. 

Undoubtedly, the entire least-squares analysis should be re- 
peated using the final Hipple value of F (when it is available) and 
perhaps ignoring Fa, and F; completely unless improvements can 
be made in these electrochemical determinations as regards at 
present unknown systematic errors. Although the results in 
D and C ’48 were very insensitive to the directly measured x-ray 
value of h/e, it might also be wise to postpone such a final least- 
squares analysis until the 4/e discrepancy (now under investigation 
at this Institute) can also be cleared up. In the meanwhile, the 
writer believes the values given in D and C ’48 can now be pro- 
visionally used with considerably more confidence than heretofore. 

a a? by the Joint Program of the ONR and AEC. 

. G. W. Vinal, aoe Rendus, 3, 95 (1932 

2M. G. W. Vinal and S. J. Bates, Bull. Bur. Stand. 10, 425 (1914). Since 
this paper, some revisions in Fag and in atomic weights have failed to 
eliminate the Fag—Fy1 discrepancy. 


3 Hipple, Sommer, and Thomas, Phys. Rev. 76, 1877 (1949). 

(oan, T. Birge, Reports on Progress in Physics (British) VIII, 121-122 
5 J. W. M. DuMond and E. R. Cohen, Rev. Mod. Phys. 20, 82 (1948). 
Attention is called to the fact that slight revisions to the original published 
values in this paper have been made since the discovery of a small numerical 
error. These revisions appear in Rev. Mod. a 21, 651 (1949). 

6 J. W. M. DuMond, Phys. Rev. 75, 1267 (19 
7 DuMond, Lind, and Watson, Phys. Rev. 7s, "026 (1949). 





A Note on the Li’(p,n)Be’ Reaction and an 
Excited State of Be’ 


T. A. HALt 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
December 21, 1949 


ECAUSE of interest in the homogeneity of the neutrons 
produced in the Li7(p,m) reaction, we have re-examined data 
obtained two years ago with a Van de Graaff generator, using this 
reaction as a monoenergetic neutron source to study the resonance 
scattering of neutrons on helium.! In this experiment the neutrons 
crossed a proportional counter containing helium, and the energy 
distribution of the helium recoils was recorded. Since the neutron 
energies studied (0.8 to 1.6 Mev) were too low for significant 
D-wave scattering, the distribution curves should have been 
parabolas, corresponding to superposition of S and P waves. 
Instead, for all neutron energies used above 1.2 Mev (and for no 
lower energies), well-defined distortions in the curves were ob- 
served. From the largest recoil energy where distortion appears, 
one can calculate an excitation energy of Be’, assuming that such 
a state has made the neutron beam di-energetic. The results are 
shown in Table I for all five curves where the effect was noted. 
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TABLE I. Implied excitation energy of Be’. 











Run Ep En R E,’ E 
1 3.02 1.25 0.63 0.785 0.45 
2 3.02 1.25 0.63 0.785 0.45 
3 3.12 1.35 0.57 0.76 0.54 
4 3.12 1.35 0.64 0.87 0.45 
5 3.38 1.6 0.70 1.13 0.44 








(Three of these curves are shown in reference 1.) Ey is the energy 
in Mev of the Van de Graaff protons, E, the energy of the main 
neutron group, & the ratio of recoil energy at the anomalous peak 
to maximum recoil energy, £,’ the energy of the postulated slower 
neutron group, and £ the excitation energy of Be? which would 
cause such a group. 

Table I shows that only one run was inconsistent with the 
excited state hypothesis, the location of the distorted peak was in 
fact exceptionally vague in this one case. While the anomalous 
peak cannot be localized sufficiently to give a precise measure of 
the excitation energy, the other four runs put it between 420 and 
480 kev. 

Recent precision measurements indicate that such a Be’ state 
exists. However, the excitation of this state by 3 Mev protons 
striking lithium has escaped previous observation.‘ The reason 
perhaps is that the Li(f,z) yield curve, which was studied by 
Freier, Lampi, and Williams, does not offer as sensitive a test as 
the helium recoil data, in which the slower neutrons at optimum 
energies produce resonant forward-scattered recoils which are 
superposed, in the distribution curves, upon non-resonant faster 
neutron recoils of unfavorable scattering angle. If the implications 
drawn from this helium data are correct, the traces of the slower 
neutron group should be observable in many neutron resonance 
studies, especially by comparing resonance data taken with both 
Li(?,m) and D(d,n) neutron sources. 

As to helium scattering itself, in reference 1 the smallness of the 
ratio of maximum to minimum differential scattering cross sections 
in all of the curves was taken to indicate a split resonance level, 
but this apparently small ratio may also be due really to a slower 
neutron group. 

1T, A. Hall and P. G. Koontz, Phys. Rev. 72, 196 (1947). 

2 J. C. Grosskreutz and K. B. Mather, Bull. Am. Phys. Soc. 24, No. 7, 
H5(A) (Chicago, 1949) report a state at 0.470+0.070 Mev. 

3 Brown, Chao, Fowler, aad Lauritsen, Bull. Am. Phys. Soc. 24, No. 8, 


D11(A) (Stanford, 1949) report a state at 0.435+0.008 Mev. 
4 Freier, Lampi, and Williams, Phys. Rev. 75, 901 (1949), 





Fast Protons from the Absorption of x--Mesons 
by Nuclei* 


STEPHEN TAMOR** 
University of Rochester, Rochester, New York 
December 12, 1949 


Y use of a very simple model for the production of stars 

resulting from the absorption of +~-mesons by nuclei it is 
possible to estimate (a) the number of “fast” protons (energy >30 
Mev) in the stars, and (b) the average excitation energy. We 
assume that the meson is absorbed by a single proton in the 
nucleus producing a neutron which moves at high speed through a 
“gas” of nucleons, while momentum is conserved by the recoil of 
one or more neighboring nucleons. The fast nucleons may escape 
from the nucleus without collision or may undergo one or more 
collisions, thereby heating up the nucleus. Thus star fragments 


from x~-absorptions fall into two categories: high energy nucleons _ 


arising directly from the absorption process, and evaporation 
fragments whose energies are low and determined by the energy 
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loss of the initial nucleon in traversing the nucleus. If the mean 
free path of the fast nucleons is of the order of or larger than the 
nuclear diameter, we would expect large numbers of fast nucleons 
as well as total excitation energies of the evaporation stars low 
compared to the meson rest mass of 146 Mev. 

If, in addition to the collision cross section, the average energy 
loss per collision is known, one can estimate the probability that 
a nucleon makes a specified number of collisions before leaving 
the nucleus and the excitation energy of the residual nucleus. The 
energies invoived are sufficiently high that, to a first approxima- 
tion, the binding of the nucleons can be ignored. The total n—p 
scattering n—p scattering cross section is taken as 6.8/E barns 
where E is measured in Mev,' and we assume ¢nm=op_p=}on—p22 
Since the nucleus is treated as a Fermi gas, the exclusion principle 
discriminates against collisions with small momentum transfer, 
thereby increasing the effective cross section by a factor of about 
1.45.3 The energy loss per collision has been estimated by Serber* 
as 25 Mev for energies of the order of 100 Mev. The calculation is 
greatly simplified by assuming forward scattering. The error 
involved is difficult to estimate, but is surely not very large and 
probably leads to a slight overestimate for the number of fast 
protons. 

Two different models were used for the calculations.5 I. The 
recoil momentum is taken up by a single nucleon so that the 
absorption results in two nucleons moving in opposite directions, 
each with half the meson rest energy. The recoil particle can be a 
neutron or a proton, and on the basis of an a-particle model the 
ratio of neutrons to protons is 2:1. Use of the ratio obtained by 
counting all neutrons and protons in the nucleus gives almost 
identical results. II. The recoil is a triton, the residual part of the 
a-particle of which the absorbing proton is taken to be a member. 
Using a triton binding energy of 8 Mev,® we find that the neutron 
carries away 95 Mev while the recoil triton has 31 Mev. The entire 
energy of the trition goes into heating up the nucleus. 

With model I one calculates the probabilities that both nucleons 
make zero collisions, one makes one and the other zero, etc. After 
more than one collision the nucleon energy is degenerated below 
30 Mev and is considered to be “lost” in the evaporation star. With 
model II the single nucleon is “lost” after more than two col- 
lisions. In this way one obtains an estimate of the number of ab- 
sorptions which produce no stars (by star we mean evaporation 
star) and the number which yield fast protons. In all these cal- 
culations it is assumed that a charge exchange occurs in half the 
neutron-proton collisions. 

The calculations were carried out for x~-absorptions in nitrogen 
and in silver so as to make possible a comparison with the ob- 
servations in nuclear emulsions. The important results are given 
separately in Table I for nitrogen (taken as typical of the C, N, O 
group) and for silver (representing Ag, Br) since it should be 
possible experimentally to distinguish between the 2--stars 
produced in the light and heavy elements of the emulsion. 

Evaporation stars of energy less than 40 Mev are classified 
separately since an excitation of that magnitude will produce stars 
consisting almost entirely of neutrons in nuclei as heavy as silver? 
and are therefore not observed. It is worth noting that model II 


TABLE I, 








Model Nitrogen Silver 





Number of fast protons (E>30 Mev) per I 48 24 
100 x~-mesons absorbed II 12 13 


Average excitation energy of evaporation I 31 Mev 78 Mev 

star II 55 Mev 70 Mev 
Number of x--absorptions giving no evapora- I 28 8 

tion star (per 100) II 0 0 
Number of evaporation stars with excitation I 31 12 

<40 Mev per 100 x~-absorptions II 64T 43t 








+ The escapir g fast nucleon is always a neutron. 
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predicts a large number of x~-absorptions in silver which produce 
no observable prongs (except possibly recoil nuclei) while model I 
predicts very few. Both models lead to a substantial number of 
fast protons too energetic to be accounted for by an evaporation 
process. 

Meson absorptions giving rise to fast protons have been ob- 
served in photographic plates by Perkins* and by Cheston and 
Goldfarb® at Rochester. The data appear to fit reasonably well 
with our model II but the results are still inconclusive. 

The author wishes to express his gratitude to Professor R. E. 
Marshak for his guidance throughout the work and to Messrs. 
W. Cheston and L. Goldfarb for many valuable discussions. 


* Preliminary results were reported by Professor R. E. Marshak at the 
Idaho Springs Cosmic Ray Conference in June 1949. 

** AEC Predoctoral Fellow. 

1 Hadley, Kelly, Lieth, Segré, Wiegand, and York, Phys. Rev. 75, 351 
(1949). Ru, 

2 The calculation was also done using on —-n =op —p =on-p. This gives about 
20 percent fewer fast protons and slightly higher excitation energies but no 
significant changes in the principle features of the result. 

3M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 

4R. Serber, Phys. Rev. 72, 1114 (1947). : 

5 Similar models were suggested independently by Heidmann and 
Leprines-Singaes. Comptes Rendus 226, 1716 (1948). 

6L. Rosenfeld, Nuclear Forces (Interscience Publishing Company, New 
York, 1948), p. 301. 

7V. F. Weisskopf, Los Alamos Report 24, Lecture XXXVI. 

8 Perkins, Phil. Mag. 40, 601 (1949). 

9W. Cheston and L. Goldfarb, paper to be presented at New York 
meeting, February 1950. 





Upper and Lower Bounds of Eigenvalues 


Tosio Kato 


Physics Department, Faculty of Science, Tokyo University, 
Tokyo, Japan 


November 30, 1949 


HE Ritz variational method gives only upper bounds of 
eigenvalues of Hermitian operators. Many authors! at- 
tempted to generalize the method and derived various formulas 
to estimate lower bounds of eigenvalues. But it seems that as yet 
the mutual relations and relative merits of these formulas have 
not been fully discussed from a systematic point of view. 

We carefully examined these formulas and reached the con- 

clusion that the formula of Temple! is the most precise one among 
them notwithstanding that it is the oldest as well as the simplest 
one. ; 
Moreover, we could generalize the Temple formula to the case 
of higher eigenvalues of operators which are not necessarily 
bounded below. Let A be a non-degenerate eigenvalue of a 
Hermitian operator H and let a<§ be two numbers such that the 
interval (a, 8) contains but no other points of the spectrum of H. 
Let w be an approximate eigenfunction and calculate 


n=(w, Hw)/||w|?, «=||(A—n)|\/\lw. 
Then we can show that 
2 


2 
1-5 DSrt+—, (1) 





provided &<(7—a)(B—n). 

This formula is symmetric with respect to upper and lower 
bounds, as it should be. If in particular \ is the lowest eigenvalue, 
we can put a=— and (1) reduces to the Ritz-Temple formula. 
It should be noted that (1) gives \ within the error of the order e’, 
which is very small if ¢ is small, i.e. w is a good approximate eigen- 
function. Also we can show that (1) is in precision not behind any 
of the formulas cited above, so long as the latter is not incorrect. 
In fact, it can even be shown that (1) is the best possible estimate 
if », ¢, w and @ are the only available data. 

Another advantage of (1) is that it can be applied to higher 
eigenvalues without the preliminary procedure of orthogonaliza- 
tion which is necessary in the Ritz method. 
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We can also estimate the error of the approximate eigenfunction 
w. Further (1) can be generalized to the case of degenerate eigen- 
values. 

These formulas proved to be very useful in approximate solution 
of eigenvalue problems of various kinds. For instance, they give 
much more narrow range of errors than hitherto supposed in the 
calculation of eigenvalues by the relaxation method.? Also we hope 
that they can successfully be applied to problems of quantum 
mechanics. Their application to the eigenvalue problem of the 
deuteron with the meson potential is now in progress. 

Detailed account will appear shortly in Journal of the Physical 
Society of Japan. 

1G. Temple, Proc. Lond. Math. Soc. 29, 257 (1928); Proc. Roy. Soc. 
119, 276 (1928); D. H. Weinstein, Phys. Rev. 40, 797 (1932); 41, 839 
(1932); Proc. Nat. Acad. Sci. 20, 529 (1934); F. Trefftz, Math. Ann. 108, 
595 (1933); J. K. L. MacDonald, Phys. Rev. 46, 828 (1934); W. Romberg, 
Physik Zeits. Sowjetunion 8, 516 (1935); 9, 546 (1936); R. A. Newing, 
Phil. Mag. 24, 114 (1937); A. F. Stevenson, Phys. Rev. 53, 199 (1938); 
G. Horvay, Phys. Rev. 56, 214 (1939); L. Collatz, Zeits. f. angew. Math. 
Mech. 19, 224, 297 (1939); E. Kamke, Math. Zeits. 45, 788 (1939); G. 
Temple and W. G. Bickley, Rayleigh's Principle and Its Applications to 
Engineering (London, 1933). 

2R, V. Southwell, Relaxation Methods in Engineering Science (Oxford 
University Press, London, 1940). 





Neutrons from Li’(p,n)Be’ * 


V. R. JoHNSON, M. J. WILSON LAUBENSTEIN, AND H. T. RICHARDS 
University of Wisconsin, Madison, Wisconsin 
December 23, 1949 


F nuclear forces are charge independent, one expects Be’ to 

have a low lying level equivalent to the well-known 478-kev 
level in its mirror nucleus, Li’. Earlier work by one of us! on the 
neutrons from Li’(p,m)Be? failed to detect such a level. However, 
with the old Ilford halftone emulsions then available, the ob- 
served neutron group was very asymmetric and was approxi- 
mately 700 kev in half-width; hence neutrons of energy corre- 
sponding to Be’ excited could easily have been missed if of low 
intensity. 

Recently, Grosskreutz and Mather® reported from this same 
reaction neutron groups corresponding to levels in Be’ at 205 kev, 
470 kev, and 745 kev, and comparable in intensity to the main 
group. Because of the importance of this result on the charge inde- 
pendence hypothesis of nuclear forces, we have re-examined this 
spectrum with the improved post-war nuclear emulsions. Thin 
(30-60 kev thick) targets of metallic lithium evaporated upon a 
tantalum backing were bombarded by 3.34-Mev and 3.96-Mev 
homogeneous protons from the Wisconsin electrostatic generator. 
100 micron thick Eastman NTA emulsions (glass-backed) were 
mounted 15 cm from the target and at 0° and 60° to the proton 
beam. 

After processing, the tracks were measured in a microscope with 
an oil immersion objective to achieve minimum depth of focus. 
The observed recoil proton energy, Ep, is equal to E, cos*@, where 
E, is the neutron energy and @ is the angle of recoil with respect 
to the incident neutron. If the incident neutron is along the x axis 
and y is in the plane of the emulsion, then 


tand=(R2+ Rez? sin*x)*/ Rey cosx, 


where R, is the z projection of the track, R., is the projection on 
the xy plane, and x is the angle R,, makes with the «x axis. R, is the 
only one of these quantities difficult to measure accurately. Ex- 
perimentally we observed the uncertainty in R, to be about 0.5 
micron, which uncertainty must be multiplied by a factor 2.5 
because of the shrinkage of these concentrated emulsions upon 
processing. To minimize this resultant uncertainty in 6, we there- 
fore accepted only tracks with a dip angle in the processed emul- 
sion of <3°. Recoils out to x=15° were, however, accepted since 
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this angle could be measured by our goniometer eyepiece to 
better than a degree. 

Our observed mean ranges (appropriately corrected for recoil 
angle) were used in conjunction with the accurately known 
neutron energies to obtain three points on a range energy curve 
for the NTA emulsions. These data agreed within a few percent 
with the data for Ilford ““Nuclear Research” emulsions,? so the 
shape of the latter curve was used to extrapolate our data to lower 
energies. 

Our data plotted in energy intervals is shown in Fig. 1. Two 
groups of neutrons are clearly resolved on all the data and cor- 
respond to a level in Be? at 43515 kev. This value is in agreement 
with that recently reported‘ for this same level as produced in the 
B'°(p,a) Be’. 

The observed relative intensity of the low energy group (when 
corrected for n— scattering cross section) is 0.09++0.02 for the 
0°, Ep=3.91-Mev data; 0.16+0.03 for the 60° data; and 
0.17+0.05 for the 0°, E,=3.31-Mev data. The indicated sta- 
tistical uncertainty in the above ratio is, we feel, less by probably 
a factor of two than the true uncertainty. The cause of this 
additional uncertainty is the difficulty of applying uniformly for 
short and long tracks the criteria that the dip angle <3°. 

* This work was supported in part by the AEC and in part by the 
Wisconsin Alumni Research Foundation. 

1See Fig. 1 of LADC-32 or MDDC-39(Perlman, Richards, and Speck). 
us — Grosskreutz and K. B. Mather, Bull. Am. Phys. Soc. 24, No. 7, 15 

© Lattes, Fowler, and Cuer, Proc. Phys. Soc. London 59, 883 (1947). 


4 Brown, Chao, Fowler, and Lauritsen, Bull. Am. Phys. Soc. 24, No. 8, 
11 (1949); also T. Lauritsen and Thomas, ibid. 





The Electromagnetic Concentration of Be” 


C. P. Kem, H. W. SavaGE, AND BoyD WEAVER 


Y-12 Research Laboratory, Carbide and Carbon Chemicals Corporation, 
ak Ridge, Tennessee 


December 23, 1949 


B® present as a small fraction in Be? irradiated in the pile has 
been successfully enriched by the electromagnetic process. 
The weak specific activities in the beryllium charge material used 
in the electromagnetic separation indicated that the Be!’ was 
present to the extent of about one part in 500,000. After the Be!® 
was enriched in the calutron, the specific activity of the enriched 
Be’® showed that it had been given an enrichment factor* of 870 


LETTERS TO THE EDITOR 


and 1200 in the two samples processed. This enriched material has 
made it possible to determine the interesting beta-spectrum of 
Be’. (These spectral results are being reported by D. J. Hughes, 
Argonne National Laboratory, and P. R. Bell, Oak Ridge National 
Laboratory, in separate letters.) 

A few milligrams of beryllium enriched in Be! were obtained 
from the calutron separations. Although calutron data indicated 
enrichment factors in excess of 3000, some cross contamination 
took place to dilute the product. Among the factors which con- 
tributed to the success of this enrichment were: a careful prepara- 
tion of anhydrous beryllium chloride; the use of specially prepared 
spectroscopically pure isotope collectors; accurate process control 
to obtain high ion beam resolution; quantitative refinement of 
the enriched isotopic beryllium; and strict adherence to safety 
precautions to protect personnel from beryllium compounds. 

Although this achievement was the result of the combined 
efforts of a large part of the personnel in the Isotope Research and 
Production Division, Y-12 Research Laboratory, particular 
credit is due W. C. Davis, who prepared some of the beryllium 
chloride and who did the chemistry on some of the enriched bery]- 
lium, L. O. Love, who with his associates, conducted the calutron 
operations, and S. F. Fairbourne, who with Mr. Love, directed 
certain chemical and calutron services. Especial appreciation is 
due D. J. Hughes and C. Eggler, Argonne National Laboratory, 
and P. R. Bell, Oak Ridge National Laboratory, who supplied 
the irradiated beryllium and some of the beryllium chloride to be 
used as charge material in the calutron and who provided the 
enrichment factors based on the specific activities they obtained. 

This report is based on research carried out under contract for 
the AEC by the Isotope Research and Production Division at the 
Carbide and Carbon Chemicals Corporation, Y-12 Research 
Laboratory, Oak Ridge, Tennessee. 


* Enrichment factor is the ratio Be!®/Be® in the product beryllium to the 
ratio Be!°/Be® in the starting beryllium. 





General Relation between Genuine and Chance 
Coincidences and Its Application to Measure- 
ment of High Activity Sources 
Z. Bay* 

George Washington University, Washington, D. C. 

AND 
M. M. SLAwsSKyY 


National Bureau of Standards, Washington, D. C. 
December 19, 1949 


N an attempt to set up a useful standard radioactive source it 
was decided to use the coincidence method for the measure- 
ment of about one millicurie of Co®. The problem of measuring a 
large source by this method presents several experimental dif- 
ficulties. In the process of resolving these difficulties a very general 
relationship between the genuine coincidences Ng, and chance 
coincidences NV, was derived by one of us.! At the same time the 
necessity of measuring the number of events registered in the 
individual channels of the coincidence device was eliminated. 

In general, the difficulties of this type of measurement can be 
attributed to the fact that the equipment is required to have the 
highest possible resolution and efficiency. For this reason we used 
two electron multipliers feeding directly into a high resolution 
coincidence circuit.? It was felt that any addition to the coincidence 
circuit, in order to measure the number of counts in each channel, 
would have the undesirable effect of (1) distorting the pulse shape, 
thus increasing the response time and (2) discriminating against 
some coincidences which otherwise would have been recorded, 
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thus in effect reducing the efficiency of the circuit. Therefore, a 
procedure was devised for measuring No, the disintegration rate of 
the source, without the determination of the counting rates 
and N- in the individual channels. 

The total number of coincidences N is given, under conditions 
discussed elsewhere,? by the well-known equation,‘ 


N=N,+N.=(NiN2/No)+2NiNer, (1) 


where 7 is the resolving time. It is apparent from this equation 
that it is not necessary to measure NV; and WN? if a measurement of 
N, and 7 is made. For strong sources the measurement of JN, is 
necessary in any case and therefore involves no additional effort. 
The difference in the procedure is simply the substitution of a 
determination of 7 for the determination of N; and N2. The disin- 
tegration rate is then given by: 


No=N-/2tN 4. (2) 


It was in the determination of 7 that it became evident that the 
resolving time had to be redefined. The meaning of r and Ny 
becomes ambiguous when there are (1) pulses of unequal size 
with varying probability of being recorded as coincidences and 
(2) randomly distributed delays in the counters and the coincidence 
circuit. 

Fortunately, the whole difficulty of the definition of r and N, 
can be avoided as shown in reference 1 by the equation: 

+00 
Ne=Nof _ NTT, (3) 
where T is the time delay deliberately put in either channel, 
N,(T)=N(T)—N.- as a function of T. Equation (3) gives No to 
any desired accuracy® in terms of directly measurable quantities. 

The integral in Eq. (3) is proportional to No and independent 
of any time delays in the source or in the equipment. Therefore, 
it gives (1) a definition of the resolving time to be used in deter- 
mining the presence of genuine coincidences and in the measure- 
ment of decay constants, and (2) the value of No regardless of any 
kind of time delays, whether they are in the source or in the 
equipment. That is, No can be determined for a source when there 
is a delay between the related particles emitted, such as by the 
parent and the daughter in a radioactive decay series. 

* This author’s work eugpested by the ONR. 

1Z, Bay (to be published). 

2Z. Bay and G. Papp, Rev. Sci. Inst. 19, 565 (1948). 


3M. M. Slawsky (to be published). 
4J. V. Dunworth, Rev. Sci. Inst. 11, 167 (1940). 





On the Motion of Particles in a Traveling Wave 
Linear Accelerator* 
Joun R. TERRALL 


Massachusetts Institute of Technology, Cambridge, Massachusetts 
September 19, 1949 


N the linear motion of a point charge, unless the energy of the 

charge changes by mc? or greater in a distance of the order of 

e?/mc?,| the particle’s own field, which gives rise to radiative 
effects, may be neglected in the Lorentz equations of motion 


dp" /ds=(e/mc*) Fp, 
(p*=dx"/ds=energy— momentum vector/mc?). 


(1) 


Thus, in a linear accelerator we may safely regard F* as the 
external field alone. 

Now, a traveling wave field moving with phase velocity Bw 
along the x’( =x) direction is written as a function of the Lorentz 
invariant phase ¢=kyx"=wi—kx. Only the component F4= 
—F“=ef(¢) of the field is effective in changing the energy of 
particles in motion along the x direction. Here ¢ is the magnitude 
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of the electric field in the x direction. Integration of Eq. (1) with 
Bw constant will give the energy of a particular particle from the 
equation 


E—8.(E*—1)!+ U(¢) =H, (2) 
where 
E=(1—)—+= (kinetic plus rest energy) /mec? 
and 


Ue=“Ef fede=ef seas. 3) 
p=mc(E*—1) is the ener momentum of the particle and 
changes sign if the direction of motion reverses. The term 
B.(E*—1)+ appears in Eq. (2) when we use a fixed system of 
coordinates with respect to which the wave field is moving. It can 
be transformed away by using a Lorentz system moving with 
respect to the fixed system with velocity 8, in the x direction. 
The term mc*H is a constant of the motion (with respect to ¢), 
the Hamiltonian of the particle, and from Eq. (2) we find that » 
and —@/k are conjugate momentum and coordinate. 

Equation (2), when solved for the energy E, gives the following 
results: 


mn (1— Bu) { x(¢) Bul x?(¢) — (1— 84") }} We “Bol, 
BO {Fixe tLe ++ Be=1, @) 
where 

x(¢)=H—U(¢). (S) 


Plots of (E(¢)—1)4=p/me are given by Slater? for two cases of a 
sinusoidal field ¢ sing: 8B.=0.5 and B.=1. Equations (4) repre- 
sent the kinematical trajectory in energy-wave phase space of a 
particle under the influence of the field. An important consequence 
of these equations is that a particle has no chance of attaining 
unlimited kinetic energy unless the accelerating wave is traveling 
with the speed of light (8,.=1), for | x(¢)| must be bounded in the 
physical problem (if +0). Even for 8.=1, the initial conditions 
(which determine H) must be such that a certain real relative 
phase ¢ exists for which U(¢)—>H, in order that unlimited energy 
be kinematically possible. 

In Eq. (4), if Bux¥*1, we see that only when x?(¢)—(1— 8,7) is 
positive will there be real (and hence physical) solutions for the 
energy E(¢). If 8.>1, any particle can kinematically assume all 
values of relative phase. This is nothing more than the physical 
fact that a particle can never travel as fast as the field in this case 
—it will continually slip back in relation to a point moving with 
the wave. If 8..<1, there can be (depending on H) certain relative 
phases for a given particle for which the radical is imaginary. 
Particles in this category can never advance, or fall behind the 
wave, beyond a phase for which the radical vanishes. Physically 
this means that certain particles may be, so to speak, “locked” 
to the wave in closed orbits. For 8.=1, those particles will be 
locked for which ¢ is real in the equation U(¢) =H. 

The dynamical solution of Eq. (1), that is, energy as a function 
of distance traveled in the field, is obtained by integrating 


dE/dx=(e/mc?)F4=kdU/dd, 
which gives 


J ara 7** 
For a sinusoidal field, the shape function f(¢) is a circular function 
so that 

d 3 fy € 





+(U/«?=1 
and we have 
E(z) dE 

Bo [é—{E—86,(H*—1)!—HA}*?} 
We must bear in mind that if the momentum (Z*—1)! changes 
sign, the integral will lead to a negative contribution to x. The 
integral in Eq. (6) is, in general, elliptic. 

For a B= 1 accelerator we have observed that very high energies 
are theoretically attainable by some of the particles. The energy 





(+) =k(x—%»). (6) 
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of those particles for which ¢ is real in U(@)=H will, for a sinu- 
soidal field at least, approach asymptotically a linear function of 
distance, as may be seen in the following: 


E>1: E-(E—1)++1/2E. 
Thus, for high energy, _ 


Bu=1 f dE _ 7 
ath 2 ALE (1/2) — A}, 


pie dE 
E>1 ——>k[_é— H? }!=constant. 
E>1/2H ” 





A more general solution of the dynamical motion, which is 
equivalent to Eq. (6) for a sinusoidal field, is that obtained by 
finding ¢(x). This solution is: 





as oz +Bw (¢) 
Bertt: (asd, Insel rageacaar — 
its og: ee Tt ee 
Bu=1: Jo. saqy 0) — 0] = 2h, 


where the + sign depends on which branch of the E(¢) curve in 
Eq. (4) the particle is orbiting. Here there are no restrictions on 
the shape function f(@) of the field, from which x(¢) is obtained. 
When Eq. (7) is solved for ¢(x), we can then use Eq. (3) to find 
U[¢(x)] and finally Eq. (2) to get E(x). The expressions in Eq. 
(7) might be called the equations of bunching. 

It is a general result of the foregoing solutions that the energy 
spectrum of a beam of particles from a traveling wave linear 
accelerator is a strong function of the initial phase spread of the 
beam so that pre-bunching is a necessity for any appreciable final 
energy homogeneity of the beam. 

Detailed considerations of all the above questions will be taken 
up in a forthcoming paper. 

* This work has been cmppeses in part by the Air Materiel Command, 
the Frag Signal Corps, and the ONR. 


See J. Schwinger, Phys. Rev. 75, 1912 (1949). 
27 C. Slater, Rev. Mod. Phys. 20, 505, 508 (1948). 





Note on Nuclear Models 
Horr Lu 


University of Chekiang, Hangchow, China 
November 21, 1949 


UCLEAR models in which the protons are concentrated on 
or near, or uniformly distributed over, the surface of a 
sphere have been recently proposed by several investigators.!~* 
For the same value of Coulomb repulsion energy, a given nucleus 
represented by such a neutron-core model will be smaller than 
that by the usually assumed model in which the protons are 
uniformly distributed over the volume of a sphere. In other words, 
the new model will yield a smaller value of ro in the formula 
r=r A? for nuclear radii than the customary model, when it is 
computed either from the semi-empirical binding-energy equation‘ 
or from a comparison of the binding energies of contiguous isobars.§ 
Assume the protonic charge be uniformly distributed over the 
surface. Then, the constant coefficient of the Coulomb energy 
term in the semi-empirical equation‘ is a;=4(e*/ro) instead of 
a3~(3/5)(e/ro) so that with the value of a; given in Lapp and 
Andrews’ book, we find, for this neutron-core model, 


ro= 1.23,X 10 em, 


and, for the customary model, r>= 1.48 10— cm. Also, the dif- 
ference in Coulomb energy of two contiguous isobars due to the 
additional repulsion of the extra proton in the Coulomb field of 
the isobar with the lower Z is now C=(Z+4)e*/r instead of 
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C=(6/5)Zé/r so that, with Bethe’s value of C for ;N¥— 
have, for this neutron-core model, 


ro=1.34_X 10-8 cm, 


instead of 1.47 10- cm obtained by Bethe for the customary 
model. The two results from the new model do not appear to 
agree as well as those from the customary model. This, however, is 
not entirely unexpected, since for a nucleus as light as C® our 
new model with charge spread over a surface layer cannot be 
anything but a very crude model, and we should expect that, for 
the isobar N"* having the extra proton, a model with a proton on 
the surface of the C** model should be closer to the true situation. 
Thus, by considering the charge of the extra proton to remain 
unspread, we have C=Ze?/r, giving ro=1.23_X10— cm, which 
brings the two results in agreement again. 

Comparing the above results with the value ro~1.5X 10 cm 
for most a-emitters as given by Gamow’s theory of a-decay, one 
may, at first sight, stick to the customary model. However, on 
our proton-shell model, one should expect that the radius, R, of a 
nucleus of mass number A as defined in Gamow’s theory should 
be equal to our model radius, 7, for a nucleus of mass number 
(A —4) plus an effective radius, rg, of a-particle. Since rg cannot be 
well defined, and since our formula 


r=1.23X 10-"Ai cm (1) 


oC, we 


is not expected to hold for very light nuclei, we may calculate rz 
from the values of R and r. A more accurate calculation of the 
nuclear radii of a-emitters have been recently made by Preston.*® 
His values of R give ro that range from 1.28 (ThC-ThC”) to 
1.62X 10-* cm (Th— MsTh;) with a great majority of cases having 
ro around 1.5X10- cm. Using these values of R, we find rq to 
range from 0.28 to 2.4X10- cm with a great majority of cases 
within 1.7 to 1.8<X10-"% cm. These latter values are somewhat 
less than 1.96 10~, the value given by (1). This is: reasonable 
since He‘ is very tightly bound as is well known (it is the only 
element hitherto unaffected by neutron bombardment). 

Recently, Fernbath ef al.,7 using data of scattering of fast 
neutrons by nuclei from Li to U, have shown that r>=1.37X 10% 
cm. Weisskopf and Ewing® have also obtained the best fit of data 
on the anomalous scattering of protons by medium weight nuclei 
by assuming 79>=1.3X 108 cm. These values are in better agree- 
ment with ours than what the customary model gives. 

Therefore, it appears likely that the proton-shell neutron-core 
model is closer to the true nuclear structure than the customary 
model. 

1J. G. Winans, Phys. Rev. 71, 379 (1947); 72, 435 (1947). 

2B. Lge and . Watson, Phys. Rev. 71, 742 (1947). 

3]. N. Sneddon and B. F. Tonschek, Proc. Camb. Phil. Soc, 44, 402 
asta) EL Lapp and H. L. Ano. Nuclear ‘Radiation Physics (Prentice- 
Hall, Inc., 1948) p. 146, Eqs. (7) and (8). 

5H. A. Bethe, Phys. Rev. 54, 436 Ngneds 

6M. A. Preston, Phys. Rev. 69, 535 (19 


46). 
7 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1354 (1949). 
8V.F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 





Measurement of Some Weak 
y-Ray Intensities 
G. R. BisHop, RICHARD WILSON, AND H. HALBAN 


Clarendon Laboratory, Oxford, England 
December 19, 1949 


E have measured the intensities of some weak high energy 

y-rays by counting the photo-protons produced by the 
disintegration of deuterium in an ionization chamber counter.! 
The 2.62 Mev y-ray from Rd Th was used for energy calibration. 
The intensities have been measured relative to other y-ray lines 
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TasBugz I. Intensities of some weak 7-rays. 














Rd Th* Radium* 
Source (Th C”) (RaC’) (RaC”) Gar: Lats Mnse Nav 
Half-life 1.9 yr. (310-7 (14 min.) 14.08+-0.02 hr. 40.0+-0.1 hr. 2.586-+0.005 hr. 1490-+0.02 
3 min.) sec.) 
Expected energy "3.2 3.13 2. 89° 3.0 4.0 3.05 3.35 2.5 _ 2.66 2.96 4.14 
Observed energy — -_ _- -_ _ 3.05+0.1 3.3540.1 2,550.05 2.90.1 2.7+0.2 3.0+0.1 _ 
Observed intensity 
(photons disintegration) <0.001 <0.0015 <0.003 <0.0001 <0.05 ~0.0013 ~0.0003 ~0.04 ~0.001 ~0.001 ~0.002 <5xX107 
Theoretical intensity 0.001 0 0 _ 1 ~0.0004 ~0.0004 — — 0.0003 0.0003 5x10 
or 10% 








* With these sources, the intensities have been expressed in terms of the disintegration of the decay products shown in the brackets. 


producing photo-disintegration for those isotopes (Th C”, Gaze, 
Naz) where this was possible, or otherwise from pile activation 
data. 

The half-lives of some of the sources have been redetermined 
by a method previously described.? In some cases the high energy 
y-rays coincided with expected crossover transitions; in other 
cases the crossover transition was not found. 

The results obtained are given in Table I. 

Th C”. The theoretical] intensity of the high energy lines has 
been calculated from the decay scheme of Oppenheimer,? using the 
formula for the half-life of an excited state quoted by Segré and 
Helmholtz.‘ The results agree with those of Bell and Elliott® who 
also failed to find the lines. The limit of the measurement is set 
by the neutron background of the source. It is suspected that such 
a background was the cause of the small (1-3 percent) effect 
found by Ellis.® 

Radium C’. This line is suggested by long range a-particle 


; data.? The neutron background gives a limit to the accuracy. 


Radium C”’. We fail to find this line. Observations have been 
reported by absorption’ and by Compton recoil ina cloud chamber.® 
Moreover, the energy balance 


RaC’ 


Pi \ 
RaC RaD 


RaC” 


leaves an energy of 5.8 Mev for the RaC’’—RaD transition. The 
B-ray has an energy 1.8 Mev®" in agreement with the assignment 
on the Sargent diagram." The branching ratio RaC” to RaC’ is 
0.04 percent. Our measurements indicate that the energy balance 
of 4 Mev is not carried away by y-rays having an energy which is 
bigger than 2.8 Mev. 

Gazz. These “‘crossover’’ lines agree with the expected energies 
of “crossover” transitions from the decay scheme of Haynes." The 
2.21 and 2.51 Mev y-rays are themselves crossover transitions so 
that they are probably quadrupoles, and the other y-rays dipole 
transitions. The theoretical intensities for the 3.05 and 3.35 Mev 
crossover ‘y-rays have been calculated from the formula of Segré 
and Helmholtz‘ assuming octupole radiation. 

Laiso. The 2.55 Mev line agrees with the measurements of 
Wattenberg"* and Hanson" but the 2.9 Mev line has not been 
reported before. It does not correspond to any crossover energy 
so it may be due to an impurity. The energy is not, however, con- 
sistent with an impurity of Na”. 

Mnyge. The lines agree with crossover transitions with the 
established decay scheme (Siegbahn!*). The 2.7 Mev 7-ray is dif- 
ficult to locate in the presence of the higher energy y-ray, but the 
intensities are in contradiction to the results of Russell.!* The 
theoretical intensities are calculated on the assumption of com- 
petition of octupole with quadrupole radiation. 

Na, The theoretical intensity of the crossover transition has 
been calculated by using the spin values assigned by Brady and 
Deutsch.” The 4.14 Mev y-ray would be a 16-pole in competi- 
tion with either a quadrupole 2.76 Mev y-ray or a quadrupole 
1.38 Mev y-ray, giving two possibilities. Our results suggest that 


the 2.76 Mev 7-ray is emitted first in agreement with the results of 
inelastic scattering of protons and neutrons;'* this leads to an in- 
tensity for the crossover transition of 5X 10~*. The suggestion that 
the 2.76 Mev y-ray is a dipole’ would lead to an intensity of 10-*. 

We gratefully acknowledge the cooperation of the Isotope 
Division, AERE Harwell who supplied the artificial radioactive 
sources used, and are indebted to Mr. C. H. Collie for interesting 
discussions. 


1 Wilson, Collie, and Halban, Nature 163, 245 (1949). 
2 R. Wilson and G. R. Bishop, Proc. Phys. Soc. London - 457 (1949). 
3J. R. Oppenheimer, Proc. Camb. Phil. Dee, 32, 328 (1936) 
4 E. Segré and A. C. Helmholtz, Rev. Mod. Phys. 21, 271 (1949). 
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On the Classification of the Spectrum of 
Singly Ionized Uranium* 
J. Ranp MCNALLY, Jr. 


Carbide and Carbon Chemicals Corporation, Oak Ridge, Tennessee 
December 12, 1949 


EW results on the analysis of the spectrum of singly ionized 
uranium (U II) have been reported recently.'~* Numerous 
earlier reports on this complex spectrum are available.‘~* It has 
been found that two, as yet unconnected, systems of energy states 
exist analogous to the situation in Th II (see Table I).%!° The 
Amsterdam investigators have predicted Group B as being more 
tightly bound than Group A while the others* conclude oppositely. 
Van den Bosch"? has searched for energy differences of the 
order of 20,000 cm=! between these two systems, finds no sig- 
nificant differences, and concludes that the energy separation may 
be less than this figure. Search for possible levels belonging to the 
configurations f*dp and f*sp and combining with the odd levels 
of Group B (presumably f*p) led him to accept as real 17 even 
levels above 50,000 cm™, thus placing the low level of Group A 
roughly 20,000 cm above the lowest level of Group B. 
However, the inclusion by van den Bosch of approximately 
eleven arc lines and two lines classified elsewhere as transitions 
involving these seventeen new high even levels, and his use of a 
wave-number spread amounting to as much as 0.21 cm™ in one 
case, as well as the lack of additional supporting data, suggest 
that most if not all of these seventeen levels are probably for- 
tuitous. Also, the use of Amsterdam wave-length data supple- 
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TABLE I. Comparison of lowest levels from configurations in U II and Th II. 











UII Th II 
Configuration Lowest level Configuration Lowest level 
587 52 0 cm7™! 6d7s? 0 cm" 
Group A 5f%6d7s 289 6d27s 1860 
5f%6d? 4585 6d* 7001 
5f47s (0) Sf7s2 4490 
Group B 5f6d (7850) 5f6d7s 6168 
5f6d2 12,486 








menting the data of the M.J.T. Wavelength Tables" increases the 
opportunity for chance coincidences. 

The wave-length data would seem to support the idea that 
Group A is below Group B by about 2000 to 6000 cm™. For 
example, of a total of 45 persistent lines, of which only eleven weak 
ones remain unclassified, only three have been definitely assigned 
to the system having four 5f electrons. 

Search for new levels at Oak Ridge using IBM punched card 
equipment and about 3000 selected lines from the M.I.T. Wave- 
length Tables has been undertaken in an attempt to discover these 
important connecting levels. A spotting interval of 0.10 cm for 
recurrences among allowed combinations of listed wave numbers 
and known levels has turned up numerous fortuitious levels as 
well as several real ones. Our experience with fortuitous occurrences 
indicates that the distribution of wave numbers is sufficiently 
non-random that predictions of the expected number of recur- 
rences are underestimates by about 30 percent. 


* This document is based on work performed for the AEC by Carbide 
and 4 Chemicals Corporation, at Oak Ridge, Tennessee. 

1J. C. van den Bosch, thesis, Amsterdam (June, 1948). 

2J. C. van den Bosch ‘and G. J. van den Berg, Physica 15, 329 (1949). 

3 J. C. van den Bosch, Physica 15, 503 (1949) 

4G. R. Harrison and j. @ McNally, ag ‘(private communication), 
Manhattan Project (January, 1945); Manhattan Project Technical Series 
(June, 1946). 

§ Ph. Schuurmans, Physica 11, 419 (1946). 

6 Ph. Schuurmans, thesis, Amsterdam (December, 1946). 

7 Schuurmans, van den Bosch, and Dijkwel, Physica 13, 117 (1947). 

8 J. R. McNally, Jr. and G. R. Harrison, J. Opt. Soc. Am. 39, 636A (1949). 

® McNally, Harrison, and Park, J. Opt. Soc. Am. 32, 334 (1942); J. R 
McNally, Jr., J. Opt. Soc. Am. 35, 390 (1945). 

10deBruin, Klinkenberg, and Schuurmans, Zeits. f. Physik 121, 667 
(1943); 122, 23 (1944). 

u MIT Wavelength Tables (John Wiley & Sons, Inc., New York, 1939), 





On the Relativistic Electromagneto-Ionic 
Theory of Wave Propagation 
V. A. BAILEY 


School of Physics, University of Sydney, Sydney, Australia 
November 21, 1949 


R. L. R. WALKER has very courteously sent me a copy of 

his letter to the editor in which he discusses a recent paper 

by J. A. Roberts! and makes some critica] remarks on my theory 

of plane waves in an ionized medium which is subjected to static 

electric and magnetic fields.2~* These remarks call for some 

comment and a brief statement on some recent developments of 
the theory. 

Dr. Walker states first that “Roberts’ Eq. (1), a special case of 
one derived by Bailey, is said to be non-relativistic, . . .” and 
later states that “It would appear that an inconsistent neglect of 
relativistic terms affects the nature of the plane wave solutions 
quite radically.” 

In the first statement the phrase “‘is said” implies doubt. Since 
the only alternative to the adjective “relativistic” is ‘“non- 
relativistic” and the first adjective is certainly not applicable to 
my equation this doubt is not justified. There can be only one 
relativistic dispersion equation and all other proposed equations 
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which are not exactly equivalent to it must be non-relativistic. 
These others may differ among themselves as to the number of 
terms in U?/c? which they neglect, where U is the electron drift 
velocity, and there is no @ priori reason to suppose that the 
equation which neglects all such terms provides the best insurance 
against erroneous conclusions. Dr. Walker’s second quoted 
statement seems to imply that there is such an @ priori reason. 

The dispersion equation in question was originally developed 
on substantially the same lines as the dispersion theory of H. A. 
Lorentz and the magneto-ionic theory of Appleton, Nichols and 
Schelling and others. These authors unhesitatingly combined 
Maxwell’s field equations, which they knew to be relativistic, with 
the non-relativistic equation of motion of the electrons. As yet 
nobody has charged them with “an inconsistent neglect of rela- 
tivistic terms.” Perhaps the term “inconsistent” is used by Dr. 
Walker to mean “incomplete.” 

One of the principal applications of the theory is to the sun’s 
atmosphere near active sunspots. As Giovanelli® has suggested 
that in such regions the electrons may attain velocities com- 
parable with that of light it early became clear that the relativistic 
theory would require to be developed. This was done in July last 
but was temporarily left dormant on account of the pressure of 
other work. Then early in September I learned from Dr. Walker 
that he had developed the relativistic theory for the medium 
without a magnetic field and so arrived at the conclusions referred 
to above. It now seems desirable to set out briefly the results of 
my own work.. 

Relative to a system of reference K’ in which the electrons have 
no drift motion the dispersion equation is derived for a plane wave 
of the form 
Li'x!—L'm'y'), (1) 
where /’, m’ are direction cosines and both w’ and L’ may be 
complex numbers. (This yields a generalization of the well-known 
magneto-ionic equation.) On transforming this equation and (1), 
by means of the Lorentz transformation, to a parallel system of 
reference K moving relatively to K’ along O’x’ with the velocity 
—U, the following equation is obtained for the dispersion of a 
wave of the form 


A’ exp(i(w’t/— 


A exp(i(wt— Lix—Lmy)), (2) 
where w is now always taken as real: 


X Y2— (#0,2+ Or?) BRZY + (B°SQ,+LmQ,)*Z(epe+7Z)=0, (3) 


where 


X = @R*— 1c*(Z+ #R*) — por—iPvR, 
Y=BR(Z+p0)—ifvZ, B=(1—U?/c*)-4, 
Z=2L’—o, R=w—ULl, S=L—a/e, 
per=4aNoe/mo, Q=(—e/Bmoc)H, 27?=2,7+O2,. 


No is the rest density of the electrons, each of charge e and rest- 
mass mo, H is the static magnetic field, » is the collision-frequency, 
7 is one-third of the mean square velocity of electron agitation, 
and (I, m, 0) are the direction-cosines of the direction of propa- 
gation. 

When U*<c?, rc? and the frame of reference is changed by 
rotation about Oz until Ox is parallel to the direction of propaga- 
tion (3) is transformed to the following approximate equation of 
dispersion of a wave of the form A exp(i(w!—Lx)): 


XY?—@RZY+(LO,—cwU - Q)?Z (2 pe?+7Z) =0. (4) 


This differs from the original non-relativistic equation (reference 
4, Eq. (2)) only by quantities which are of the second and higher 
orders of smallness in U and r. We therefore conclude that when 
U*<c?, rc? the original equation with the terms in U7 omitted 
is a good approximation to the relativistic one. The omission of 
the terms in U7? is in general unimportant since these are always 
small compared with certain others in the same equation. But 
in Roberts’ special case of oblique propagation with H=0, r=0 
and »y=0 they lead to what is now seen to be an erroneous con- 
clusion. 
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Nevertheless Roberts was fully justified in obtaining this as a 
logical deduction from the only developed theory then available 
for his purpose. 

The derivation in detail of the relativistic equation given above 
will be published later. 

1J, A. Roberts, Phys. Rev. 76, 340 (1949). 

2V. A. Bailey, J. Roy. Soc. N.S.W. 82, 107 (1948). 

3V. A. Bailey, Austral. J. Sci. Research 1, 351 (1948). 


4V. A. Bailey, Phys. Rev. 75, 1104 (1949). 
5 R. G. Giovanelli, Nature 161, 133 (1948). 





Calculation of Decay Times from 
Coincidence Experiments 
Z. Bay* 


George Washington University, Washington, D. C. 
December 12, 1949 


SING delayed coincidence circuits for the measurement of 

short radioactive half-lives one has to measure the genuine 
coincidence rate N, as a function of an artificial delay time T 
deliberately put in either channel. The mean life © has to be 
calculated from the delay curve N,(7) of the experiment. 

Such calculations? are generally based on some assumptions or 
knowledge concerning the time delays in the equipment and 
concerning the resolving time 7. The result of the calculations is a 
theoretical delay curve, which can be compared with the measured 
delay curve. 

It is easy to show that © can be calculated in a simple way 
without knowing the time delays within the equipment, without 
knowing 7, and without using any theoretical delay curves. 

Our method is based on the calculation of the moments of delay 
curves. It will be proved in another paper that all the ynoments of 
the delay curve V,(T) can be calculated from the moments of two 
curves: 

1. A delay curve vg(7J) which is measured under the condition 
that the corresponding event (which give counts in the individual 
channels) have no time delay between them (e.g., y—y-coincidences 
with negligible time delay or a single particle which traverses both 
counters). »,(7) is thus the characteristic delay curve of the 
equipment, 

2. The curve giving the probability p(é)dt of the time delay 
between ¢ and ¢+dé of the two events in the actual decay-experi- 
ment (e.g., in a decay experiment, where the parent gives counts 
in one channel and the daughter with the mean life © gives counts 
in the other channel, p(#)=(1/@) exp(—#/®). 

Measuring N,(7) and »,(T) we normalize both to the same 
area, i.e., 


fo nunar=  yo(T)AT =I. (1) 
Then, 
M™[N,(T)J=M™L[v,(T) JM (p(t) ] 


+(") MOTO - 


("MDD LP0] 
+M[y(T)IM™[p)], (2) 
where we use the well-known definition: 
MLS) ]= f e"fladde. (3) 


Equations (2) are valid under the most general circumstances,’ 
e.g., when equal or unequal time delays, due to different decay 
times, occur in both counting channels. In such cases p(#) is 
composed of the different decay functions. 


THE EDITOR 419 


The use of (2) permits the determination of all the moments of 
p(t) and hence p(?) is completely determined. 

To show the use of (2) in the simple case given above (parent 
gives counts in one channel, daughter with a mean life @ in the 
other), we take the first moment: 





M[N,(T)J=M[»,(T) +19. 
Thus: 
M%(N,A(T)] M[>,(T)] 
oe (4) 


which states that the “center of gravity” of the delay curve in a 
decay experiment will be displaced by the mean life of the 
daughter substance. If the delay curve of the equipment in sym- 
metric around 7=0, then @ is simply the “‘center of gravity” of 
the delay curve of the decay experiment. It is obvious that © can 
be determined accurately in this way from measurable quantities, 
even if the N,(7) and »,(T) curves overlap appreciably, in which 
case one usually says that @ is smaller than the resolving time + 
of the equipment. 

When the counts from the same daughter substance appear 
in both channels (e.g., y—y-experiments), we get symmetric delay 
curves and use the second moment of the delay curves for the 
determination of ©. In experiments, where two or more decay 
processes occur, we take more moments for the calculation of the 
decay constants. 

* The author's work is supported by the ONR. 

1F, W. Van Name, Phys. Rev. 75, 100 (1949). 


2D. Binder, Phys. Rev. 76, 856 (1949). 
3Z. Bay (to be published). 





On the Energy Spectrum of Heavy Nuclei in 
Primary Cosmic Radiation 
M. S. VALLARTA 


Instituto de Fisica, Universidad de México, México, D. F. 
November 14, 1949 


RADT and Peters! have obtained recently the intensity of 

heavy nuclei in primary cosmic radiation reaching the earth 

at 55° and 30° north geomagnetic latitudes. According to their 

figures, the ratio J/I’ of the intensities at these two latitudes is 4 

for helium, 3.4 for carbon, nitrogen, and oxygen, and 3.5 for nuclei 

of atomic number greater than 10. The difference between these 
ratios is not significant and lies within the experimental error. 

If one assumes that most of the heavy nuclei in the experiment 
of Bradt and Peters reach the point of observation at an angle not 
greater than 30° from the zenith, one can attempt to make an 
estimate of the energy spectrum of the heavy nuclei, assumed to be 
of the form K/E”’, using for this purpose the geomagnetic latitude 
effect for particles arriving essentially in the vertical direction. 

The principle of this analysis has already been outlined.? To 
begin with, the geomagnetic effects depend only on the value of the 
energy of the particle measured in Stérmers. Therefore, the energy 
in Stérmers is first converted into energy in more usual units, say 
in Bev, for different values of Z from Z=2 to Z=30. Knowing 
these, one can plot curves giving the geomagnetic cut-off at the 
two latitudes as a function of the atomic number Z. The results of 
our calculation are contained in Table I. 


TABLE I. Cut-off energy. 








Z 2 6 8 10 15 20 





Cut-off at 55° (Bev) 1.4 4.2 5.6 7.0 10.5 14.0 
Cut-off at 30° (Bev) 14 42 56 70 105 140 
Y 1.60 1.53 1.53 1.53 1.56 1.56 
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The difference of y between Z=2 and Z=20 does not seem to 
be significant. The average value of y is 1.64. Thus their spectrum 
is not significantly different from that of the primary protons 
which seem to constitute the majority of the primary cosmic 
radiation. 

It is obvious that the result reported here is only a first approxi- 
mation and is subject to revision. For clearly, the photographic 
plate is a very poor directional instrument and, in addition, there 
are at present only two measured points on the curve of the 
latitude effect of the heavy nuclei. 

It is a pleasure to thank Professor J. R. Oppenheimer for his 
kind hospitality at the Institute for Advanced Study. 

1H. E. Bradt and B. Peters (private communication). I am indebted to 
the authors for informing me of their results before publication. These 
figures seem to agree with the results of the University of Minnesota's 
group reported at the Chicago meeting of the American Physical Society, 


November, 1949. 
? Vallarta, Perusquia, and de Oyarz4bal, Phys. Rev. 71, 393 (1947). 





Longitudinal Photons in Quantum 
Electrodynamics 
F. J. Dyson 


University of Birmingham, England 
December 12, 1949 


N the covariant electrodynamics of Tomonaga and Schwinger! 
considerable complications are introduced whenever the effects 
of longitudinal and transverse photons are considered separately. 
Schwinger has pointed out that such a separation is in practice 
unnecessary, but he has been obliged to start from a treatment 
with separation in order to demonstrate that a treatment without 
separation is permissible.? Another discussion of the question was 
given by Hu,* but again an elimination of the longitudinal field 
had to be performed in order finally to show that such an elimina- 
tion was unnecessary. In the radiation theory of Feynman‘ the 
longitudinal and transverse photons are never separated; but the 
argument justifying this procedure“ is not immediately applicable 
to the Schwinger formalism. The present author’s formal proof® 
of equivalence of the Schwinger and Feynman theories takes for 
granted the validity of the unseparated treatment of the radiation 
field. A simple proof of the correctness of the unseparated treat- 
ment of the field, within the framework of the Schwinger theory, 
is therefore still lacking. The purpose of this letter is to sketch 
such a proof. 
Let a), a,* be absorption and emission operators for photons, 
so that 


A,(x) “as (aye** =+-ay*e~**-*)enyg(k), (1) 


where ¢) is the polarization vector of the photon \, and g(k) is a 
certain function of &. Corresponding to a single momentum k, we 
may choose the e,, A=1, 2, 3, 4, so that 


(est+ies)p=f(k) Ry. (2) 


Then A=1,2 are transverse photons, \=3, 4 longitudinal and 
scalar. This choice of e,, together with the reality condition for 
the A,, implies that @,* is the Hermitian conjugate of a) for 
A=1, 2, 3, and of (—a)) for \=4. The vacuum state Wp satisfies 
the conditions 


€r* p= Ory, 


@V¥o=a2¥%)=0 (definition of vacuum), (3) 
(a3+i4a,)¥o=0 (supplementary condition). (4) 

Also the a) satisfy commutation relations 
[a, ay] cu [ay*, a,*] = 0, [a, ay*] = Oru: (5) 


From (2)-(5) one deduces the vacuum expectation values of 
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products of two a) as follows. Let a function ¢() be defined by 
(as* a3)o= (es-k)*p(R). 
Then by (2) and (4) 
(as* a4)o= (es-k)(e4-k) b(R) 
and similarly 


(ay* Gy)o= (Rk) (en-k) (eu-k), A, B= t, 2, 3, 4, 
(a, dy*)o= dxy+(k)(er-k) (eu). 


These relations yield 


(Ay(x)Ar(2’)+Ar(2')A y(*))o 
= hedyy»D (x—x') + (02/dx,0%,)(x—z’), (7) 


where @ is a function left undetermined by the conditions (2)-(5). 
Schwinger® gives as his prescription that we are to take ®=0 in 
(7). Within the Schwinger theory, this prescription is the only 
point at which the correctness of the treatment of longitudinal 
photons comes in question. 

In consequence of the gauge-invariance of electrodynamics, and 
in accordance with the argument of Feynman cited above, (7) will 
always be used in the evaluation of matrix elements of operators 
of the form 


(6) 


ff Kul, 2A y(@) Ae dads’, (8) 
where Ky, is a tensor satisfying the conservation laws 
OK y,/dx,=0, IKy,/dx,'=0. (9) 


The second term on the right of (7) contributes zero to all matrix 
elements of (8). Therefore all results of the theory are independent 
of #, and will be given correctly by taking ®=0 in (7). This fact 
justifies the unseparated treatment of the transverse and longi- 
tudinal fields. 


1S. Tomonaga ef al., J. Phys. Soc. Japan 2, 172, 199 (1947); Prog. Theor. 
Phys. 2, 198 (1947). J. Schwinger, Phys. Rev. 74, 1439 (1948); 75, 651 
(1949); 76, 790 (1949). i 

2 See the discussion leading to Eq. (3.40), J. Schwinger, Phys. Rev. 75, 
668 (1949). 

3 Ning Hu, Phys. Rev. 76, 391 (1949). 

4R. P. Feynman, Phys. Rev. 74, 1430 (1948); 76, 769 (1949). 

4a R. P. Feynman, Phys. Rev. 76, 780 (1949), Section 8. 

5 F, J. Dyson, Phys. Rev. 75, 486 (1949). 

6 J. Schwinger, Phys. Rev. 75, 668 (1949), Eqs. (3.40) and (3.41). 





The Microwave Spectrum of Bromine 
Monofluoride* 


D. F. Smitu, M. TIpwWELL, AND D. V. P. WILLIAMS 


K-25 Research Laboratories, Carbide and Carbon Chemicals Corporation, 
Oak Ridge, Tennessee 


December 21, 1949 


IX lines have been observed in the region 20.9 to 21.5 thousand 
megacycles per second when BrF; or BrF; was admitted to 
the absorption cell. These six lines become considerably more 
intense when F; and Brz are admitted to the cell at approxi- 
mately equal pressures, and six additional weak lines become 
observable. The line frequencies and the Stark shifts can be 
readily interpreted as the J=0<~1 transition for BrF. The 
existence of this spectrum constitutes the first direct evidence for 
the chemically stable existence of this particular diatomic halide. 
The earlier observations of the emission spectrum? in addition to 
verifying the physical stability of BrF, suggest that this compound 
should be chemically stable. 
The line frequencies, with their assignments, are given in Table 
I. In Table II, the constants derived from the spectrum assuming 
a BrF model are presented. The large values of the nuclear quad- 
rupole coupling constant and of the dipole moment to be expected 
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TABLE I. Observed transitions and frequencies J =0+1. 








v=0 Br7?9F BralF 

F 3/2-1/2 20,985.5 mc/sec. 20,928.4 mc/sec. 
3/2-5/2 21,202.6 21,110.4 
3/2-3/2 21,475.4 21,337.5 
v=1 

F 3/2-1/2 20,828.9 mc/sec. 20,772.3 mc/sec. 

, 3/2-5/2 21,045.6 20,954.6 

3/2-3/2 21,319.4 21,181.7 








TABLE II. Molecular constants of BrF. 








Br? Br&lF 
Be 10,706.95 mc/sec. 10,655.7 
Ie 78.355 (10)~4° g cm? 78.658 (10)~49 
a 156.3 mc/sec. 155.8 mc/sec. 
Ye 1.759(10)-§ cm 
B 1.29 debye units 
eqQ +1089.0 mc/sec. +909.2 








in this dihalide are to be noted. The most convincing evidence that 
this spectrum is due to BrF is obtained when the ratio of B, values 
derived from the spectrum 0.995213, is compared with that com- 
puted from the mass measurements of the bromine isotopes*® 
0.995207. 

While the fit of the triplets to the conventional quadrupole 
coupling expression, including second-order corrections, was not 
entirely satisfactory, the precision of the frequency measurements 
did not appear to justify the evaluation of the magnetic coupling 
factor, as was done for the dihalide FCl by Gilbert, Roberts, and 
Griswold.* 


* This document is based on work performed under contract for the 
AEC by Carbide and Carbon Chemicals Corporation, at O2k Ridge, Ten- 
nessee. 

1H. S. Booth and J. T. Pinkston, Chem. Rev. 41, 421 (1947). 

2VanPeter Heinz Broderson and Hans Joachim Schumacher, Zeits. f. 
Keene 2a, 358 (1947). 

K. Ogata, Phys. Rev. 75, 200 (194 
‘ Gilbee Roberts, and Griswold, i. Rev. 76, 1723 (1949). 





Intensity Distribution of the Second Positive 
(CIB) Band System of Molecular 
Nitrogen 
R. W. NICHOLLS 


Department of Physics, University of Western Ontario, 
London, Ontario, Canada 


December 12, 1949 


ECENT interest shown in the intensity distributions of the 
vibrational band-systems of molecular nitrogen radiated 
from auroral displays, and from the night sky! prompts this brief 
account of some calculations of the intensity distributions of the 
second positive band system, made in connection with an experi- 
mental investigation being undertaken here of the kinetics of 
excitation of the energy levels of molecular nitrogen in gaseous 
electrical discharge. 
The integrated intensity of a molecular band may be written: 


T(v', "= CN (v')EX0’, 0”) p(v’, v”), (1) 
where N(v’) is the population of molecules in the v’ vibrational 
level of the upper electronic state concerned in the transition, 
E(v’, v’’) is the energy radiated in the transition between v’ and 
v’’, v” is the vibrational level in the lower electronic state upon 
which the transition ends, and 


piv’, v”) = | f ys v(0') My (v"’)dx : 


where ¥(v’) and y(v”) ‘are the respective wave functions of the 


THE EDITOR 421 


levels v’ and v”, x is the internuclear separation, and M is the 
dipole moment of the molecule. # is a fractiona] transition prob- 
ability as Dy, p(v’, v”’)=1 for each v’. C is a constant of propor- 
tionality. 

Following a method suggested and used first by Pearse and 
Gaydon,? and later used by Miss Pillow,? we have calculated the 
values of p(v’, v’”) by numerical integration of the wave-function 
product, for all the observed bands of the second positive system 
of nitrogen under the same conditions of simplifying approximation 
as are used in references 2 and 3. Briefly, these are (a) treating M 
as constant, and (b) linearly distorting the Hermite polynomial 
forms of ¥(v’) and ¥(v”) expected for a harmonic oscillator, to fit 
the empirical, yet experimentally justified Morse curves for the 
CII and B*ll states of nitrogen. 

These values of p(v’, v’’) are shown in Table I. Table II shows 


TABLE I. p(v’, v’”’). 


























vy’ 
0 1 2 4 5 6 7 8 9 10 
0 0.53 0.27 0.12 0.05 0.02 0.01 
1 0.43 0.04 0.21 0.12 0.08 0.07 0.05 0.00 
2 0.21 0.39 0.01 0.10 0.08 0.07 0.08 0.05 0.00; 
3 0.01° 0.37 0.26 0.02 0.03 0.06 0.07 0.10 0.08 0.00 
4 — 0.04 0.45 0.16 0.08 0.01 0.04 0.04 0.08 0.09 0.01 
TABLE II. p(v’, o’)E(v’, ov’). 
v”’ 
0 1 2 3 4 5 6 7 8 9 10 
0 100 40 14 4.8 1.3 0.39 
1 110 8.9 32 14 7.7 §.3 42.7 0.01 
2 67 99 16 17 11 7.22 62 2.9 0.15 
3 3.1 120 67 45 59 7.4 7.6 84 5.1 0.005 
4 _ 15 150 43 17 10 56 46 68 6.0 0.64 








the values of E*(v’, v’’) p(v’, v’’) adjusted to a value of 100 at the 
(0,0) band. It will be evident from Eq. (1) that the values of 
Table II, when compared with measured intensities will yield 
information relating to the population N(v’) of the upper level 
concerned in the transition, and-therefore to the probable major 
mechanism responsible for the excitation of the level. 

Similar calculations are being made for the other molecular 
nitrogen band systems and for the NOS- and --systems in con- 
nection with the experimental work referred to above. The pos- 
sible geometry of a three-dimensional representation of the 
Tables I and II is also being worked upon. 

While these calculations were being made an interesting paper 
by Bates! appeared, in which some similar work was reported. 
However, as data for far fewer bands of the second positive system 
were reported there, it is thought worth while to present the above 
calculations. 

1The Emission Soe “ The Night Sky and Aurorae (The Physical 


a, a. 1948); R. Bates, Proc. Roy. Soc. A196, 217 (1949). 
R. W. Pearse an ra 4 Gaydon, Proc. Roy. Soc. A173, 37 (1939). 


2M. E. Bite Proc. Phys. Soc. London 62, 237 (1949). 





New Types of Microwave Transitions Involving 
l-Type Doubling in OCS and HCN* 
R. G. SHULMAN** aND C. H. TOWNES 


Columbia Radiation Laboratory, Columbia University, New York, New York 
December 12, 1949 


ICROWAVE measurements of the vibration-rotation inter- 
action called /-type doubling are available for a number of 

linear XYZ molecules. Two new types of transitions involving 
this interaction have been observed which confirm the expected 
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TABLE I. Observed lines in HCN and values of l-type doubling constant g. 











P i Frequency in mc q=frequency/J(J +1) mc 
6 9,460 +30 225.2 +0.8 
8 16,147.67 +0.1 224.273 +0.002 

10 24,689.96 +0.1 224.454+0.001 

11 29,650 +30 224.6 +0.3 

12 35,043.24+0.1 224.635 +0.001 








functional dependence of /-type doubling on the vibrational and 
rotational quantum numbers. 

For the J=1-—>2 transition of OCS, /-type doubling in the 
vibrational state 2.=1 produces a splitting of 25.34 mc. The cor- 
responding doublets for the vibrational state 12.=3 have been 
found at 24,411+2 mc and 24,459+2 mc. Within experimental 
error, these show a separation just twice that of the 7.=1 state 
in accordance with the theory of Nielsen and Schaffer.? 

A search of the HCN spectrum was made between 21,500 and 
25,000 mc in an attempt to find the rotational spectrum of the 
dimer, (HCN). Lines due to this dimer were expected under the 
conditions of search to have absorption coefficients several times 
greater than the minimum detectable value 5X 10~-® cm, but no 
lines due to (HCN)2 were found. However, a line of intensity 
3X 10-* cm™ was found at 24,689.96 mc. The Stark components 
split from the above frequency according to the formula 
Av=AE*M?, where E is the field strength and M the magnetic 
quantum number. This behavior and the number and relative 
intensities of Stark components showed clearly that the line cor- 
responded to a J=10, AJ=0 transition. In order for the dimer 
(HCN): to produce a line of the observed intensity it would have 
to be approximately 1 percent abundant at 10-* mm Hg pressure. 
This appears impossible from previous measurements.? After 
checking carefully that the lines were not due to impurities, and 
after finding other similar lines with different values of J, the 
series of lines was identified as due to transitions directly between 
two /-type doublet states of the same J for HCN molecules in the 
first excited bending mode. The separation of such states should 
be v=gJ(J+1), where g is the /-type doubling constant. Table I 
shows that frequencies of the five lines measured (some measured 
roughly with a wave meter, others accurately with a frequency 
standard) fit this formula very well. The values of g obtained 
from the accurately measured J=8, 10 and 12 lines of Table I 
show a systematic deviation proportional to J and of the order 
q(B/we), which is to be expected in higher approximation. Extra- 
polating the values of g to J=0, one obtains g= 223.549 mc. 


TABLE II. Dipole moment of HCN in state J =10, ve =1 from Stark dis- 
placement of |M| =10 component. 











Displacement Square of field strength Dipole moment 
Av in mc E*(e.s.u./cm)? u-debye units 
54.48 411.93 2.943 
60.4 455.31 2.949 
61.65 454.07 2.980 


Average » =2.957 








Stark effects for each of these lines show definitely the values of 
J listed in Table I and that AJ=0. The apparent lack of Stark 
displacement of the M=0 component is in agreement with ex- 
pectations for the assigned transitions. A measurement of the 
molecular dipole moment was obtained for the state »2.=1, J=10, 
by measuring the Stark splitting Av of the |M|=10 component 
of the line at 24,689.96 mc. The results displayed in Table IT give 
a dipole moment of 2.957+0.025 debye units. This is in good 
agreement with determinations by other methods‘ of the average 
dipole moment for gaseous HCN. 

A further check on the identification of these HCN lines was 
obtained by comparison of intensities at 300°K and 195°K. 
Relative intensities agreed with the assumption that the lines were 
due to an excited molecule of energy w2=712 cm™ above the 
ground state. 

The value g= 223.549 mc is very different from the value 42 mc 
obtained from infra-red measurements.’ However, it is supported 
by theoretical expectations. According to Nielsen,® 


2B? 
g=—[1+4 2 Ess*As/(As'— ds) J. 
we s' 


The term represented by a summation is somewhat difficult to 
evaluate. However, in the half-dozen other molecules for which 
l-type doubling has been measured, the first term 2B?/we is less 
than the observed value of g by about 30 percent. For HCN, 
2B?/w2:= 184.1 mc, which is less than the measured value by a 
similar amount. 


* Work sponsored jointly by the Signal Corps and ON 

Mihi Present address: Chemistry Department, California _ of Tech- 
nolo 

1 a Holden, and Merritt, Phys. Rev. 74, 1113 (1948). 

2H. H. Nielsen and W. H. “wn J. Chem. Phys. 11, 140 (1943). 
( 4 A. Ruehrwein and W. F. Giauque, J. Am. Chem. Soc. 61, 2940 
1939). 

4L. G. Wesson, ‘‘Tables of electric dipole moments,"” MIT Laboratory 
for Insulation Research. 

5 G. Herzberg, Rev. Mod. Phys. 14, 219 (1942). 

6H. H. Nielsen, Phys. Rev. 75, 1961 (1949). 
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MINUTES OF THE MEETING OF THE NEW ENGLAND SECTION AT WILLIAMS COLLEGE, 


WILLIAMSTOWN, 


‘TH thirty-third meeting of the New England 
Section of the American Physical Society 
was held at the Thompson Physical Laboratory, 
Williams College, Williamstown, Massachusetts on 


MASSACHUSETTS, OCTOBER 22, 1949 


Saturday, October 22, 1949. Approximately one 
hundred members of this section were in attendance. 
The program included three invited papers, which 
formed a symposium on magnetism, and nine con- 














AMERICAN PHYSICAL SOCIETY 


tributed papers relating to research. The abstract 
of the paper relating to the teaching of physics will 
appear in the American Journal of Physics. 

At the business meeting the following officers 
were elected for 1950: 


Chairman: R. D. Evans, M.I.T. 
Vice Chairman: T. SOLLER, Amherst College. 
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Secretary-Treasurer: A. G. H1ti, M.1.T. 

Members of the Executive Committee: N. C. 
LITTLE, Bowdoin College and J. C. STREET, 
Harvard College. 


A. G. HILL, Secretary-Treasurer 
M. I. T. 
Cambridge, Massachusetts 


Symposium on Magnetism 


Recent Advances in Ferromagnetism. R. M. Bozortu, Bell Telephone Laboratories. 


The Literature of Ferromagnetism. L. W. McKEEHAN, 


Yale University. 


Magnetic Susceptibility of Metals and Alloys. A. R. KAurMANN, M.I.T. 


Contributed Papers 


A Neoclassical Approach to Blackbody Radiation. B. 
Liesow!1z, New York City.—We ascribe to the linear electronic 
oscillators of a blackbody the classical properties: (a) The 
continuum of all energy levels from 0 to © is accessible to each 
oscillator; (b) the populations of the levels are determined by 
the Boltzmann factor; (c) when an oscillator radiates it does so 
according to the classical formula de/dt =82*y*e%e/3mc*. We 
depart from classical theory by assuming that no oscillator 
radiates unless its energy e exceeds a threshold value ¢. These 
assumptions with Wien’s displacement law lead to the radiation 
formula: Wy =(32x%e*h*y/3m ][(1+AK T/he)exp(—he/AKT)]. 
¥ is an adjustable constant. h may be at least approximately 
equated to Planck’s h. The energy-frequency relation ¢)=hyv 
refers to the threshold energy. Adjusting y to fit Planck’s 
formula near the peak, we get yhc =(10ro)“!, where ro =elec- 
tronic radius. The experimental data do not seem sufficiently 
accurate to rule out formula. A specific heat formula similarly 
derived vanishes at T=0°K and approaches mok at T = ©, but 
reaches a maximum about 10 percent above mok at T =€0/k. 


Absorption Bands in the Ultraviolet Continua of Associated 
Primary and Secondary Alcohols.* GLapys A. ANSLOW AND 
Hs1-TEH HsteEu, Smith College—Absorption spectra of alcohols 
of various types have been obtained with a Lyman vacuum 
grating spectrograph, using thin cells formed between the 
windows of the spectrograph and hydrogen lamp, following a 
method initiated by Scheibe and recently employed by Platt 
and Klevens.! Propyl, butyl, amyl, hexyl, heptyl, and octyl 
alcohols were studied as pure liquids or as dilutions with 2-4 
dimethyl pentane or isooctane. Spectrograms of the 2600- 
1800A region were analyzed with a photoelectric densitometer. 
Continuous bands appear at wave numbers which suggest their 
origin as the dissociation following electronic excitation of 
hydrogen-bridged hydroxyl groups.? Most prominent in the 
spectra of normal alcohols is strong absorption which appears 
to be characteristic of linear polymers. Isomeric forms, in 
which association is limited by steric hindrance, exhibit the 
strongest bands at wave numbers which agree with predictions 
for dimer dissociation bands.? Weaker bands with onsets near 
51,000 cm-! may result from the dissociation of unassociated 
hydroxyls. 

* Su gouaed by the ONR. 


15. & et al., J. Chem. Phys. 11, 535 (1943). 
5 *Heieh. and Shea, J. Chem. Phys. 17, 426 (1949). 


Chemical Thermodynamics in Jacobian Form. F. H. 
CRAWFORD, Williams Coilege.—The author has developed a 
method! of obtaining the general relations of thermodynamics 
(involving first partial derivatives) in terms of ratios of readily 
computable Jacobians. The method is general, permits ready 
change of independent variables and gives the desired deriva- 
tives directly in terms of a standard set of derivatives. When 
applied to chemical systems of variable composition and total 
mass the advantages over conventional methods become ap- 
parent. Relations given in comprehensive tables such as those 
of Goranson? can be deduced directly with a common starting 
point and a few explicit definitions as the only intermediate 
relations. To be specific, in the case of a two-component 
chemical system the starting point is Gibbs’ expression for du, 
viz., d2U=Tds—pdV+pyi1dm,+u2dm2 where U is the internal 
energy and the y’s and m’s refer to specific Gibbs potentials 
and masses, respectively. It will be shown that a simple 
symmetrical fourth-order Jacobian which can be written down 
directly, contains not only all the derivatives in the standard 
set, but expresses by its symmetry the six reciprocal relations 
of Maxwell appropriate to the set of independent variables 
chosen for the system. 

1F, H. Crawford, Am. J. Phys. 17, 1 (1949). Phys. Rev. 76, 456A (1949). 
Proc. Am. Acad. i. (in press). 


?R, Ww. Goranson, o Thermodynamic relations in multi-component 
systems,’’ Carnegie Institution, Pub. No. 408, Washington, D. C. (1930). 


Utilization of a Cathode-Ray Tube and Photo-Cell to 
Synthesize Integral D.C. Voltages from a Sequence of Pulses. 
H. P. StaBLer, Williams College-—Feedback from a photo- 
multiplier tube to the vertical deflection plates of a cathode- 
ray tube can cause the fluorescent electron beam spot to rise 
until it rests, partially obscured, against the edge of an opaque 
template.! If the template consists of a series of equally spaced 
horizontal line segments, the beam spot can remain in equilib- 
rium at the lower edge of any line, provided that each line is 
broader than the spot diameter. The ends of the lines are 
alternately staggered right and left. Alternate right and left © 
pulses applied to the horizontal deflection plates enable the 
spot to climb the ladder structure in step increments. Since the 
potential appearing on the vertical plates corresponds to the 
total number of pulses received, the device acts as a counter. A 
vertical line on the template serves as a recycle path and 
provides a carry-over pulse. The degree of resolution and speed 
feasible with a P5 phosphor is being investigated. With a 
simple two-channel input circuit and a somewhat more 
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complicated line pattern, stepwise potential changes can be 
made in either sense. This corresponds to a reversible counter. 
Possible servo applications are suggested. 

1A continuous d.c. function generator employing this method was re- 
comet by McCann, Wilts, and Locanthi, Proc. I.R.E. 37, 960 (August, 
1949). 


Packing Fractions of W'** and W"*6.* RicHaRD F. Woop- 
cock, Henry E. DuckwortTH, RICHARD S. PRESTON, AND 
Howarp A. JOHNSON, Scoit Laboratory, Wesleyan University.— 
The Wesleyan double-focusing mass spectrograph, which is a 
Dempster-type, has been used to measure the packing fraction 
differences (W!*—Ni®™) and (W'8%—Ni®). Triply-charged 
tungsten ions and singly-charged nickel ions, produced in a 
high frequency spark, formed the appropriate doublets at mass 
numbers 61 and 62. Since the magnetic field of the instrument 
is very constant with time, it has been possible to photograph 
the tungsten and nickel lines consecutively. In this way, by use 
of an arrangement for changing electrodes, the intensities of 
the doublet lines were matched by running the spark between 
different pairs of electrodes for different times. The packing 
fraction difference (W'**—Ni*®) was measured from seven fair 
doublets to be (9.11+-0.15) X 10~*. The packing fraction differ- 
ence (W!86— Ni®) was measured from eight good doublets to be 
(9.15+0.10) X10~*. These results, combined with Shaw’s! re- 
cent measurement of the packing fractions of the nickel 
isotopes, give for W'!®8 f=(+0.36+0.23)xX10, and for 
W!?86 f =(+0.14+0.15) x 10-*. The mass scale for the measure- 
ment was provided in the first case by the separation 
W!8— W!®, and, in the second, by the separation W18*—W!*, 
In both cases these separations were assumed to be integral. 
Typical spectra will be shown. 

* This work has been done under contract with AEC. 


1A. E. Shaw, ‘‘A new measurement of the packing fractions of the nickel 
isotopes,’’ Phys. Rev. 75, 1011 (1949). 


Packing Fraction of Pt'*.* Howarp A. JoHNSON, HENRY E. 
DucKwortTH, RICHARD S. PRESTON, AND RICHARD F. Woop- 
cock, Scott Laboratory, Wesleyan University.—The scheme out- 
lined in the previous abstract, of photographing the doublet 
lines consecutively in order to adjust intensities, has been used 
to obtain Pt!%*—Zn*®* doublets at mass number 66. Measure- 
ment of 18 selected doublets, using the separation Pt!** — Pt! 
as mass scale, gave the packing fraction difference Pt!®*—Zn* 
as (9.61+0.06)xX10-*. Dempster! has recently given the 
packing fraction of Zn as —7.68X10~ and Zn® as —7.64 
X10~*. If one assumes that the packing fraction of Zn*® is the 
mean of these two, the calculated value of Pt!% is +1.95. The 
brass which was used as a source of zinc ions also served as a 
source of copper ions, creating a second doublet at mass 
number 65. Measurement of 12 good doublets, using Pt! — Pt!™ 
as the mass scale, gave the packing fraction difference 
Pt! —Cu® as (9.57+0.04) x 10-4. 


* This work has been done under contract with AEC. 
1A. J. Dempster, Phys. Rev. 74, 1225 (1948). 


The Equivalent Circuit of Partially Plated Thickness-Shear 
Piezoelectric Resonators.* Kart S. VAN DYKE, Epwarp A. 
PENDLETON AND Gary D. Gorpon, Wesleyan University.— 
The amplitude distribution in the fundamental mode of 
thickness-shear vibration of square BT-cut quartz plates is 
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studied through measurements of the impedance of partially 
plated resonators. The piezoelectric coupling is changed by 
using different electrode arrangements which however have 
only secondary effects on the mechanical mode. A theoretical 
analysis based upon an assumed sinoidal distribution of 
amplitude along both principal directions of the square and 
zero strain at all four edges predicts to within a few percent the 
parameters of the equivalent circuit from the known piezoelec- 
tric constants of quartz. The use of thickness-shear plate 
resonators thus becomes feasible for measurement of the 
piezoelectric constants of new crystals. Important elements in 
the measuring technique are the plating and short-circuiting 
of those portions of the faces of the plate which are not occupied 
by driving electrodes and the dimensioning of the plate to be 
free from spurious coupled modes. Surface exploration had 
indicated a distribution such as is now proven although 
theoretical treatments of boundary conditions to date have 
permitted the full half-wave sine distribution along only one 
direction. 


* The work here reported has been done as part of the research under 
contract between Wesleyan University and the Signal Corps. 


A D.C. Magnetic Generator. A. E. BENFIELD, Cruft Labora- 
tory, Harvard University.—It is well known that an alternating 
electrical voltage appears in a closed circuit if a magnet is 
passed repeatedly through it, and that no direct voltage is 
thereby generated. A direct voltage, however, may also be 
generated in such a circuit provided that part of the circuit is 
rigidly attached to the magnet, and rotates with the magnet as 
it links the circuit. In this case there is no relative motion 
between the magnetic field and the rotating part of the circuit, 
which acts, therefore, as a gap for the action.of the magnetic 
field. If electrical contact is maintained between the moving 
and stationary parts of the circuit, direct current flows. 
Devices of this sort have been made and studied, and the 
values of the direct current, as measured with a galvanometer, 
agreed with the predictions of theory. Although, with the 
configuration used, the direct current was small, it is thought 
that the principle involved may be usefully employed in a 
tachometer.! 


1A. E. Benfield, Rev. Sci. Inst. 20, 663 (1949). 


A New Theory of Electricity. Bayarp P. PEAKEs, North- 
eastern University.—In studying all the facts concerning the 
discovery and development of the electron, one might well 
develop an intelligent theory for the electric current without 
the use of electrons. History shows us that the electrons were 
practically on the road to being developed since the founding 
of the atomic theory and similar lines of thought. But to get 
electrons there must be a certain amount of residual air in the 
tube; under ordinary conditions, you can’t get a discharge 
unless there is a conducting medium present. Thus, we may 
deduce the fact that electrons must be due to a condition im- 
posed upon the air in the tube. The cathode rays resemble 
light, and this leads one to search for kinetic energy as being 
the true nature of electricity. After doing much research 
through text books, one can find this definition for electricity: 
it is a supersonic motiviation, of necessity a wave disturbance ; 
and it is created and persists only where there is a contact, or 
potential difference, between two points in its line of 
propagation. 
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